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Abstract. We formulate compartmental differential susceptibility (DS) susceptible-infec-
tive-removed (SIR) models by dividing the susceptible population into multiple subgroups
according to the susceptibility of individuals in each group. We analyze the impact of dis-
ease-induced mortality in the situations where the number of contacts per individua is
either constant or proportional to the total population. We derive an explicit formula for
the reproductive number of infection for each model by investigating the local stability of
the infection-free equilibrium. We further prove that the infection-free equilibrium of each
model is globally asymptatically stable by qualitative analysis of the dynamics of the model
system and by utilizing an appropriately chosen Liapunov function. We show that if the
reproductive number is greater than one, then there exists a unique endemic equilibrium for
all of the DS models studied in this paper. We prove that the endemic equilibrium islocally
asymptotically stable for the models with no disease-induced mortality and the modelswith
contact numbers proportional to the total population. We also provide sufficient conditions
for the stability of the endemic equilibrium for other situations. We briefly discuss applica-
tions of the DS models to optimal vaccine strategies and the connections between the DS
modelsand predator-prey model swith multiple prey populationsor host-parasitic interaction
models with multiple hosts are also given.

1. Introduction

Genetic variation of susceptible individuals many lead to their differentiation of
susceptibility on infection. The efficacy of available vaccinations for many infec-
tious diseases is not perfect. Vaccinated individuals may still contract the disease
and the susceptibility varies from individual to individual.

Differential susceptibility of infection can occur after vaccination is adminis-
tered for infectiousdiseases. Rubeola, more commonly known asthe“red measles”,
isahighly contagious exanthematousviral illness. Prevention of diseaseisthe most
effective method of handling rubeola. Despite widespread vaccination programs,
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Differential susceptibility epidemic models 627

however, many women remain susceptible such that two doses of live-attenuated
vaccine should be administered for prevention [1].

Implementation of the WHO guidelines for vaccination is universaly recog-
nized as one of the most efficient ways of preventing hepatitis B (HB) on a global
scale. Vaccinated individuals impose life-threatening conditions on the virus. The
induced anti-HB isgenerally ableto clear an invasion quickly and efficiently. How-
ever, if the virus produces mutants (vaccine escape mutants) that are not recognized
by these antibodies and prevent them from eliminating the invaders, the vaccineis
only partially effective. Asaresult, vaccinated individualsmay still bedifferentially
susceptible to the infection [2].

Through their surface expression of CD38, CD4™ T cells have shown differ-
ential susceptibility to M- and T-tropic HIV-1 infection. The CD4+CD38~ and
CD4+CD45RA~ subsets have higher susceptibility to infection with the M-tropic
Ba-L strain of HIV-1, and the CD4+TCD38" subset has higher susceptibility to
infection with the T-tropic (LAI) strain of HIV-1 [3]. For the spread of Chagas
disease, uninfected individuals are found in al reported studies of endemic areas
and more than half of the variation in seropositivity is attributable to genetic fac-
tors, which influences the differential out-comes of T. cruzi infection [4,5]. Epi-
demiological data show a strong correlation between VT1 and VT2, produced by
Verotoxin-producing Escherichiacoli (VTEC), and the devel opment of hemolytic-
uremic syndrome (HUS). However, it is well recognized that not al patients who
have VTEC-associated enterocolitis develop HUS even through the nature of the
underlying host susceptibility is not understood [6, 7].

There have been studies on variable infectivities[8-10], but few models are on
the importance of variable susceptibility. While the model in [11] includes vari-
able susceptibility, it isin terms of cellular automata and on a lattice. Effects of a
variation in susceptibility to measles, smallpox, and whooping cough epidemics,
have been studied in [12-14], by including periodic variations in susceptibility for
simple SIR or SEIR (susceptible-exposed-infective-removed) modelswith asingle
equation for the susceptible individuals. Because of the periodic variations, the
models become time-dependent and mathematically intractable.

To gain insight into the transmission dynamics of diseases with differential
susceptibility, we propose compartmental DS modelsin ageneral setting. We start
with ageneral DS model based on an SIR model, where infectives are either com-
pletely removed or isolated, or they have full immunity after they are recovered.
We assume the susceptible individuals have variable susceptibility such that the
susceptible population is divided into n groups based on their susceptibilities. The
dynamics of the model are governed by asystem of ordinary differential equations.

For the case when there is no disease-induced mortality such that the incidence
of infection is bilinear, we derive the reproductive number from the local stability
analysis of the infection-free equilibrium and prove that this infection-free equi-
librium is globally asymptotically stable. When the reproductive number is greater
than one, we show that there exists a unique endemic equilibrium and it is globally
asymptotically stable by using a Liapunov function. We then study a DS model
with disease-induced mortality. The incidence of infection is no longer bilinear,
but standard [15]. We again obtain an explicit formula of the reproductive number
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and show that the infection-free equilibrium is globally asymptotically stableif the
reproductive number is less than one. If the reproductive number is greater than
one, we show that there exists a unique endemic equilibrium, and provide stability
conditions for the endemic equilibrium.

Finally, we give brief discussions of the transmission dynamics, based on our
DS models. We point out that the DI models can be applied to determining opti-
mal vaccination strategies and to predator-prey interactions with one predator and
multiple prey species or to host-parasite interactions in special cases.

2. General model formulation

Suppose that an infectious disease spreads in a population. Our main interest isto
investigate transmission dynamics of the disease. Hence we neglect demographic
effectsin the population and assume that the population approaches a steady state,
S0, if there is no disease infection and all individuals are susceptible. We suppose
that infected individual s become fully immune or removed after they are recovered
from the infection. Then, the transmission dynamics of the infection are assumed
to be of an SIR type. A simple classical SIR model that describes the transmission
dynamicsof such infection consists of thefollowing system of ordinary differential
equations

S 0
= ("= 8) - 1S,

dr

dI—)LS (w+y+8)I
dt_ l‘(/ V El
R I —(u+oR
d[ _y l'L £

where S, I, and R denote the susceptibles, infectives, and recovered or removed
individuals; 1 is the natural death rate; 1150 is a constant influx or recruitment
rate; y istherate at which infectives are removed or becomeimmune; and § and &
are the disease-induced mortality rates for the infectives and removed individuals,
respectively.

Theinfectivity rate or the infection incidence X is given by

A B d
= afic—,
N

where « is the susceptibility of susceptible individuas, 8 is the infectious rate of
infected individuals, ¢ = ¢(N) is the average number of contacts per individual,
and I /N isthe probability that arandom contact isinfectious, with N = S+ 1+ R,
the total population size.

To study thetransmission dynamicsdueto differential susceptibility, we assume
that the susceptible populationisfurther divided inton groups, S1, S2, . .. , S,, such
that individualsin each group have homogeneous susceptibility, but the susceptibil -
itiesof individualsfrom different groupsaredistinct. Welet theinflux be distributed
into the n subgroups of susceptibles, based on their inherent susceptibility, in such
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n
away that the input flow into group S; is p; S with > pi = 1. We then assume

that the susceptible individuals stay in those groups url1ti Ilthey become infected.

For model simplification, we assume homogeneous infectiousness of infected
individuals so that they are aggregated into one group of infected individuals, 1.
We assume full immunity of recovered individuals such that these individuals are
no longer susceptible after they recovered, or complete isolations after individuals
are infected and diagnosed. This model isillustrated in Fig. 2.1 and the transmis-
sion dynamics of infection are governed by the more refined system of differential
equations (2.1):

dsSi = u( 'SO Si) — A S;

d[ _l'l' pl 1 | 2ed B

dl n

— =Y MSk—(n+y -+, (2.1
dt (21

Ryl —uror

a7 " '

Therate of infection for each infective group is given by

A= ﬂc%ai i=1...,n, (2.2
T/'le
S1
A1S1
$2 228
lﬂsz I vl
l(ﬂ + 801
AnSu
S
WSy

Fig. 2.1. Susceptible individuals enter the ith group, S;, with afraction p;. The infectivity
isthe same for the whole infected population.
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n
whereq; isthe susceptibility of susceptibleindividualsingroupi and N = > S;+
I + R. =

In general, the number of contacts per person is a function of the population
sizesuch asc = ¢(N). The choice of the function ¢(N) then depends on the mod-
eled disease or situationsthat weinvestigate. For certain diseases, such asinfluenza
and measles, or in certain ranges of population sizes, the number of contacts are
proportional to the population size, and for some other diseases, such as sexu-
ally-transmitted diseases, or at different situationswhere contacts are saturated, the
number of contacts are constant. We consider all the casesin following sections.

3. Nodisease-induced mortality

Certain diseases, such as chickenpox and measles, are less fatal and the disease-
induced mortality rate is much smaller than the other vital rates. Then, for simpli-
fication of the model formulation, we neglect the disease-induced deaths such that
8§ = 0and & = 0. We assume a general function ¢(N) for the number of contacts.
The dynamics of the total population satisfy
dN

= w(S°—N).
7 u( )

Since I|m N(r) = S9, the dynamics of system (2.1) are qualitatively equivalent
tothe dynamlcs of itslimiting system given by

ds;

— = kpiS® = 8) = npails;, (3.1a)
di
- =Bl ZakSk — (u+ I, (3.1b)
k=1

where we have omitted the equation for R because the dynamics of the system are
not affected by the dynamics of R, and we write ¢(5°)/S° := 5. (For dynamical
behavior of limiting systems, interested readers are referred to [ 16].) Note that sys-
tem (3.1) is positively time-invariant in set G := {S; > 0, I > 0}. We then focus
on the dynamics of (3.1) in set G hereafter in this section.

3.1. Reproductive number and the global stability of the infection-free
equilibrium

System (3.1) hasan infection-free equilibriuminwhich the component of infectives
is zero and other susceptible components are positive. Denote this infection-free
equilibrium by Eg := (S = piS%,i = 1,...,n,1 = 0). Analyzing the local
stability of Eg gives the epidemic threshold conditions under which the number
of infected individuals will either increase or decrease to zero as a small humber
of infectivesintroduced into afully susceptible population. These threshold condi-
tions are characterized by the reproductive number, denoted by R, suchthat Eg is
locally asymptotically stableif Ry < 1, and unstableif Rg > 1.
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We derive aformulafor the reproductive number Rg by investigating the local
stability of Eo.
The Jacobian of (3.1) at Eg hasthe form

—n 0 .- 0 —nBS%a1p1
0 —p--- 0 —nBSCxzp;

J1 = R 0
=l —nBS-ay pu

n
0O 0...0 —(u+y)+nﬁS°Zaim
i=1

All eigenvalues of J; have negative real part if and only if —(u + y) + nB8S°

> «; pi < 0. Therefore, the reproductive number can be defined as
i=1

nBS° < (598 +
Ro = a;pi = Qi pi- (3.2
/L+7/; T oy ; .

Note that the mean number of contacts is ¢(S%) := r, the mean duration of
infection for thismodel ist := 1/(u + ), and the mean infectivity for each group
is B; ;= Ba;. We define the reproductive number for each group as

rpa; 5
Roi '= —— =rpit.
nt+y
The reproductive number of infection for the entire population can be expressed as
the weighted average of the reproductive numbers of the groups such that

Ro=)_ piRoi. (33
i=1

Some recent mathematical epidemiological studies have demonstrated that a
subcritical bifurcation may appear at the infection-free equilibrium which implies
that even Ry < 1 the modeled disease may spread in the population depending on
initial infections, or that Hopf bifurcation may lead to periodicity for someepidemic
models. (See, e.g. [17]). We prove that a subcritical bifurcation does not exist for
model (3.1) or (2.1) by showing that if Ry < 1 theinfection-free equilibrium Eg is
globally asymptotically stable.

It follows from (3.1a) that

45i w(piS® — ),
dtr —

inset G, whichimplies

Si(t) < pi S+ Si(0)e ™,
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forall r > 0inset G. Then, it follows from (3.1b) that

i=1

n t
I(t) = 1(0) exp (nﬂ D / Siwydu — (u + J/)t)
0
<10 exp ((nﬂSO D aipi—(u+ y)) t+ % Za,-s,-<0>>

i=0 i=0
_ Bs® -~ B o
—1(0>exp<w+y>(u+y gwl 1)r+ . ;“’S’(°)>

= 1(0) exp (% > s (0)> exp((1 + 7)(Ro — D) — 0,

i=0

ast — oo, for Rg < 1,inset G.
Define set © by

Q:={8>0,i=1...,n, I=0}.

Then Q isattractive for system (3.1) in G; that is, all solutions of (3.1) startedin G
approach set 2. Therefore, to prove the global asymptotic stability of Eq in G, we
only need to show that (p15°, p2S°, ..., p,S°) isglobaly asymptotically stable
inset Q.

The global asymptotic stability of Eg in Q immediately follows from the fact
that system (3.1@) in Q2 isreduced to

ds;
= u(piS°=8H, i=1,...,n, (3.4)
dt
and solutions of (3.4) are

S0 = pis® = (pis® = $:@) e,

which approach p; S°, ast — oo fori =1, ..., n. In summary, we have

Theorem 3.1. Define the reproductive number of infection, Rg, for system (2.1) as
in (3.2). Then the infection-free equilibrium Eq is globally asymptotically stable if
Ro < 1, andisunstableif Ry > 1.

3.2. Endemic equilibrium and its stability

We have shown in Section 3.1 that if Ry < 1, infection-free equilibrium Eg isthe
only equilibriumfor (2.1), or (3.1), and isglobally asymptotically stable, and that if
Ro > 1, Egisunstable. Inthissection, weassume Rp > 1 and explorethe dynamic
behavior of (3.1). We first establish the existence and uniqueness of an endemic
equilibrium, whose all components are positive, and then study its stability.
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3.2.1. Existence and uniqueness of the endemic equilibrium
An endemic equilibrium of (3.1) satisfies the equations

w(piS® — 8) —nBeilSi =0, i=1...,n, (3.5)
n

Bl Y oSk — (u+y)I =0. (3.6)
k=1

Solving (3.5) for S; gives

5 =0 HMPi 3.7)
w+npail

Substituting (3.7) into (3.6) then yields

o Htnpoul  mp

Hence, there exists an endemic equilibrium if and only if there exists a positive
solution 1 to (3.8).
Define F (1) to be the left-hand side of (3.8). The derivative of F(I) isgiven
by
n 0,2,
Fiy=-3 unpS a,-plz -0
= (n+npoil)

Hence F (1) isadecreasing function. Note that
nw+y

lim F(I) = — < 0.
I1—o00

Then there exists a unique positive solution of F (1) = 0if and only if F(0) > O.

Nevertheless,

. wty  u+y
FO) =5 "aip — =" "7 (Rg—1).
; B nB

Therefore, there exists a unique endemic equilibrium if and only if Rg > 1.

3.2.2. Sability of the endemic equilibrium

Let (57, S5,..., Sy, I*) bethe unique endemic equilibrium and we make the fol-
lowing transformation
I=I"1+y), Si=8SA+x), i=1....n,

where —1 < x; < o00,i =1,...,n,—1 < y < oco. By substituting this transfor-
mation into (3.1), x; and y satisfy the system

dxi * * *

— =~ (A mBei ") xi —npoy "y — npoi I xiy,

dy n n

I =77/320li55kxi+77,32<¥i5?xiy, (3.9)

i=1 i=1
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and the stability of the endemic equilibrium of system (3.1) is equivaent to the
stability of thetrivial solution of system (3.9).
Define function V as
sl
V(X1 X2, ... X, y) = Zl o Ty —In@+ ).
Then V is positive definite for x; > —1and y > —1, and V = 0if and only if
(X1, ..., Xn,,y) =(0,...,0).Along trajectories of system (3.9), we have

dv "\ S . . .
i —Z I+ ((w +nBai I)x; + npoi 1™y + npey I*x;y)

1+ nﬁZa,s*x,<1+y>

——ZS*“ Z—nﬂZalS 21+y) <o,

Moreover, the maximum invariant subset of set

{(xl,... Xn, ) ‘——0}

forx; > —landy > —1, consistsof only theorigin (0, . .. , 0). Then, by Liapunov
stability theory, the origin of system (3.9), and hence the endemic equilibrium of
(3.2), isglobally asymptotically stable. The results can be summarized below:

Theorem 3.2. Suppose Rg > 1 for system (3.1). Then there existsa unique positive
endemic equilibrium of system (3.1) and it is globally asymptotically stable.

4. Disease-induced mortality

Disease-induced mortality is crucial and cannot be ignored for many diseases. In
this section, welet the disease-induced mortality rates § and & be positive, and then
consider when the number of contactsis either proportional or independent of the
population size.

4.1. Contact number proportional to the population size

The contact patterns of transmission for certain diseases are random and for small
populations the number of contacts can be assumed proportional to the total pop-
ulation size, that is, c(N) := coN. Then the incidence of infection has a bilinear
form. Themodel equationsinthiscasearealmost identical to (3.1) except y in(3.1)
isreplaced by y + 8. Therefore, the resultsfor this case are similar to the resultsfor
the case of no disease-induced mortality in Section 3. Write 7 = 1/(uw + y + 9).
The reproductive number for this case can be defined as >"_; p; Ro; with

S%Ba; -
Roi = M =FpBiT,
w+y+o
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where 7 = ¢S? is the total number of contacts, 8; = Ba; isthe mean probability
of transmission, and 7 is the mean duration of infection. The infection-free equi-
librium is globally asymptoticaly stableif Ry < 1 and isunstableif Ry > 1. The
endemic equilibrium existsif and only if Ry > 1 and isaways globally asymptot-
ically stableif it exists.

4.2. Constant number of contacts

For many diseases, the contact rate is weakly dependent on the total population
size or is saturated to a constant level. In this section, we assume that the number
of contacts per individual, per unit of timeis constant, i.e., ¢c(N) := r, and that the
incidence of infection has the standard form

)\i = Tai’ (41)

where N = Y §; + I [15]. Here we again assume that the individualsin group R

i=1
do not contribute to the disease transmission and omit the equation for R in (2.1)
to obtain

ds;
— = 1piS® = S) = %S,
t
gl n 4.2)
— =2 MSk—(uty+dIl,
dt 2

with A givenin (4.1).

4.2.1. Reproductive number and the global stability of the infection-free
equilibrium

A formulafor the reproductive number for system (4.2) can be derived in asimilar
way asthat for system (3.1) by investigating thelocal stability of theinfection-free
equilibrium of (4.2), which isagain written as Eg. The Jacobian at Eg hastheform

-u 0 -0 —rBaipa

0O —p--- 0 —rBazp2
J3 = . . ’ . . .

0 0 - -—u —rBoy pa

n
0 0 ...0 —(u+y+8+rBY. aipi
i=1

Matrix J3 has al eigenvalues with negative real part if and only if —(u + y +

8) +rB > waip;i < 0. The reproductive number for each group in this case can be
i=1

defined as
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and the reproductive number of infection for the entire population is again the
following weighted average of these Ry;:

Ro:=)_ piRoi. (4.3)
i=1

The proof of the globally asymptotic stability of Eq is similar to the proof in
Section 3. We skip the details of the proof and summarize the results for model
(4.2) in the following theorem.

Theorem 4.1. Define the reproductive number of infection, R, for system (4.2) as
in (4.3). Then, the infection-free equilibrium of system (4.2) is globally asymptoti-
cally stableif Ryp < 1, and isunstableif Ry > 1.

4.2.2. Endemic equilibrium and its stability
Now we assume Rg > 1. Asbefore, we first show the existence and uniqueness of
an endemic equilibrium.

An endemic equilibrium satisfies

w(piS® —8;) — ;S =0, (4.4)

n
D Sk —(u+y+8I=0. (4.5)
k=1

n
To simplify notation wewrite 7 = 3" S; andlet o = y + §. It follows from
i=1

D uwpiS® =Sy =Y miSi=(u+o)l

i=1 i=1

that 1¢(S° — T) = (u + o) 1. Hence

and

N=T+1=5"-21. (4.6)
n

Substituting (4.6) into (4.4) and solving for S;, we have

SO(us® — o l)p;
S — (e z )Pi . @7
rBa;l + (uSY —ol)

Substituting (4.7) into (4.6), we obtain

n

SO —51)s0 Pi %4+ (14%)r=0 (48
nS" =l ;rﬂaiu(ushan A “8)
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Hence, there exists an endemic equilibrium if and only if there exists a positive
solution, 0 < I < 8%/, to (4.8).
Define F (1) to betheleft-hand side of (4.8). Then F(0) = Oand F(uS%/o) =

K0~ 0. since
o
F/ = — 0 Pi
(h=-03 Z < Pyl + (uSO— o)
—(uS® — aI)SOZ (rPai = 0)pi S+1+ 2, (49)
i1 (rBoil + (uS° — UI)) 2
we have
F0o=1--=L Zot,p, + - = (4.10)
Note that the second derivative of F (1), given by
_ 2
F'(I) = Z(MSO—O’I)SOZ (rfoi = 0)"pi (4.12)

i1 (rﬂo{ll + (uS° — O’I))

is always positive for I < uS%/o. Hence the curve defined by F(I) is concave
upward on the interval 0 < I < uS%/o. Therefore, if Ry < 1, which implies
F’(0) > 0, the curve of F(I) does not crossthe positive I axis; that is, thereisno
positive endemic equilibrium. On the other hand, if Rg > 1, then F’(0) < 0. The
curve of F(I) has a unique intersection with the I axison theinterval 0 < I <
uS%/o . Substituting this positive solution of F (1) = 0 into (4.7), we obtain the
component for S; and hence a unique positive endemic equilibrium. Hence there
exists a unique positive endemic equilibrium if only if Ry > 1.
Next, we establish the stability of the endemic equilibrium. Write
rﬁa,- S'Rol'

)\14
aj == Siﬁls b :==§; N =(M+0)ZT,

Where S; are N are evaluated at the positive endemic equilibrium. Notice that
Z b, = Z rBa;S;i/N = Z AiSi/I = u + o a the endemic equilibrium. The

Jacoblan matrlx at the endemlc equilibrium can be expressed as

—u—A1+a1 al a1 a1 — by
az —u—A2+az--- az az — b

Jg = : . . :
a, a, == A +ana,,—b

n n
M= a  Ax— Y a - Za, Zaz
i=1 i=1 i=1
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By using the (n + 2) x (n + 2) similarity matrix

1-1-1.---1-1
01 0--00
00 1--00
M = .
00 0--1 0
00 0.0 1

Ja istransformed into M~1J4M := H, where

—u 0 0 0 o
az —U— A2 0 0 —by
as 0 —— A3 - 0 —b3
H = : : : : . (4.12)
a, 0 0 e —p— Ay —by,
n
M= a Aa—Xi1 A3—A1 -0 Ay —A1 —M1

i=1

Hence the endemic equilibrium is locally asymptotically stable if all eigenvalues
of H have negative real part.

Let p be an eigenvalue of H and a corresponding eigenvector be X =
(x1, x2, ... , xa41) 7. Then they satisfy the system of equations

(1 + p)x1 = —0oxp41, (4.13)
(mw+ A +p)xi = alxl — b; Xn+1, i=2,...,n, (4.14)
A1+ p)xpt1 = Z aixi+ Z AiXi — A1 Z Xi. (4.15)

It follows from (4.13) that

xapn = PP (4.16)
Substituting (4.16) into (4.14) yields
i b; .
Xj = mxl, i=2,...,n. (4.17)

o(p+pu+2i)

Then, substituting (4.16) and (4.17) into (4.15), we arrive at the characteristic equa-
tion

i bi
M+Z —X1+Z(Al w:

= = o(u+Ai +p)

(4.18)
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Write p = u + iv. By substituting it into (4.18) and separating the real and
imaginary parts, u and v satisfy the equations

Mtu +u —? "
CQat+wptu) Y -

o
i=1
. 2
S (4 u)b; +Ai +u)+ b
+Z(A1—x,~)(°‘“ (it wbi) (et 2i 1) £iv g
2 o ((+xi + )2 +v?)
5 2 n ,_)\.b.
_M—Z(M—M) oa; 121 -~ =0. (4.20)
5 2 o (e +ri + w2 +1?)
Since
Uai—)\ibi=0#—)\i(l/~+0) lle ]\l/l(l_ t o )7
(4.20) isequivalent to
» 2u Siki(A1 — Ai Ro
_M—Z idi (A1 21) . < _ OZ(M+G))=0_ (421)
. SN ((+ 2 + w2+ v2) o

System (4.2) is symmetric for the susceptible groups S;. Without loss of gen-
eraity, we assume that group S1 isthe least susceptible group such that o1 < «;,
i=2,...,n.Theniy < X;,and Ro1 < Roi, i = 2,...,n. |f weassume Rg; >
o/(n+o),forali > 2, thentheleft-hand side of (4.21) islessthan zeroif u > O;
that is, there is a solution to (4.21) only if u < 0. Therefore matrix H has only
eigenvalues with negative real part, which implies that the endemic equilibriumis
locally asymptotically stable.

Results based on the most susceptible group can be also derived in a similar
fashion. Without loss of generality, we assume that group S1 is the most suscep-
tible group such that o1 > «;,i = 2,...,n. Then Ay > A;, and Ro1 > Ry,
i =2,...,n. If weassumenow that Ro; < o/(u + o), fordli > 2, theleft-hand
side of (4.21) islessthan zero if u > 0, which implies that there is no eigenvalue
of H with nonnegative real part, or the local stability of the endemic equilibrium.

In summary, we have

Theorem 4.2. Suppose Ro > 1 such that the endemic equilibrium exists. Then the
endemic equilibriumislocally asymptotically stableif either the reproductive num-
ber of each group, except the least susceptible group, is greater than or equal to
¥y +8)/(u+y+98),thatis

Ry= —P% o YO g iz (H1a)

w+y+8 " p+y+9

where S; isthe least susceptible group, or the reproductive number of each group,
except the most susceptible group, isless than or equal to (y + 8)/(u + y + §),
thatis

__rPei v +9d
S pdy+s T uty 48
where Sy isthe most susceptible group.

Roi i=1....n i#k (H1b)
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If the reproductive number for each group is greater than one, then condition
(H1a) in Theorem 4.2 is satisfied. Hence we have

Coroallary 4.3. Assume that the reproductive number of each group is greater than
one, that is

Then the endemic equilibriumislocally asymptotically stable.

On the other hand, it is not necessary to have al reproductive numbers greater
than one to satisfy the assumptions in Theorem 4.2. Some of them can be lessthan
one, but because of Ry > 1, some of them must be greater than one. Moreover,
againbecauseof Rg > 1,if Ro; < (v +68)/(u+7y +38), except the most susceptible
group S, due to

y+34
1< Ro < pkRox + ———— (A — pp),
< Ro = prRok M+J/+5( Pk)
the most susceptible group S, must have

Y+ 2

Roi > .
w+y+48  p(u+y+95)

(4.22)

5. Summary and discussion

We have formulated compartmental differential susceptibility models in various
settings. The susceptible population is subdivided into n subgroups based on their
susceptihilities. We then considered the cases where the disease-induced mortality
is either negligible or non-negligible, and the cases where the number of contacts
is either proportional to the total population size or a constant.

For the cases where either the disease-induced mortality is negligible or the
number of contacts is proportional to the total population, we have bilinear inci-
dence of infection for either the limiting system, or the original system. We derived
an explicit formulafor the reproductive number, Ro, and showed that the infection-
free equilibrium, whose component of infectivesis zero, isglobally asymptotically
stableif Rp < 1, andisunstableif Rg > 1. As Ry > 1, we further proved that there
exists a unique endemic equilibrium with all components positive and it is always
locally asymptotically stable whenever it exists.

When the disease-induced mortality is not negligible or the number of con-
tacts is constant, we derived an explicit formulafor the reproductive number, Rg,
and showed that the infection-free equilibrium is globally asymptotically stable if
Ro < 1, and isunstable if Rg > 1. When Ry > 1, we proved the existence and
uniqueness of the endemic equilibrium, but we have only obtained certain sufficient
conditions of its stability.

The explicit formulas of Rg for the modelsin this paper well fit in the calcula-
tions of Rg for avariety of epidemiological modelsin the literature [18-21]. That
is, the reproductive number for each subgroup, Ro;, is defined as a product of the
mean number of contacts, the mean infectivity, and the mean duration of infection.
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and Then, the reproductive number for the whole population, Rg, is defined as a
weighted average of those Rg;, weighted by the distribution of the influx into the
susceptible subgroups.

Sensitivity studies of the disease prevention then can be based on the formula
of such aweighted average of Rg;. For example, in order to set an efficient strategy
in controlling disease transmission, we can identify more susceptible groups and
make efforts to reduce the influx into those groups. Our study for the DS models
can also help establish other effective strategies.

Suppose we have two different vaccination strategies one of which vaccinates
the whole population with the susceptibility reduced to 50% for every individual,
and one of which vaccinates only a half of the population with full efficacy such
that the vaccinated individuals are fully immune to the disease. We assume thereis
disease-induced death and the contact number is constant such that the two models
are based on system (4.2). Then the transmission dynamics for the former case are
governed by

as (SO s) rBal

ar " 25+

dl rBasS

= I — I, 5.1
= AS+ D (u+y+3) (5.1

and transmission dynamics for the latter case are described by

Y e A R
dt “(2 1)

TAY) 1, rBal
— S-S ) - —5,
dt M( 2) SitSa+17

dl rBasS?
—_ = —= ] — &HI. 5.2
i S St (u+y+9) (5.2)

Using the sametechnique as before, we can show that the reproductive numbers
for systems (5.1) and (5.2) arethe same as
1

1 -
—Rgld = Erﬂr,

R{Y = 5

where R is the reproductive number when no vaccine is given. Hence there is
no difference astheinitia infection starts. However, simple calcul ations show that
theinfectives at the endemic equilibrium for system (5.1), denoted by 7, and for
system (5.2), denoted by 1@, are

(Rg™ — 1) nus° @ _ (Rg™ — 1) nS°

J , .
(m+y+8 (R —1) +u (n+y+8)(2REY — 1) + 1

Therefore, while there is no difference for the early stage of infection between the
two strategies if the disease can be completely eradicated, for diseases that are
ineradicable, the second strategy can reduce the infection to a significantly lower
level, comparing to the first strategy, if the reproductive number is very large.
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We shall also point out that the DS models introduced in this paper can be
applied to predator-prey or host-parasitoid interactions as well. We demonstrate it
by applying it to predator-prey interactions.

To describe simple predator-prey dynamics, thefollowing system is often used:

dN

E=f(N)—g(N,P)P,
AP e(N.PYP —dP
dr U ’

where N and P are the prey and predator populations, f(N) is the growth func-
tion of the prey, g(NV, P) is the predator per-capita consumption rate of prey or
the functional response, /4 isthe trophic efficiency, and d is the per-capita predator
death rate. The classical Lotka-Volterra models adopt the principle of mass action
such that the response of the predation is proportional to the product of their bio-
mass densities. Then g(N, P)P = bN P where b is a positive constant [22,23].
Newly devel oped ratio-dependent predator-prey theory, on the other hand, assumes
rati o-dependent per-capita functional response such that

mN P

N,P)P = ——,
8( ) wP + N

where m isthe maximum predator attack rate, and w is the prey density while the
attack rateis half-saturated [23-26].

In our DS models, the n susceptible subgroups can be used for n prey popu-
lations, and the infective group can be used for a predator population. Then, the n
prey populations are linked by their common predator. For the cases of no disease-
induced mortality or the number of contacts proportiona to the total population,
the bilinear incidence of infection corresponds to the predation interaction of mass
action, andif disease-induced mortality isincluded or aconstant number of contacts
is assumed, the standard incidence of infection corresponds to the ratio-dependent
predation interaction where the prey density is one at a half-saturated attack rate.
Different fromtheclassical predator-prey model swherethe prey popul ation follows
the logistic growth in the absence of predation, the prey populations are assumed
constant asymptotically in the case of no predator in our models. Based on these
assumptions, the resultsthat we obtained for the DS model sindicate that there exist
threshol ds determining either the multiple prey populations survive whilethe pred-
ator goesto extinct, or all species co-exist. Although our DS models only describe
the special case of the predation with 7 = 1 and w = 1, the analysis in this paper
can be also employed to the more general casewhere s # 1 and w # 1.
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