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Pulsating multiplet solutions of quintic wave equations

James M. Hyman **, Philip Rosenau °

4 Theoretical Division, Los Alamos National Laboratory, Los Alamos, NM 87545, USA
b School of Mathematical Sciences, Tel Aviv University, Tel Aviv 69978, Israel

Abstract

Numerical studies are used to demonstrate that, in addition to supporting conventional solitons, the quintic Korteweg—de
Vries equation, u; + (%) = yyxxy, and its regularized version, u, 4+ (u?); +usrcrx = 0, support multihumped solitary waves
(doublets, triplets, quadruplets, etc.), referred to collectively as multiplets. Their peaks pulsate as they travel and undergo
nearly elastic collisions with other multiplets. An N-humped multiplet can pulsate thousands of cycles before disassociating
into an (N — 1)-humped multiplet and a single-peak solitary wave (singlet). Although multiplets are easily created from an
initial wide compact pulse, they rarely are formed by fusing singlets or multiplets in collisions. We describe the emergence
and evolution of multiplets, their nearly elastic collision dynamics, and their eventual decomposition into singlets. To consider
the effect of cubic dispersion on the solution of these equations, we also study u; + (°)y + Ditxcx = Styyrrr. The impact
of cubic dispersion critically depends on the sign of » and its amplitude. For sufficiently large n > 1, > 0, only a train of
singlets emerge from an initial pulse with compact support. If 7 is decreased, multiplets begin to emerge leading the train of
singlets. The number of humps in the multiplet increases as 7 is decreased, until below a critical point 7 < 14, < 0 the initial
pulse decomposes into highly oscillatory waves. Copyright © 1998 Elsevier Science B.V.

1. Introduction u,u? and u® + 3 (uyy)?, (3)
We study and compare the dynamics of mul- and the QRLW equation conserves
tihumped solitary waves satis.fying the quintic w, 1, and u® + (uy,)>. )
Korteweg—de Vries (qKdV) equation,
The gKdV equation is invariant under space-time

u + (uz)x = Uxxxxx, (1) Stretching,
and the quintic regularized long-wave (QRLW) equa- u— B, t— Bt x —> Bx (5)
tion [12],

, which reveals that high-amplitude patterns are nar-
ur + U )x + Urxexx =0, (2) rower and propagate faster than lower-amplitude ones.

. . In contrast, the QRLW equation is invariant under
The gKdV equation has three local conservation Q q

laws, u— fu, t—t/B. (6)
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only the timescale. In particular, the width of traveling
structures of the QRLW equation is independent of
the amplitude, implying there are no distinctive high-
amplitude phenomena. Thus while analyzing the be-
havior of the QRLW equation, one can restrict both
the analysis and the numerical investigations to initial
data of the same amplitude. For moderate-amplitude
initial data, the consequences of different scaling of
the two equations are of secondary importance, and
the solutions of the two equations are similar.

The observed dynamics of the gKdV and QRLW
solutions are distinctly different from the solution
dynamics of the cubic KdV, u, + (4?); + trxy = 0,
or regularized long-wave (RLW), u, + (M) = Uprx,
equations. In particular, a wide variety of pulsating,
multihumped, traveling solitary structures emerge
from an initial wide pulse with a compact support.
Both the gKdV and QRLW equations support aggre-
gates of robust, long-persisting, coupled oscillating
singlets, doublets, triplets, quadruplets, and higher-
order multihumped solitary waves, which are a hybrid
between conventional breathers and partially fused
singlets. We refer to those multihumped structures
collectively as multiplets and a single-humped “soli-
ton” as a singlet. (Here the term soliton refers to a
solitary stable structure; it does not imply integrability
in the strict mathematical sense.)

1.1. Derivation of the equations

The gKdV equation can be derived via a weakly per-
turbative procedure which balances nonlinearity with
weak dispersion. Consider the linearized dispersion
relation

w = G(k) N

to describe long-wave phenomena in fluids, solids,
or anharmonic lattices. The typical long-wavelength
(small k) dispersion relation can be expanded to

Gk) = apk + a1 k> + ask> + - - (8)

In certain complex systems, including anharmonic lat-
tices where the lattice sites interact with their four
nearest neighbors, or transmission lines with a mutual

inductance (see [12] and references therein), a; can
vanish, which, to leading order, results in the gKdV
equation.

The direct truncation of the Taylor expansion,
though appropriate for small k’s, introduces an enor-
mous amount of dispersion at high k’s that is absent
in the original process. Thus when high wave num-
bers are important, the solution of the gKdV equation
is a questionable approximation of the solution to the
original problem. This situation can be avoided by ap-
proximating G (k) by a rational function that captures
the behavior of G (k) for large k’s. Typically, G (k) is
bounded for all £’s. This fact was taken into account
in [12] and led to a derivation of the QRLW equation.
The QRLW equation results from approximating (8),
when a; = 0, by

agk

w=Gk)= T+ B

&)

This approximation coincides with (8) for small k’s
but, unlike the gKdV equation, remains bounded for
large k’s. In deriving the QRLW equation, the goal in
[12] was not to track the details of the original dis-
persion but merely to avoid the ultraviolet falsetto at
high &’s. In this sense the QRLW equation is better
suited than the gKdV to describe patterns involving
higher gradients. This situation is similar to the cubic
dispersive wave equations where the RLW equation is
physically more realistic than the KdV at high wave
numbers; however, the integrability of the KdV equa-
tion and its astounding properties have overshadowed
the many advantages of the RLW equation.

Often integrable systems are considered ‘supe-
rior’ to the ones that are ‘almost there’, but lack the
supporting analysis techniques that exploit the integra-
bility. This superior outlook can prejudice the inves-
tigations of equations, such as the gKdV and QRLW,
that have only a finite number of conservation laws
and thus only a finite number of constraints. But the
finite number of constraints may be just the freedom
needed to support a wider variety of structures than
those that have been observed for the KdV equation.



