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HORSESHOECHAOS IN A PERIODICALLY PERTURBED POLARIZED OPTICAL BEAM
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Theproblemof a single, polarized,laserpulsepropagatingasa travellingwave in an anisotropic,cubically nonlinear,lossless
mediumis investigatedasaHamiltonian system.This Hamiltoniansystemdescribesthetravelling-wavedynamicsoftwo nonlin-
earlycoupledcomplexlasermodes.Invarianceof theHamiltonianfunctionunderchangesof phaseof thecomplextwo-compo-
nentelectricfield amplitudereducesthephasespaceto thetwo-sphere,S

2, on which theproblemis completelyintegrable.The
fixedpointsandbifurcationsofthephaseportrait on S2arestudiedasthebeamintensityandmediumparametersarevaried,and
homoclinicandheteroclinicconnectionsareidentified in eachparameterdomain. Horseshoechaosis analyticallyshownto arise
when theoptical parametersof the medium areperturbeddueto spatially periodic inhomogeneities,by using the Melnikov
method.The resultingsensitivedependenceon initial conditionshasimplicationsfor thecontrolandpredictabilityofnonlinear
opticalpolarizationswitching in birefringentmedia,

1. Introduction tropic cubically nonlinearlosslessmedium. Hamil-
tonian methodsare usedto reducethe phasespace

Nonlineareffectsin intensepolarizedlight beams C2 (thetwo-component,complex-vectorelectricfield
havebeenstudiedfor nearlythreedecades,sincethe amplitude) for the travelling-wavedynamicsto the
invention of the laser. For instance,the precession spherical surfaceS2 (the Poincarésphere).Bifur-
of the polarizationellipse for a laserbeamin a non- cationsof the phaseportrait on S2, as functions of
linearmediumis demonstratedin ref. [1]. More re- materialpropertiesand beamintensity, are deter-
cently,dynamicalsystemsmethodshavebegunto be mined,and homoclinic andheteroclinicorbits con-
applied to the studyof the potentiallychaoticbe- nectinghyperbolicfixed pointsareidentified.These
haviorof intensetravelling-waveoptical pulses.For homoclinic and heteroclinicorbits are separatrices
example,polarizationbistability in an isotropic me- (i.e., stableand unstablemanifolds of hyperbolic
dium and numericalevidencefor chaosin the po- fixed points) which separateregionson S2 having
larizationdynamicsof travellingwavesarediscussed differenttypesof periodicbehaviorin thetravelling-
in ref. [2]. Interpretationsof someexperimentalop- wave frame. Underspatially periodic perturbations
tical data in termsof chaoticbehaviorin travelling- ofthemediumparameters,theseparatricesareshown
wave optical pulsesarealso given in ref. [3]. How- to tangleandproducea Smalehorseshoein the Poin-
ever,a completeanalysisof thepolarizationdynam- care map inducedfrom this periodicperturbation.
ics for travelling-waveoptical pulseshas remained Thepresenceof this tangleis diagnosedvia theMel-
openuntil now. nikov method,which identifiesintersectionsof these

This papertreats optical polarizationdynamics, separatricesandestimatesthe width of the tangled
usingthe Stokes description[4] for a single laser regionon S2. The analysispresentedherecharacter-
pulsepropagatingas a travelling wave in an aniso- izesthe locationof thechaoticset,or stochasticlayer,

on the Poincarésphereand the dependenceof its
Permanentaddress:Centerfor NonlinearStudiesandTheo- width on the material parameters,spatial modula-
reticalDivision, MS B258, Los AlamosNationalLaboratory, tion amplitudeandwavelength,andtheopticalbeam
Los Alamos,NM 87545,USA. intensity.
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2. Problem formulation analogyto theprincipalmomentsof inertiaof arigid
both.

Propagationof an optical travellingwave pulse in In terms of the Stokesparameters,u. the Hamil-
acubicallynonlinearmediumisdescribedby thefol- tonian function H in eq. (2.5) may be rewritten as
lowing systemof equations[5,6].

FI=bu+~uWu (2.6)

i e1 =4~ek+3X~ekee~ (2.1) andtheequationsof motion (2.9) maybeexpressed
di

in Hamiltonianform as du/dt={u, H~,by using the
where i is the independentvariable for travelling Lie—Poisson bracket F. (~=uVF(u)XVG(u)
waves,].k, I, ,n= 1. 2. and the complex two-vector written in triple scalarproduct form, just as in the
e= (e. e2)TEC

2 representsthe electric field ampli- caseof the rigid body. The intensity r= u~ is the
tude. The complex susceptibility tensorsx~’ and Casimir function for this Lie—Poissonbracket.That
~ parametrizethe linear and nonlinearpolariz- is. r Poisson-commuteswith all functionsof u when
ability, respectively.Far from resonanceand in a the aboveLie—Poissonbracket is used:so the inten-
losslessmedium, the susceptibilitytensorsare con- sity r in the Stokesdescriptionof losslesspolarized
stantand Hermitianin eache_e*pair and~ pos- optical beamdynamicsmay beregardedsimply as a
sessesa permutationsymmetry: constantparameter.(Seeref. [8] for discussionsand

referencesconcerningLie—Poissonbracketsand their
(I) . (11* V~3 .131*/~ =L~1 . A

1A/~, X~1~~/‘ usage,for example, in the study of Lyapunovsta-

~ v~

3 ‘Xfcf,~=,. ,,,AM =/j/h,~ . (2.2) bilily of equilibriumsolutionsof dynamicalsystems.
Solving the system(2.4) when (a) two eigenval-Hence, we may write the system(2.1) in Hamilto-

uesof W coincide,and (b) oneor moreof thecorn-nian form as
ponentsof b vanish,canbe doneeasily for two cases

ae,/ai=~e
1,H}= —i9H/ae~. which are inequivalentundercyclic permutationsof

indicesof u. In the first case,we set W=wdiag(1.
~ ek+ ~ (2.3) 1. 2) andb= (b, h~.0): eqs. (2.4) then read

In addition, the intensity, r= e = e1 2 + e2 2 is
conserved.We introducethethree-componentStokes do du.
vector,u, givenby (seeref. [7]) u~e~(a)1~ek,with ~ =(h2 —wu2)u2. = (wu~—b )U3

a~(oh, ~2’ ~3). the standardPauli matrices.The du,
travelling wave equation (2.1) then becomes — =b u2 —b2u1 . (2.7)

di
= (b+Wu)xu, b=a+ u~c=a+rc. (2.4) Hence, a Duffing equationemergesfor u2,

di
wheretheconstantvectorsa andc, andtheconstant ~ =.‘~3(B—u~)

symmetrictensorW, are given by

2H 2(h~+h~)a=(a)~,~~,c=~(a)k1/~), ~1=~w
2, B= —r— . (2.8)

(I)

W=4(a)kx~,,(~)/,,,=diag(A , A
2, A3). (2.5)

The other two componentsof u may be determined
The materialparametersa, c, andW areall real. Ac- algebraicallyfrom thetwo constantsof motion r and
cording to eq. (2.5), the parametersa and c repre- H. WhenB increasesthroughzero,the Duffing equa-
sent the effects of linear andnonlinearanisotropy, tion (2.8) developsa pair of orbits, homoclinic to
respectively.They lead to precessionof the Stokes the fixed point u3 (see,e.g.. refs. [9] and [10]).
vectoru with (vector) frequencyb. ThetensorW is Likewise, in the secondcase,we setW= w diag(I. I,
symmetric,so a polarizationbasismay alwaysbeas- 2) andb= (b1. 0, b3); eqs. (2.4) then become
sumedin whichW is diagonal,W=(A1. A2, A3), in
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dço
d= —b3u2—wu2u3, — (b, sin q+b3cos~) cot 0

~~~2=wu,u3+b3u,~b,u3, —r(A,sin
2fp+A

3cos
2ci—1

2)coso. (2.12)
di Thesystem(2.9) is completelyintegrable,sinceit is

— b ‘2 9’ a one-degree-of-freedomHamiltoniansystem.Its so-

di — ~~2 ‘ lutions areexpressiblein termsof elliptic integrals.

Hence, providedb, ~ 0, we find

d
2u 3. Bifurcation analysis

~=A’ +B’ a
3 + C’ u~+D’u~,

di
We now specializeto the caseof a non-parity-in-

A’ =b3(H— ~wr
2) , B’ =wH— ~w2r2—b~—bL variant materialwith C

4 rotation symmetry about

C’=—4wb3, D’=—~w
2. (2.10) the axisof propagation(the z-axis), for which ma-

terial constantstakethe form W= (A,, A
2, A3) and

Thus, the polarization dynamicsfor this case re- b= (0, b2, 0). (Seeref. [11] for detailsof what fol-
ducesto the motionof a particlein a quarticpoten- lows.) We also introducethe following parameters,
tial, whosesolution is expressiblein termsof elliptic A — b
integrals.Again, the componentsu, anda2 may be ~=A3—A, , A= A A’ ~= ‘A A , (3.1)
determinedalgebraicallyfrom the two constantsof , r,, ~
motion, r andH. We shall returnto thesetwo cases In this case, the Hamiltonian in (2.11) and the
later, when we discussthe effects of perturbations, equationsof motion become
For now thesecasessuffice to demonstratethat the

H—’ 11 2_

2~cos2+Au2+2~ ‘+‘A 2
system (2.4) possessesbifurcations in which ho- — 2~L~r a / 2 , r
moclinic orbits are created. (3.2a)

The systemof equations(2.9) furtherreducesthe du
Poincarésphere~. of radiusr upon transformingto ~=JL(r2—u2) cosç~sinço, (3.2b)
sphericalcoordinates

(u,,u
2,u3)=(rsin0sinp,rcos0,rsin0cos~) =~[flr—(cos

2~—A)u] (3.2c)

In thesecoordinates,thereducedHamiltonianfunc- whereu r cos0. We constructthe phaseportraitof
tion (2.6) andthe symplecticPoissonbracketon ~ the systemandexplainhow this portraitchangesas
are expressibleas theparametersin theequationsvary. Thefixedpoints

of (3.2b,c) are easily locatedand classified, using
H= ~r2[ (A, sin2p+A

3cos
2q)sin20+2

2cos
20] standardtechniques.We list themin table 1, for y~0.

The specialcasewhere~t=0, i.e., A
3=A,,requiresa

+ r sin 0 (b, sin ç,+ b3 cos ~)+ b2 r cos 0, separateanalysis.In thatcase,the right-handsideof

1 ,9F ,9G 1 ~G aF (l.4a) vanishesidentically so that the set of fixed
{F, G}:= —— ______ — —~ , (2.11) pointsof the systemis thecircle

raç~acos0 r8~öcos0

andthe equationsof motion are cos0= b2 = &r(A2—A,) A

= b, cos ~— b3 s~n~ The phaseportraitdependson two essentialparam-
di eters,A and /3, or equivalently,A2—A,and b7/r. Bi-

+ (A, —A3)rsin 0 cosç~sin ~, furcationsof the phaseportrait occur whenthe in-
equality constraintsin the third column of table 1
becomeequalities;hencewe observethat the pairs
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Table I
The fixed pointsof system(3.2) andtheirtypes.

Fixed point Coordinates Constraint Saddle Center

F ~i=0 cos0=fl/(1—)~)
fl<(l—s) i.>l

B cosO=fl/(l—A)

L ç~=it/2 cos0=—fl/i. -/l~<A- ‘<0
R ~~=—,t/2 cosO=—fl/,.

N cos
2ç9=,i+fl 0=0 - flc(—A. l—~) /I~(_i.,1—i.)

S cos2~=A—fl 0=it - fle(~—l.i.) /3~(i.—1,2)

of fixed points (F, B) and (L, R) appearor vanish 0, i.e.,to restrictattentionto regions 1, 2. 4, and 5.
as the lines /3= ±(1 — A) and /3= ±A are crossedin Althoughno bifurcationsoccurwhentheA-axis (/3=0
the (A, /3) parameterplane (seefig. 1). The (A, /3) in theparameterplane) is crossed(except for A=0,
parameterplaneis partitionedinto nine distinct re- andA= 1, the set of fixed pointsdoesnot change),
gionsseparatedby four critical lines that intersectin this line is neverthelessspecial.Indeed,in the inter-
pairs at four points. Typical phaseportraitscorre- val AE (0, 1), i.e. within region R5, both poles are
spondingto eachof theseregionsare shown in fig. hyperbolic,eachoneofthembeingattachedto a pair
2. Note that the phaseportraitsof the unperturbed of homoclinic loops. When /3 vanishes,these ho-
system (3.2b,c) are invariant under the following moclinic loopsmergetogethersoasto form four het-
discretetransformations: erocliniclines (andthusfour heteroclinictwo-cycles)

connectingthe north andsouthpoles together.On
(P—~±1t the A-axis the polarizationdynamicsreducesto that
ç~—*p±ic 0—~it—0, fl~— /3; oftherigid body. In that case,thephaseportraitcon-

sistsof the polesN and5, and the four otherpoints
-*çi±it/2,A-+l—A,fl—~—fl; are locatedon the equatorof S2 (this configuration

ç9—* ç9±ir/2, A—~1 — A, 0—~~—0. offixed pointsdistributedon theequatoris obtained
only on this line). Two of these,(N, S) or (F, B) or

Thus,asfar astheconfigurationsof critical orbitson (R, L), are unstablewhile the otherfour arestable:
the phasesphereareconcerned,it will be sufficient which pair is unstable is decided by the value of
to considerthe quarterplanegiven by 2<~ and /3> ).= (A

2—A )/(2~—A,).The pair (F, B) is hyper-

bolic when 0<,< 1, and (R, L) are hyperbolic
~ ~=1—), ~x ~= ~-‘ wheneverA> 1; in eachof thesecases,the unstable\~~ direction is specifiedby the 2, which is neitherthe

leastnor the greatestamongthe three.
Bifurcationstaking placeas the beamintensity is

2 variedarethoseoccurringalonga verticalline in the
4 s 6 parameterplane:we presenta list of the sevenpos-

sible sequences(see ref. [11] for anexhaustivelist

7 s of the bifurcationsthatmay takeplace in the phase/ spacewhentravellingalongtheselines):

Fig. 1. Theparameterplaneandits bifurcationlines.
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0
Regioni
?~ 1/2, fi =

Region2 Region3
~ l,~=cos(i/8~~

Region4 Region5 Region6
= —1 3~cos(3~~ 15= 1/2 J3 cos(3ir/~~ = 2 ~ cos(3it/8)

Region7 Region8
0, ~= cos(7it/8~~

11~ = 1, = cos(7it/8)

Region9
X= 1/2,13=—i

Fig.2. Phaseportraitsof system(3.2).

5,: 2<0 ~ S5: ~<A<1 ~

S2 A=0 ~ S6: 2=1 Rl~R3i-~R8~-~R9

S3: 0<A<~ Rl*-’R2’~--~R54--~R74-~R9 S7: A>l ~

S4: A=~ Rl~—~R5i—~R9
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4. Homoclinic chaos and we easily calculatethe Poissonbracketof this
perturbationwith the unperturbedHamiltonian:

In this section, we consider spatially periodic ~H°,H’~= —ysinç~cos~i(r2—u2)u
2cosv~,(4.7)

modulationsof either the circular—circular polari-
zationself-interactioncoefficientA2 in W or the op- which when formally integratedbecomesthe Mel-
tical activity b2. In eachcase,whentheunperturbed nikov function
mediumsatisfiestheadditionalcondition22 =23, the
Melnikov technique [9,10,12] leadsto an analyti- M(i) =~i$ sinç~(i)cos ~i(i) [r—u

2(i)]
cally manageableintegral for the Melnikov function,
which is shown to havesimple zeros.In this way,

x (e, u,+c
2) cos[ v(i—i0)] di, (4.8)

horseshoechaosis predictedin the dynamicsof the
singleStokespulse. Wealso discussthe physicalim- where i0=vl. In the particularcaseA,=A3, this in-
plicationsfor measuringthis horseshoechaosin an tegral is manageableand can be found in standard
experimentalsituation. tables,Hence,

We concentrateon the north pole u2= 1, ço=~i,

with cos
2ip = A + /3, andevaluatetheconservedHam- ~ ~ 2it jJ2

iltonianat this point to find a relationbetweenu and
~ on the homoclinic orbit,

2b
2 / °~ )sinvio~ (4.9)

(4.1) Xcsch(,,
- ~.t(cos

2qi—A)’ yrsin2,p
0

which, whensubstitutedinto theequationof motion which clearly has simple zeros as a function of i,
for ço, gives implying horseshoechaos (see,e.g., refs. [9] and

[10]). Whenthe Melnikov function hassimpleze-
= w( cos2~— cos

2~o) . (4.2) ros, the dynamicalevolutionof a rectangularregion

nearthehomoclinic point shows(underiterationof
Uponintegrating(4.2) we obtain (with i=z+vt, the the Poincarémap inducedfrom the periodicpertur-
travelling-wavevariable) bation) that the region is folded, stretched,con-

tan q’~, tracted,and eventuallymappedback over itself in
tan ~= ~=~t~rsin ~ . (4.3) the shapeof a horseshoe.Thishorseshoemap is the

tanh(i
underlyingmechanismfor chaos. As the horseshoe

Substitutingthis formula into (4.1) gives an ana- folds and refolds, the rectangularregion of phase
lytical expressionfor a on the homoclinic orbit: points initially lying nearthe homoclinic point de-

2b, velopsa Cantorset structurewhoseassociatedPoin-
U

2 = — r— care map canbe shownto contain countablymany

unstableperiodic motions,and uncountablymany
1 —cos

2q
0sech

2~’i unstablenonperiodicmotions.(Seeref. [10] for the
X cos2~

0tanh
2(t—A(1 —cos2~

0sech
2~x) methodsof proofof thesestatementsandfurtherde-

scriptionsof homoclinic tangles.)
(4.4)

We considera periodic perturbationof the eigen-
value22 andthe optical activity b

2, that is, 5. Conclusions

A~=22=e,cos~z,b~=b2+e2cosiz, (4.5)
Physically,thehorseshoechaosin thecaseof ape-where e,24( 1 and v is the modulationfrequency. riodically perturbedsingleStokespulsecorresponds

Thenfrom (2.6) the perturbationHamiltonianis to intermittentswitchingfrom one elliptical polari-

H’ = ~u2(e,j~2+2e2)cosvz, (4.6) zationstate,to anotheronewhosesemimajoraxis is
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approximatelyorthogonalto that of the first state, The strongdependenceon intensityof the phase-
with a passagecloseto the unstablecircular polari- spaceportraitsreportedhere indicatesthat control
zation stateduring eachswitch, This intermittency andpredictabilityof optical polarizationin nonlin-
is realizedon the Poincarésphereby an orbit which ear mediamaybecomean importantissuefor future
spendsmostof its time nearthe unperturbedfigare research.In particular,the sensitivedependenceon
eight shapewith a (homoclinic)crossingat the north initial conditionsin nonlinearpolarizationdynam-
pole (circularpolarization)in fig. 2. Underperiodic ics found hereto be inducedby spatial inhomoge-
perturbationsof eitherthe W-eigenvaluesor theop- neities may have implications for the control and
tical activity b2, this orbit switchesdeterministically, predictabilityof opticalpolarizationswitchingin bi-
butwith extremesensitivityto theinitial conditions, refringentmedia.For instance,an input—outputpo-
from one lobe of the figure eight to the othereach larizationexperimentperformedwith input condi-
time it returnsto the crossingregionnearthe north tions lying in the stochasticlayer for some set of
pole wherethe homoclinic tangle is located.Thus, materialand beamparameterswill show essentially
for the one-beamproblem we predict intermittent randomoutput after sufficientpropagationlength,
and practically unpredictableswitching underspa- dependingon the amplitudeandwavelengthof the
tially periodic perturbationsof the materialparam- materialinhomogeneitiesand the typeof (transpar-
eters,asthe opticalpolarizationstatepassesthrough ent) materialusedfor theexperiment.Effectson op-
a homoclinic tangle nearthe circular polarization tical polarizationdynamicsof dissipationanddriv-
state. ing, as well asmoregeneralmaterialdescriptionsand

From considerationsof the specialcasein which group-velocitydispersionare presentlybeinginves-
the Duffing equation(2.8) appears,onecould have tigatedandwill appearelsewhere.
expectedhomoclinic chaosto developfor nonlinear
optical polarizationdynamics.Indeed,a relatedspe-
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