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Abstract

We review the Rasetti-Regge Dirac bracket (RRDB) for determining the constrained Hamiltonian dynamics
of vortex filaments moving with an incompressible potential flow of superfluid helium-II in the Lagrangian fluid
picture. We compare the equations for Lagrangian vortex filaments with their corresponding Eulerian vorticity
dynamics in the examples of the Euler fluid, superfluid vortices, the local induction approximation (LIA), the
Rosenhead regularization and a new class of alternative regularized theories including the Euler-alpha model. The
RRDB formulation generalizes the Betchov—Da Rios equation for the transverse self-induction velocity of a vortex
filament from LIA to the case of an incompressible fluid whose energy may expressed as an arbitrary functional
of spatial vorticity. We also discuss the relation of RRDB to the Marsden—Weinstein bracket for vortex filaments
and its implications under the Hasimoto transformation for physically meaningful nonlocal nonlinear Schrédinger
(NLNLS) equations.
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1. Rasetti—-Regge Dirac bracket (RRDB)

In the context of helium-Il superfluid vortex filamerni$], Rasetti and Regge used Dirac’s method to
introduce a constrained Poisson bracket for the Hamiltonian dynamics in the Lagrangian fluid description
of a massless vortex filament moving without slipping in an incompressible potential flow.

The spatial position of such a vortex filament is denoted as

x=R(@a,1): R®®*<xR— R®
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wherea € R® is a Lagrangian coordinate on the filament moving with the fluidtaisdime. A vector
tangent to the filament is defined in terms of its vorticity by the Cauchy relation

dR 0 . R
Rs(a,t) = &= wo(a) - £R = Jw(R(a,t),t), with J =det “a )

Here,wo(a) is the vorticity at the initial position. This relation also provides the geometrical rule for
transforming between Lagrangian and Eulerian descriptions of the vortex filament. Thus, the differential
operator

0

Re —
° 9R

4 _ o@ - - = Jo(R)
ds_woa aa_w

R
is the natural tangential derivative for the vortex filament in either the Lagrangian, or the Eulerian picture.

In this notation, the Rasetti-Regge Dirac bracket (RRDB) is expressed in the Lagrangian fluid descrip-
tion as

SF 8H §F <Xd dx)SH

1
F.HYR,x)= [ Pa| =Ry — x — —— . [ L~ 4+ — 2 ) =
U HCR, 30 / a[Rg "SR SR SR \Rids ' dsRS) SR

Rs 8F(x d d x\Rs 8H SF\ 8H OF SH
(St ) e R ) — — — (Rs — | |
Rz SR \R?ds dsR2) Rz R SR) éx oy SR

)

in which Ry = |Rg| = ii’s - Rs denotes the magnitude of the tangent vector. The varighie the
constraint degree of freedom introduced15] that represents longitudinal motion along the filament.
The conditiony = 0is afirst class constraint that eliminates this longitudinal dynamics in the RRDB. The
Rasetti-Regge Dirac bracket yields the following Hamiltonian equations of motion for a vortex filament:

R, 1) = (R H}z_iRsxﬁ_<Lﬂ+ﬂi)ﬁ
' ’ R? SR Rids dsR%) SR
_& (Li_f_iL) (&.8_H>+R58_H’ (2)
RZ2\R2ds dsRZ) \RZ &R Sx
7@ 0 =[x, H) = —Rs- o2
SR

If Rs-3H/SR = 0 theny is dynamically preserved and one may safely impose the consjraiat

0 as an initial condition, thereby simplifying the first equation #rconsiderably. The dependence

of H on x introduces an immaterial drift velocity along the vortex filament. This component of the
velocity is equivalent to a time dependent re-parameterizarion of arc-length, which has no physical
consequence. However, a nontrivial evolutionyirwould disallow imposing the constraint = O.
Dynamical preservation of the constraint= 0 requires choosing Hamiltonians that satiRfys H /S R =

0 and, thus, Poisson-commute wijtrunder the RRDB. Such Hamiltonians are called “gauge invariant”

in [15].
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2. Examples of RRDB motions
2.1. Hamiltonians for vortex filament dynamics

If we choose Hamiltonians of the forlH = [ h(Rs) d3a depending only on the magnitude of the
tangent vector, then their variations may be computed from

SH = /h/(Rs)ade% = fh’(Rs)ies.ade3a = —/dg(h’(Rs)st)-éR d3a.
N}

Thus,

SH _ déH _ d(h/(R)ie) Recall thatR 5H7é0im liesx # 0
SR~ ds8Rs  ds S ° SR plesx 7=

2.1.1. First example—Ilongitudinal flow
We choose the Hamiltonial = [ h(Rg) d3a, with h(Rs) = (1/2)RZ. In this case,

SH
SR

and the RRDB equations of vortex motion (2) specialize to
. 1 x d d x Rs(x d d x R
R(a,1) = —=Rsx R L b — LR+ — & —+ —= )= Rss),

(@.1) = gaRs x Rest (R4ds T Rg) st \rias T re) (R ™

X(a, t) = Rs' Rss# O

d N
—— (W' (R)Rs) = —Rss, for h(Rs) = iRZ,
ds

The third-orderRsssterm in theR equation is typical for vortex filament motion with longitudinal flow.
Again note that this longitudinal flow involves the co-evolutionyof

2.1.2. Second example—Betchov—Da Rios equation
We now choose the Hamiltoniath = [ h(Rs) d3a, with A(Rs) = Rs, itself. Thus,

OH _ d(h/(R)ie)— die for h(Rs) =R

SR ds YEST 4y ¥

In this case Rs = ¢, wheret is the unit tangent vector along the vortex filament, whose properties as a
space curve are defined via the Serret—Frenet equations:

Rs=t, —t =kn, —n =1n — «kt, —b=—1n.
S ds ds ds
Here,n is the unit vector normal to the filamemt= ¢ x n is its unit binomial vectory is the curvature
of the filament and is its torsion.
Hence, we find
SH

d
¢ = —R.-— = Rst - —t =0 since |t|°=1.
X TSRS ds o
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The RRDB vortex equatiorEg. (2) in this case obtained for = 0 is

iRs X o0H = it X tg= i/<b. 3)

R2 SR Rs Rs

After re-parameterizing the arc-length to absBbasRsds = d¢, Eq. (3)describes self-induced mo-

tion of a vortex filament in théocalized induction approximatio(iLIA), see, e.g[14,22] This is the
simplest of the Betchov—Da Rios equations, on which there is a great literature. S¢&5,6.9.19,20]

for modern discussions and appreciative surveys of this literature. Hasj@jotbowed that this vor-

tex filament equation in the LIA may be transformed to the integrable nonlinear Schrédinger equation,
thereby demonstrating the coherence of waves on vortices. It is of interest to investigate vortex filament
HamiltoniansH = [ h(Rs) da that produce more general Betchov—Da Rios equations via the RRDB.
See Uby et al[23] for discussions of such extensions of the Betchov—Da Rios equations in filament
dynamics of plasmas and superconductors.

R(s, 1) = —

2.2. Hamiltonians for vorticity dynamics

We now choose Hamiltonians of the fotth= [ h(w) d*R = [ h(w)J d3a, with h(w) depending in a
general way on the Eulerian vorticity( R). Using the Cauchy-theorem definitian= J ' R allows one
to transform these Hamiltonians into Lagrangian coordinates and compute their variations in the form
needed for the RRDB:

aHzfﬁ.awd3R+/h(w)aJd3a=f Sh Ak 4+ (@) - " ) 6s] da
Sw Sw ds Sw

= /SR- R x curlg—(R(a,t),1) | d°a.
dw

In the last step, we used the identities

dR\" L [0SR 9 JR-IN\"
ST =Jtr| | — . = J SR’ |,
da da da? da i

and integrated by parts, dropping boundary terms. In the general case, wet¥isiig R) as the variation
of H(w) with respect to the Eulerian vorticitgvaluated on the filamenThis yields the Lagrangian
relation

SH@) _ p o curl SH(R( 0,1)=txt 9 (SH(R( 1) p2 8H(R( 1),1)
= X —_— a,t), = Xl X ——— S, = - —— S,1),1).
SR ® Ksw 3s dw ds dw
Here, we have used the chain-rule identity
6H 6H 10 0H
curlg—(R(s)) = £(¢ - Vr) x —(R(s)) =t x ————(R(s)),
Sw Sw Rs0s dw

and introduced the operatér= —t x ¢ x which projects any vector onto the transverse plane normal to
the vortex filament at a given spatial point. Consequently,

SH

=0,
SR

X =—Rs
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and the variations irR of Eulerian vorticity functionaldH(w) have no components along the vortex
filament. Hence{ x, H(w)} = 0 under RRDB for anyH(w) and such vorticity Hamiltonians preserve the
constrainty = 0.

The vorticity functionaldd(w) thus comprise one class of the gauge-invariant dynamical variables that
were sought irf15]. The RRDB equationHEq. (2) in this case yields the following expression for the
induced velocity of a vortex filament:

1 0 6H
—_— X —_—
R27°7 35 dw

. 1 0H A 6H
R(s, 1) = _ERS x [ Rs x curIR(S— = PcurlR% = (R(s,1),1). 4)

s w
This form of the RRDB equatiorieg. (2)) generalizes the Betchov—Da Rios formula (3) for the transverse
induced velocity of a vortex filament to the case of an incompressible fluid whose energy fundtiopal
dependsarbitrarily on spatial vorticity. The remainder of this paper discusses the interpretation of the
generalized Betchov—Da Rios formula (4) in several applications.

2.2.1. RRDB implies the Lie—Poisson bracket for vorticity functionals

For two functionald-(w) andH(w) that depend only on theulerianvorticity, substituting the previous
mixed Eulerian and Lagrangian expressionddlfd R into the RRDB and evaluating at = 0 gives the
following Lie—Poisson bracket relation:

{FH}()—/d3 1R 1 x‘m_/d3 lR R x curl o1 x | Rs x curl o
, w) = a—Rs — X — = a— R - — —
27° SR SR R2° S R sw S Rsw

5 §F SH 5 SF SH
= | (JdPa)w-curlz— x curlpk— = | d°Rw(R) - curlp—(R) x curlz—(R),
Sw Sw dw Sw

(5)
and Eulerian vorticity dynamics
d oH
90 _ {w, H} = —curl | w x curl— | . (6)
dt dw

This Lie—Poisson bracket for Eulerian continuous vortigitgppears ifi7] and has been discussed in the
literature many times since then. A version of it also appeaj@4h This Lie—Poisson bracket was also
discussed recently again B8~10] from a viewpoint that is logically opposite to the present one, which
follows [15] in making the Lagrangian picture primary. As is well known, the reduction of a Poisson
bracket from the Lagrangian picture to the Eulerian picture is not an invertible procedure. Sde]l2]g.

for references to the literature and authoritative discussions of such reductions.

2.2.2. Helicity and knottedness

The helicity A(w) = [w - curl~* w d®x is a Casimirfor the Lie—Poisson vorticity bracket (5). That
is, {w, A} = 0 sothat{H, A}(w) = 0 and, hence, helicity is conserved for every vorticity Hamiltonian
H(w). In terms of Lagrangian vortex filaments, the helicity is expressed as

oR 0 1 oR
A(R):/—-( xf —ds/) ds,
as IR (s) 4 |R(s) — R(s")| 9s’




58 D.D. Holm/Mathematics and Computers in Simulation 62 (2003) 53-63

and is interpreted as the total linkage number, or knottedness, of the vortex filament distribution. The helic-
ity does not Poisson-commute under RRDB with the Lagrangian vortex filament position parameterized
by R(s). Instead, by eitheEq. (2)or Eg. (4) one computes the Poisson bracket:

1 sA 2 9 ( 9 1 IR
{R,A} = ——RsxX — = —Rsx — X —ds’ ),
RZ SR R2 s \OR(s) 47|R(s) — R(s")| 85’

of helicity with the position of a vortex filament in free space. Hence, under RRDB the conserved

helicity Poisson-generates an infinitesimal transformation that shifts the vortex filament's Lagrangian
position R(s) in the plane normal tdRs at s, but preserves its Eulerian vorticity field(x) at every

point. Conservation of helicityl by the Eulerian vorticity dynamics for any vorticity Hamiltonibifw)

means that the corresponding motion of the Lagrangian vortex filament distribution must preserve its
total linkage number, or knottedness. This and other topological properties of vortex filament dynamics
are discussed and explained 1, for example, and are surveyed recentlylg].

2.2.3. Euler equations
For the Euler equations, the vorticity Hamiltonian is

1
H(w) = E/a)-(—A)_lwdaR.
The divergence-free Eulerian fluid velocity is given by the expresgien curlg i with vector stream
functiony = §H/Sw = (—A) 1w in which the Laplacian operator is inverted using proper boundary
conditions. For a vortex filament in free space, one may also choose to transform the vector stream
function for the Euler fluid to the Lagrangian picture as

SH 1 [oR)PR 1 Rsa
V) == | o= [
S  Arm |x — R| 47 J |x — R(a,1)|
with divy = 0 so, that curlcury = —AY¥ = w in analogy to the classical electromagnetic theory of
currents. Then, the Hamiltonian for an Euler fluid in the Lagrangian representation[s5{gf.

g1 f 1 drR dQ
" 8t ) |R(a,t)— Q(a',1)| ds ds’
where dds’ = wo(a’) - 3/0a’ is the arc-length derivative in the primed Lagrangian coordinates. The

vectorsRk and Q may refer to the positions of either different, or the same vortex filaments, although the
well-known singularity atR — Q| = 0 for the Euler fluid requires special treatment.

dia d¥a’,

2.2.4. Superfluid helium-II

If the vorticity Hamiltonian isH = [ |w|d*R = [ & - w R, then one finds the associated stream
functiony = §H /8w = @, wherew is the vorticity unit vector. The corresponding filament velocity is
u = curly= curl® and the vorticity itself satisfies

w R
i + curl(w x curl®) = 0.

This equation is a special case in the Hall-Vinen—-Bekarevich—Khalatnikov (HVBK) theory of superfluid
helium-1l. See[2] for the classic discussion. The corresponding Hamiltonian for the superfluid vortex
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filamentisH = [ Rs d3q treated above. This produces the Betchov—Da Rios equaipn(8) familiar

from LIA. A similar vorticity Hamiltonian is introduced bjl 5] in their discussion of superfluid helium-I1.
Recently, Kuznetsovand and Rulj@a-10] also revisited this special case of the HVBK theory from the
viewpoint of Rasetti-Regge Dirac brackets. The theoretical basis for the Lie—Poisson bracket formulation
of the full HVBK theory is discussed ifb] and reviewed irj4].

2.3. Alternative regularized fluid models
2.3.1. The Euler-alpha model
The Euler-alpha model of incompressible fluid flow introduceé]ris defined in terms of an auxiliary

quantityg = curlv that plays a role similar to vorticity in the Hamiltonian as

1
Hy = = / ¢ (—A)Y1—a?A) g R,

2
for a constant length-scale, The corresponding vector stream function is
SH
Vo= < =(-A)T1-a®A)g,
q

and the divergence-free Euler-alpha fluid velocity is defined by
u, = curly, = (1 —a?A) o.

Thus, the Euler-alpha fluid velocity,, is a smoothed version of the velocity The quantityy = curlv
plays the role of vorticity in the Cauchy relation. Thus, an Euler-alpha vortex filament moving with
velocity R(a, t) = u, (R, t) has tangent vector

dR d . oR
Rs(a,t) = — =¢qq¢(a) - —R = Jq(R(a,1),t), with J =det[ — ).
ds oa da
The corresponding Hamiltonian for the Lagrangian motion of Euler-alpha vortex filament is given by

H = }/G(R(a,t) - 0(d, z))d—R : d—Qd3a d3a’, with
2 ds ds’
1—exp(—|R — Q|/a)

RO ="0 k0

(7
This is the Green’s function in free space for the operator pra@uab (1—a«? A) of the three-dimensional
Laplacian with the Helmholtz operator. Foe= |R — Q|, the quantities

efr/a
dro? r

1
g(r):m and h(l"):
satisfy, respectively,
—Ag(r)=8@r) and (1—a?A)h(r) =8(@).

Consequentlyi(r) in Eq. (7)is the Green’s function for the operater (1 — «?A) This may be checked
by direct substitution of (r) — «?h(r) = (1—e7"/%)/(4rr). A Taylor expansion of the exponential shows
that this Green’s function is regular @ — Q| = 0.
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The Biot—Savart law for the Euler-alpha model is, thus~= curl,, with vector stream function:
§H 3 3
VYo(x) = 7 = | G(lx — R)g(R)d°R = | G(Ix — R(a,t)|)Rs0°a,

and Green'’s functios(r) = (1 — e"/*)/(4nr) for free boundaries.

2.3.2. The Rosenhead regularization
In their paper, Rasetti and Regd®] suggested another regularized kernel originally due to Rosenhead
[21]:

Gio(R— Q) = lim [(|R = Q1 +3%) 7%+ 21In (%o) S(R - QI)} :

with a cut-off length-scalé, interpreted as the vortex core size. Various other suggestions for this sort
of regularization have been made since Rasetti and R&gyeSee, for examplg@2] and the last chapter

of [14] for insightful explanations, history going back to Lord Kelvin and current references to other
approaches for regularizing Euler vortex dynamics.

2.4. Dynamics of a single vortex filament

The vorticity HamiltoniansH(w) for Euler's equations, Euler-alpha equations and the Rosenhead
regularization may each be expressed in either the Eulerian, or the Lagrangian representation as a quadrat
convolution with a Green'’s function kernel, namely

1 1 drR d
H= —/G(|x — o, 1) oy, Hdxdy == / G(|R(a,1) — Q(d, 1)|) — - —Qd3a d3a’.
2 2 ds ds’
As before, the vectorR and Q may refer to the positions of either different, or the same vortex filaments.
For all these theories, the variational derivative is

SH 3
s = [ G = s dy = G xo),

for a vorticity distribution in the Eulerian representation, and
SH , drR ,
E(R(s’ 1) = f G(|R(s,t) — R(s", 1)|) & ds' = (G * Ry (s, 1), (8)

for a single vortex filament in the Lagrangian representation with arc-length parasndtee latter
expression implies the following RRDB dynamics uskg. (2)with x = O for vortex filaments whose
HamiltoniansH(w) are expressible as quadratic convolutions with vorticity

1 SH 1 d

Rix — = —Rs x S(G*RS). 9)

R 1) = —— —
(5:1) = = gaRs X 5 = a5

1 We may drop the transverse Lagrangian coordinates for a single line vortex.
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This is the nonlocal generalization of the classical Betchov—Da Rios formula (3) for the case of quadratic
vorticity Hamiltonians of the Eulerian (resp. Lagrangian) form:

1 1
H:E/w-(G*w)dsxzE/Rs‘(G*Rs)dS- (10)
In the classical Betchov-Da Rios formula (3), the nonlocal expresSienRs in Eq. (9)is replaced

by (twice) the local unit vector = R tangent to the vortex filament. Consequentlgor = [ Rsds.

and the dynamics of the tangent veckralong a single vortex filament in this case recovers the Local
Induction Approximation, cf. the Betchov—Da Rios formutay( (3):

. a (1 d (d0H, a (1
Rs - _Rs X — BDR - —1t X ts . (11)
ds \ R2 ds \ SR ds \ Rs

This equation implieRs - Rs = 0, so the LIA admits solutions with uniform strengky = I". In this
case, the LIA equation reduces to the Landau-Lifschitz equation for a continuum approximation of a
ferromagnetic Heisenberg spin chain, namely

2.5. Relating RRDB to the Marsden—\Weinstein bracket for vortex filaments

The Rasetti—-Regge Dirac bracket (1) is expressed in vortex filament notation as

1 oF

{F, H}(R) =/—Rs- 3R

SH
. O ds. (13)
R? SR

We shall re-parameterize the arc-length to absras Rsds = d¢, and define new dynamical variables
by dZ = R,dR, sothatZ, = RsandZ, = R.. After this invertible transformation, the RRDB for vortex
filaments (13) becomes
Z, §F 0H

F,HY(Z)= | — - — x —dt. 14

N A (14)
This is the vortex filament bracket [ 3], which is now seen to be equivalent to the RRDB under this
invertible change of variables, when acting in the space of vorticity functionals. The quadratic vorticity
Hamiltonians (10) transform as

H=%/w-(G*w)di*‘x:%/Rs-(G*RS)ds=%/T-((GoR)*T)de, (15)

whereT (¢) = Z,/Z, is the unit tangent vector under the new parameterization and the convolution in
Eg. (8)transforms as

G * Rs(s) = / G(IR(Z()) — R(ZUINNT () dl' = (G o R) x T (¢). (16)

Consequently, for the quadratic vorticity Hamiltonians, we find

SH 9 SH ) (GoR) D) a7)
—_—=——— = —— k
5Z 9 8T YA .
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and the Marsden—Weinstein bracket (14) transforms to

d 8F 0 8H
{F, H}(T):/T'ﬁﬁxﬁﬁdg (18)
The corresponding vortex filament dynamics is given by
T:{T,H}:3<Txig—H>:i<Txi((GoR)*T)). (19)
14 ¢ 8T x4 x4

Langer and Perlingl11] discovered that the Hasimoto transformation which takes solutions of the
Landau-Lifschitz equatiorEg. (12) to solutions of the nonlinear Schrédinger (NLS) equation is also a
Poisson map. This Poisson map transforms the Marsden—Weinstein bracket (14) to the fourth (noncanon
ical) Poisson bracket for NLS. The application of the Hasimoto—Langer—Perline transformation to the
guadratic vorticity Hamiltonians ikq. (15)can be expected to produce physically meaningéuilocal

NLS equations for future study.

3. Conclusion

Many other geometrical properties (and other interesting approximations!) of fluid vortex dynamics
remain to be explored using the RRDB equati@&mu.((2). There are still several fundamental open
problems. For example, in using the Cauchy definition of arc-length, one assumes the vortex filament
does not slip relative to the ambient fluid. Thus, the RRDB formulation leaves out the reactive forces that
are known to cause a vortex filament in helium-Il to move relativieditthe superfluid and the normal
fluid components. This reactive force was recently given a Hamiltonian formulation in the Eulerian fluid
picture in[4]. Expressing the Dirac bracket formulation for this reactive slipping of a vortex filament
through its ambient fluid in the Lagrangian picture is still an open problem.

Acknowledgements

| thank Y. Fukumoto, V. Putkaradze, Z. Qiao and R.L. Ricca for fruitful discussions and keen ob-
servations. This work was supported by US DOE, under contract W-7405-ENG-36 and the Applied
Mathematical Sciences Program KC-07-01-01.

References

[1] V.I. Arnold, B.A. Khanin, Topological Methods in Hydrodynamics, Springer, New York, 1998.

[2] I.L. Bekarevich, I.M. Khalatnikov, Phenomenological derivation of the equations of vortex motion in He-II, Sov. Phys.
JETP 13 (1961) 643-646.

[3] H. Hasimoto, A soliton on a vortex filament, J. Fluid Mech. 51 (1972) 477-485.

[4] D.D. Holm, Introduction to HVBK dynamics, in: C.F. Barenghi, R.J. Donnelly, W.F. Vinen (Eds.), Quantized
Vortex Dynamics and Superfluid Turbulence, Lecture Notes in Physics, vol. 571, Springer-Verlag, 2001, pp. 114-130
(http://xxx.lanl.gov/abs/nlin.CD/01030%0

[5] D.D. Holm, B. Kupershmidt, Superfluid plasmas: multivelocity nonlinear hydrodynamics of superfluid solutions with
charged condensates coupled electromagnetically, Phys. Rev. A 36 (1987) 3947-3956.


http://xxx.lanl.gov/abs/nlin.CD/0103040

D.D. Holm/Mathematics and Computers in Simulation 62 (2003) 53—-63 63

[6] D.D. Holm, J.E. Marsden, T.S. Ratiu, The Euler—Poincaré equations and semidirect products with applications to continuum
theories, Adv. Math. 137 (1998) 1-8ht{p://xxx.lanl.gov/abs/chao-dyn/9801015
[7] E.A. Kuznetsov, A.V. Mikhailov, On the topological meaning of canonical Clebsch variables, Phys. Lett. A 77 (1980)
37-41.
[8] E.A. Kuznetsov, V.P. Ruban, Hamiltonian dynamics of vortex lines in hydrodynamic-type systems, JETP Lett. 67 (12)
(1998) 1076-1081.
[9] E.A. Kuznetsov, V.P. Ruban, Collapse of vortex lines in hydrodynamics [Transl. Zh. Eksp. Teor. Fiz. 118 (4) (2000a)
863-876], JETP 91 (4) (2000a) 775-785.
[10] E.A. Kuznetsov, V.P. Ruban, Hamiltonian dynamics of vortex and magnetic lines in hydrodynamic type systems, Phys. Rev.
E 61 (2000) 831-841.
[11] J. Langer, R. Perline, Poisson geometry of the filament equation, J. Nonlinear Sci. 1 (1991) 71-93.
[12] J.E. Marsden, T.S. Ratiu, Introduction to Mechanics and Symmetry, 2nd ed., TAM 17, Springer, New York, 1999.
[13] J.E. Marsden, A. Weinstein, Coadjoint orbits, vortices and Clebsch variables for incompressible flows, BHy/£1©83)
305-323.
[14] P.K. Newton, TheN-Vortex Problem: Analytical Techniques, Springer, New York, 2001.
[15] M. Rasetti, T. Regge, Vortices in He-Il, current algebras and quantum knots, Physica A 80 (1975) 217-233.
[16] R.L. Ricca, Geometric and topological aspects of vortex filament dynamics under LIA, in: M. Meneguzzi, et al. (Eds.),
Small-Scale Structures in Three-Dimensional Hydro- and Magnetohydro-dynamics Turbulence, Lecture Notes in Physics,
vol. 462, Springer, New York, 1995, pp. 99-104.
[17] R.L. Ricca, The contributions of Da Rios and Levi-Civita to asymptotic potential theory and vortex filament dynamics,
Fluid Dyn. Res. bf 18 (1996) 245-268.
[18] R.L. Ricca, An Introduction to the Geometry and Topology of Fluid Flows, NATO, Science Series, II. Mathematics, Physics
and Chemistry, vol. 47, Kluwer Academic Publishers, Dordecht, The Netherlands, 2001.
[19] R.L. Ricca, Applications of knot theory in fluid mechanics, in: V.F.R. Jones, et al. (Eds.), Knot Theory, vol. 42, Banach
Center Publications, Institute of Mathematics, Polish Academy of Sciences, Warszawa, 1998, pp. 321-346.
[20] R.L. Ricca, M.A. Berger, Topological ideas and fluid mechanics, Phys. Today 49 (12) (1996) 24—30.
[21] L. Rosenhead, The spread of vorticity in the wake behind a cylinder, Proc. R. Soc. A127 (1930) 590-612.
[22] P.G. Saffman, Vortex Dynamics, Cambridge University Press, Cambridge, 1992.
[23] L. Uby, M.V. Isachenko, V.V. Yankov, Vortex filament dynamics in plasmas and superconductors [Erratum: Phys. Rev. E
53 (1996) 4246], Phys. Rev. E 52 (1995) 932-939.
[24] G.E. Volovik, V.S. Dotsenko, Poisson brackets and continuous dynamics of the vortex lattice in rotating He-Il, JETP Lett.
29 (1979) 576-579.


http://xxx.lanl.gov/abs/chao-dyn/9801015

	Rasetti-Regge Dirac bracket formulation of Lagrangian fluid dynamics of vortex filaments
	Rasetti-Regge Dirac bracket (RRDB)
	Examples of RRDB motions
	Hamiltonians for vortex filament dynamics
	First example-longitudinal flow
	Second example-Betchov-Da Rios equation

	Hamiltonians for vorticity dynamics
	RRDB implies the Lie-Poisson bracket for vorticity functionals
	Helicity and knottedness
	Euler equations
	Superfluid helium-II

	Alternative regularized fluid models
	The Euler-alpha model
	The Rosenhead regularization

	Dynamics of a single vortex filament
	Relating RRDB to the Marsden-Weinstein bracket for vortex filaments

	Conclusion
	Acknowledgements
	References


