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Abstract

We consider the dynamics of fluid interface in heterogeneous porous media, whose
hydraulic properties are uncertain. Modeling hydraulic conductivity as a random
field of given statistics allows us to predict the interface dynamics and to estimate
the corresponding predictive uncertainty by means of statistical moments. The nov-
elty of our approach to obtaining the interface statistics consists of dynamically
mapping the Cartesian coordinate system onto a coordinate system associated with
the moving front. This transforms a difficult problem of deriving closure relation-
ships for highly nonlinear stochastic flows with free surfaces into a relatively simple
problem of deriving stochastic closures for linear flows in domains with fixed bound-
aries. We derive a set of deterministic equations for the statistical moments of the
interfacial dynamics, which hold in one and two spatial dimensions, and analyze
their solutions for one-dimensional flow.

Key words: Free surface, conductivity tensor, random fluctuations, stochastic,
moment equations

1 Introduction

Free surface (interface, moving front) problems arise in a variety of applica-
tions, such as wetting and drying of porous media, pumping in unconfined
aquifers, secondary oil recovery, DNAPL migration and remediation, seawater
intrusion, etc. Traditional deterministic modeling of these and other similar
phenomena assumes that the subsurface environment is homogeneous and/or
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that the relevant system parameters, such as hydraulic conductivity and dis-
persivity, are known with certainty in all of their relevant details. However, in
most applications, interfaces propagate in heterogeneous environments, whose
system parameters can only be sampled at selected locations in space and/or
time. The need to assign parameter values to the points where measurements
are not available, combined with measurement errors, introduces parameter
uncertainty. This, in turn, leads to uncertainty in predictions of the interface
dynamics.

Uncertainty in hydraulic conductivity K(x) and other system parameters
is conveniently quantified by treating them as random fields, whose sample
statistics are inferred from data [1-5]. This renders the corresponding flow and
transport equations stochastic. Solutions of these equations (hydraulic head,
the velocity and position of a free surface, etc.) are given in terms of proba-
bility density functions or, equivalently, ensemble moments. Usually, the first
moment (ensemble mean) provides the estimate or prediction of the system
behavior, and the second moment (variance or standard deviation) quantifies
the predictive uncertainty.

While flow and transport in randomly heterogeneous porous media with fixed
boundaries have been studied extensively [1-5], stochastic analysis of the in-
terfacial dynamics in random media is still in its infancy. A reason for the
relative lack of progress in analyzing this important problem is its high degree
of nonlinearity. Since the randomness of hydraulic conductivity of a porous
medium causes the free surface dynamics to be stochastic, ensemble averaging
of the flow equations involves calculating ensemble means of such quantities as
integrals of random functions over random domains and random functionals.
One approach to dealing with this problem is to employ simplifying physical
assumptions — such as the Dupuit approximation to model seawater intrusion
in costal aquifers [6] and flow towards wells in unconfined aquifers [7] or a uni-
form flow approximation to describe free-surface flows [8] — which effectively
eliminate moving boundaries (interfaces). A numerical Monte Carlo study of
water tables in a heterogeneous dam was reported in [9].

The first attempt to rigorously analyze the interface dynamics in randomly
heterogeneous porous media dealt with the gravity-free propagation of wetting
fronts [10]. It relied on the expansions of integrals over the random domains
into a Taylor series around the corresponding ensemble mean geometries. To
make the analysis and numerical implementation of this procedure tractable,
the authors found it necessary to linearize the problem by retaining only the
leading term in such expansions. This approach was used to describe the dy-
namics of phreatic surfaces [11], DNAPL fingers [12], and immiscible fluids
[13] in heterogeneous porous media. However, the linearization procedure ly-
ing at the heart of these solutions is less than optimal, in that the subsequent
perturbation expansions do not contain all the relevant terms [10].



The main goal of this study is to introduce an approach that does not require
a linearization of the kind proposed in [10]. We formulate governing equations
for the interface dynamics in random porous media in Section 2. The key
part of our approach, a stochastic mapping of the random, time-varying flow
domain onto a fixed domain, is presented in Section 3. Section 4 provides the
corresponding mappings for the flow equations. This enables us to use standard
perturbation techniques to derive, in Sections 5 and 6, closure approximations
for the stochastic flow equations in two dimensions. Section 7 contains a brief
outline of a numerical algorithm for solving the resulting deterministic moment
equations. In Section 8, we analyze the accuracy of our approximations in
a one-dimensional setting, by comparing the analytical solutions of moment
equations with their exact counterparts.

2 Problem Formulation

Consider the motion of a fluid-fluid interface in a randomly heterogeneous
porous medium 7 that is bounded by the surface T'z. Following [10], we set
gravity, capillary length, and the viscosity of one fluid to zero. In the inviscid
fluid (air), the pressure is constant and may be set to zero. The viscous,
incompressible fluid (water) occupies the flow domain © (2 € Qr), which is
bounded either entirely by a free surface v or by a combination of v and some
segments of 'y (Fig. 1). Such flow is described by a combination of Darcy’s
law and mass conservation,

q(r,t) = =K(r)Vh(r,t), V.-q= f(r,t), r € Q(t), (1)

subject to the boundary conditions

h(r,t) = H(r,t), rel'p, (2a)
n(r) - q(r,t) = S(r,t), rely, (2b)
h(r,t) =0, r e (t) (2¢)

where q is the Darcy flux, K is the hydraulic conductivity of a porous medium,
h is the hydraulic head, f is the source function, and n is unit normal to
the surface I' = I'p U I'y U v consisting of Dirichlet segments ['p, Neumann
segments 'y, and a moving front 7. The functions H and S are the prescribed
hydraulic head and flux on the Dirichlet and Neumann boundary segments,
respectively. The dynamics of the free surface v(t) is described by

dR _ V,(R,)n _V(R,1)
dt Ne o on

R € ~4(1), (2d)
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Fig. 1. A schematic representation of the dynamics of free surfaces in porous media.

where n. is porosity, V is the Darcian velocity of the moving front ~, and
mass conservation requires that V,,, the normal velocity of the front, satisfies
Vo(R,t) = q(R,t) - n(R,t). Equations (1) — (2) constitute the widely used
Green and Ampt [14] model for the propagation of wetting fronts in porous
media.

Uncertainty in the hydraulic conductivity of a porous medium is captured
by representing K = K(r) as a random field with given mean K, variance
0%, and a two-point correlation function pg(ry,rs). Other possible sources
of randomness, which we do not consider here, are the driving forces f, H,
and S, and porosity n.. (Since the random effects of initial conditions and
driving forces are additive, they can be easily incorporated into the present
analysis following the procedure outlined in [15]. It is common [e.g., [5] and
references therein] to treat porosity as a deterministic function rather than as
a random field. One can extend our analysis to incorporate the randomness of
porosity by treating its variance as an additional perturbation parameter, e.g.,
[16].) Our goal is to develop a set of deterministic equations for the mean and
variance of the system states. The former estimates the interfacial dynamics,
while the latter quantifies the uncertainty associated with such an estimate.

3 Stochastic Mapping of the Flow Domain

Consider a curvilinear coordinate system (£, ), which is tied to the moving
interface y(t). An advantage of using such a coordinate system is that the
random, time-varying flow domain 2 in the (x,y) Cartesian coordinate system
becomes a fixed regular-shaped domain (e.g., a square or a rectangle) W in
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Fig. 2. A mapping of the flow domain.

the (£,n) coordinate system (see Fig. 2).

Following [17,18], we define a stochastic mapping @ — W (0 < <1,0<n <
1) as a solution of the Laplace equations

Pz 0%x Py 0%y
subject to the boundary conditions
a(Ln) =x,(n),  y(L,n)=y,(n) (4a)
2(0,m) =2r, (),  y(0,m) =yr,(n) (4b)

and

- :
%(f, 1) = Ir, (5)7 y(f

where ITp (7])7 Yrp <T7>7 LTq (€)7 Yro (5)7 Iry (£)7 and Yyry (5) are the known func-
tions that describe the boundaries I'p and I'y = I'g U T'y, respectively.

For the mapping (3) — (4) to exist, it is necessary that the boundary of the
flow domain be piecewise smooth [10]. This condition holds for most physical
applications, such as (unstable) front propagation in porous media. Moreover,
as will become clear below, it is sufficient for (3) — (4) to exist in a weak sense,
which further smooths the boundary through its ensemble averaging.

We use Reynolds decomposition A = A+ A to represent a random field A as the
sum of its mean A and a zero-mean random fluctuation A. (In the following,
we use A and (A) interchangeably to indicate the ensemble mean of A.) Then



stochastic averaging of (3) — (4) yields the ensemble mean component of the
stochastic mapping as a solution of

o’z 0%z
subject to
T(Ln) =2y(n),  T(£0) = xry(§), Ga)
2(0,n) = ary(n), (& 1) = 2, (§). (6b)

Here z,(0) = zp,(1) and z(1) = 2, (1).

Let us introduce the Green’s function L(&, n|&1,m1) as a solution of the Poisson
equation,

oL, oL

e + on? —0(&1 = &)o(m — ), (7)

subject to the homogeneous boundary conditions,

L(éﬂﬂfl = 07”1) - L(§7n|§1 = ]-7771) - L(fﬂﬂflﬂ?l = 0)
= L(nl&,m =1)=0. (8)

Then (5) — (6) can be recast as

1 oL oL
z(&,n) = _/0 [3_57(771)(9£1| — 5CFD(771)87£1‘ dm
&1=1 §1=0
1
oL oL
_O/ [Ir1<£1)amlm_l _xro<£1)a771|,,1_0 df1- (9>

An expression for ¢ is obtained in a similar fashion.

To obtain an equation for the random fluctuations Z, we subtract (5) — (6)
from (3) — (4), which gives

Pr  0°%
o2 + o =0 (10)
subject to
j(lfr]) - jV 77)7 j(ga 0) = jfo(&% (11&)
2(0,m) =0, (& 1) = Ir,(£). (11b)

To find the boundary functions Zr,(§) and Zri(£), we note that both x and
belong to I'y and I'y, and that the following equalities hold,

jro(l) = ZZ’W(O), T, (0) =0, "Z‘F1(1) = j7(1>7 Tr, (O) =0. (12)



Let 6 = (14 6)&, where () = 0, be a random variable describing the ran-
dom variation of the coordinate x along boundaries I'y and I';. Expanding
xr,(0) and zr, (f) in a Taylor series, and retaining the leading terms in these
expansions, yields

xFo('g) ~ Ir, (9_) + 90 567 Try (9> ~ xFl(e) + 89 fév (13>
and
. Owry.~ . Owp, s
Iry, = gg £0, Ir1 = gg §o. (14)

Combining (12) and (14) gives

d dop, \ d dop, \
n(© =06 (0] ane - amee (Ye)
&=1 £=1

(15)

In terms of the Green’s function (7) — (8), the solution of (10) — (11) can be
written as

1 9 1 9 1
e = [imE)g  do - [in@)g - [Bm)ge
0 0 1=

1|n1=0 0 1 \m:l

An expression for ¢ is obtained in a similar fashion. Equation (16) and the
corresponding equation for § define the linear integral operators X and Y that
relate the mapping fluctuations inside the flow domain, Z(¢,n) and g(§,n), to
their counterparts on the moving interface, z, and g,, i.e.,

z(&,n) :X'j“/7 y(&m) :Y/'gv- (17)

4 Transformed Flow Equations

Let the subscripts £ and 1 denote the partial derivatives with respect to £ and
7, respectively, and

_Owy)
- 8(5777) = L¢ln nY¢ (18>

denote the mapping Jacobian. Then

O _ w0 o 0 _ w0 1zl (19)
ox  JoE Jon oy  JoE JOn



and (1) becomes

Oyt Oyeqr  Oxyga | Oxeqo

0& 87] N o€ + 877 :Jf[x(gan>ay(fa77)]' (20)

The Darcy flux components ¢; and ¢y are given by

o = ~Klote e (%50 - %50, (210)
2 = ~Klote e (-2 50+ 250, (210)

Substituting (21) into (20) and denoting F = Jf yields
0 gn0h _ 0 10l + 9 g0k + 9 gn0h _ (22)

CoE ac an o o on an de

where the components of the hydraulic conductivity tensor are given by

KU Kxf, + Y, K2 — Kxg + K12 _ g2t e tetn Tt YeYn
J J J ‘
(23)
Expressions (23) can be rewritten as
« 1 €T
K9 = (RTR) oag=12  R=—0 % ()

Since in general the mapping Q — W is not orthogonal, K2 = K?! £ (.

While hydraulic conductivity in the fixed coordinate system (z,y) was taken
to be a scalar, hydraulic conductivity in the moving coordinate system (&, )
becomes a second rank tensor. Of course, the flow equation (22) remains valid
even if hydraulic conductivity in the (z,y) coordinate system were a tensor.

Since the transformed flow equations involve first derivatives x¢, @, ye, and y,,
the boundary T" (or, more precisely, its ensemble mean) must be at least once
differentiable. This explains the existence condition for the mapping 2 — W
in Section 3.

Boundary conditions for the flow equation (22) are derived by recasting (2) in
the moving coordinate system. For the Dirichlet boundary segments this gives

hE=0,m) = Hlzr,(n), yr, ()], k(€ =1,1)=0. (25a)



Likewise, the conditions on the Neumann boundaries transform into

g = 0) =K% [py (€), yr, (€)] gg K [y (€), ur (6)] ZZ
=\ LC? + 3/525 [xfo (5)7 Yro (f)] (25b>
and
ol = 1) =K [p, (€), ry (€)] gg K [y (€, y (6)] gg

Y 1’? + ?J?S [$F1 (5)7 Yry (g)] : (25C)

The equations for the interface dynamics become (Appendix A)

Oy _ 200 Oy _ 0N

=y'— =Y— 26
where
K 0y, y K Oz,
T = — =L = — 26b
X neJ on’ X neJ On (26b)

Introducing a new notation for the coordinates ¢! = ¢ and €2 = 1, and using
the Einstein summation convention and tensorial notation allows us to recast
(20) - (21) in a compact form

aq“ oh
aéa ) q agﬂ ) Ck? 6 Y ( )
Finally, introducing the hydraulic resistivity tensor

7290 = (K1) = (RR")” (28)

transforms the flow equation (27) into

o _p O

2 _gaB B 1 ¢2
=P gl (@)W (29

This is the form we use below to derive moment equations for the hydraulic
head and the interface dynamics.

5 Statistical Moments of Head

Stochastic averaging of the flow equation (29), defined on the fixed domain
W and subject to the Dirichlet and Neumann boundary conditions (25), has



received considerable attention [1-5,19]. Most of these studies have assumed
that hydraulic conductivity (resistivity) is a scalar, while in (29) it is a tensor.

To simplify presentation, we set the source function and boundary fluxes to
zero, i.e., f =0 and S = 0. (One can easily incorporate non-zero deterministic
f and S into the following analysis.) Taking the ensemble average of (29) and
(25) yields equations for the mean hydraulic head

o Oh  uss

Z1 7o 56
0 o +(20) (30)

subject to the boundary conditions

E(gl - 07€2> = H(§2>t)7 (51 = 1762) =0, (318’)
e =0=0, FEL,¢=1)=0. (31b)

We use a perturbation expansion in the powers of the conductivity fluctuations
to approximate the second moment (Z*%¢”) in (30). The second-order (in the
standard deviation of conductivity) approximation of (Z*?¢%) gives rise to the
non-local mean flow equation (Appendix B),

oh

_aiéa _ {Zaﬁ B <Zaa1<Z—1)a1ﬁ1Zﬁ1ﬁ>} 3

11
+ [ [z 200 g e e, (32)
0 0

where Z = Z(§), Z, = Z(&,), and, as before, the summation over the repeated
indexes is implied. The tensor T in (32) is defined by

> 1y PEEIE)
ai1fi _ Iaioe 1)B281
ot = (g e 2R 7y, )

where F(£|&,) is the Green’s function defined as a solution of

d |, = oF
- Z—l aﬁ]:_é 1 16 2 2 34
&) - o - e - 31
subject to the boundary conditions
_ oG . oG
Z e _—— =0, Z e _— =0. 35b
N, R (35D)

To obtain the second-order approximations of the correlation matrices of Z
in (32), we linearize the random fluctuations Z*? about the corresponding

10



means,
Z2°P(z,5,K; €) = Z2°%(€) + Z5P5(€) + ZW K [2(€),5(€)],  (36)

where 2%, Z;ﬁ , and Zf‘f are the linear deterministic operators defined by
(C.1) — (C.3) in Appendix C. Hence, the correlation matrices in (32) can be
expressed, up to second order, in terms of the cross-correlations between z, ¢,
and K. These, in turn, are related to the statistics of the interface fluctuations
z, and g, by (17).

For completeness, we outline a procedure for calculating the head covariance
in Appendix B.

6 Statistical Moments of the Interface Dynamics

The ensemble averaging of (26) yields

o, _ L oh 0

To derive an expression for the mixed moment in (37), we note that the second-
order approximation of x* is derived from a Taylor expansion as

X (2, Uy, f() ~ Xik + Xaly + Xy (38)

where the deterministic expansion coefficients xj, Xz, and x; are given by
(C.4) — (C.6) in Appendix C. Subtracting (37) from (26), and retaining the

second-order terms gives

0%, _,Oh  _ Oh
o~ Xog TV per (#9)

Substituting (38) and a similar expansion for the hydraulic head fluctuations
h into (39) leads to

01 (&7)
ot

= X V)K(v) + Xo (&, 6)2,(83) + X, (6, 6)5,(63),  (40)

where the deterministic coefficients Xj, X,, and X, are given by (C.7) in
Appendix C. Similarly, an equation for g, is

03, (1)
ot

= Yk(f%» V)K(V) + Yw(ﬁ%a f??)jv(gg) + Yy(f%a f?f)?jv(gg) (41)

11



Equations for covariances C7, (&2, £3) =
7(&3)), and cross-covariance C7,(&7,¢&
(40) — (41) by noting that

0C7.(§.8) _

~— =

+(69)24(&3)) and €, (&3, &3) = (3,(&1)

(
5 (7,(£3)7,(&5)) are derived from

01, (£1) - 01,(3) -

i = (T () + (T (D) (422)
and
aC1 2 ¢2 Oz, 2y 97, 2y
en8) _ 2085 e+ Dz ey )
This gives
(’)’C(gif) = X, 1)Cha (1, 3) + X (€2, €00 (E,€2)

+ Xy (6, 6)C (6, &) + Xu(&, V) Chep (v, )
+ X2 (8, 6)C(6,6) + X, (8. 6)C), (61, &), (43)

Y 2 2
W = Xi(&. )k, (v, &) + Xo(&5.65)C1,(63.63)
+ X, (62,600 (€2,62) + Xu(E2,v)Chhu (v, €2)

and an equation for C7 (£7,&3), which is analogous to (43).

To derive approximate solutions for cross-covariances C%, (v, £%) = (K(v)
7,(£%) and C%,(v,€%) = (K(v)§,(£%)), we note that their second-order ap-
proximations involve only the leading term in an expansion of conductivity
fluctuations, K ~ K(Z,7). (The dependence of K on i and § enters the third-

and higher-order terms.)

OK . - . 9Tt d 0y o
5t Yty 45)
Combining (45) with (9) yields
. )
_ul 4
C U8€ (46a)

where U = (U, Uy)7 is given by
1 ox _ Oy 1 _ 0 _ 0y
U= A (1/525% - 1’52(%) ; Uy = x (—Z/glat + xslat> , (46D)

A = j§1g§2 — {Z‘gﬂﬂgl, (46C)

12



and

ez, (46d)

o [2&n) _ /18L<£|§%=1,s%> ENERGN)
o o6t ot \g (e

1

Multiplying (40) with K, taking the ensemble mean in a manner similar to
(42), and accounting for (45) — (46) leads to

W = é(V, Vl)C?(m(V1>£2) + Xk(£2a Vl)pK(V’ Vl)

+ X, (€, 6)Ch, (v, 1) + X, (8, €)Ck, (v, &) (47)
An analogous procedure applied to (41) leads to an equation for C, (v, £2).

Equations (43), (44), and (47) are subject to the homogeneous initial condi-
tions. A conductivity correlation function in the moving coordinate system
pi(v,v1) at time t is computed, to second order in conductivity fluctuations,
at the mean coordinates.

7 Numerical Implementation

We present a detailed description of our numerical algorithm and its imple-
mentation in a companion paper. A brief outline is as follows.

e Given the mean location of the interface at time ¢, solve (3) — (4) to construct
the dynamic mapping 2 — W.

e Compute the correlation matrices Z, Z;, and T in the nonlocal mean flow
equation (32).

e Solve the mean flow equation (32) and equations for the second moments
(Appendix B) to obtain the mean hydraulic head h and the hydraulic head
variance o3.

e Calculate the mean velocity of the interface from (37) and compute the
mean position of the interface at time ¢ + At.

e Solve equations (43), (44), and (47) to obtain cross-covariances C7,
C},, Cky, and C, at time ¢ + At.

Ty
e Repeat calculations.

cr

Yy’

8 A Computational Example

While in general our moment equations have to be solved numerically, some
flow scenarios are amenable to analytical treatment. Consider the one-dimensio-

13



nal front propagation in a randomly heterogeneous porous medium of log-

normal hydraulic conductivity K = InY with geometric mean K, = exp(Y),
variance 0%, correlation function py, and correlation length \. The front is

driven by hydraulic head h(0) = Hy imposed at the boundary = = 0.

We recast the problem in a dimensionless form by introducing

K, H K
:2tg0 K, h

Tg = td

v
)\7

In the following, we drop the subscript d.
8.1 Mapping

Solving the one-dimensional version of (3) — (4) yields a mapping

T = x,&,

whose Jacobian is

8.2  Transformed flow equations

ne)\Q ’ B E’ B Ho‘

(49a)

(49b)

The mapping (49) transforms flow equations into the one-dimensional version

of (29),

dq oh

9y g h0)=1,  h(1)=0.
85 ? aé— Q7 ( ) ) ( )
Hydraulic resistivity Z = Z! is obtained from (24) and (28) as

Z=x,K"
8.3 Statistical moments of head
The one-dimensional version of (30) — (31) gives
g oh _ _

% =

14

~7Zq—(Zq), h(0) =1, h(1) = 0.

(50a)

(50b)



To close (51), i.e., to compute the mixed moment (Z q), we seek the first-order
(in 02) approximation of the mean hydraulic head, h = h(®) + () + O(a?.).

Consider the normalized dimensionless hydraulic resistivity,
2 =7/Z,. (52)

Since K = K,(1+ 03/2) + O(0t) and (K?) = 0% + O(0%), it follows from
(50b) and (52) that

2 0P P Ki
so1+ o2 sl g B
2 o0& z, z,

where K = K [Z(€)].
The one-dimensional Green’s function in (34) — (35) is given by

E(&) = (&= 90§ = &) + (1 = &1)E, (54)

where 0(&) is the Heaviside function defined as § = 1 for £ > 0 and § = 0
otherwise. Substituting (54) into the one-dimensional versions of (32) and
(33), and introducing () = ¢z, yields a solution for the mean hydraulic head,

_oh =Q [2(5) - /CZ( ,u)du] , 9Q = 0. (55)

The normalized mean flux @ is obtained by integrating the first equation in
(55), while taking into account the boundary conditions (50),

Q= {/1 zZ(v)dv — /l/lCz(u,y)dudV] 7 : (56)

It follows from (53) that the covariance function C,(u,v) = (Z(u)Z(v)) in (55)
and (56) is given by

C-(p,v) = py [Ty (p = V)] = ®(p) = (v) + 1, (57)

where 7, = 02 /%2 and o = (7).

Substituting (54) into the one-dimensional versions of (B.3) and (B.4) yields
an expression for the random fluctuations of hydraulic head,

>
—
A
N~—
I
)
| I |
7anS
O\H
AN
—
A
N—
QU
S
|
O\m

2(u)dy] . 0= —Q/é(z/)dz/ (58)

15



Hence, the variances of hydraulic head and flux are given by

or | Q? zfzo/lojCz(u, v)dudy — 250/10/€C’Z (u, v deV+ijz v)dudy,
(59)

and
11
= QQ//CZ(N, v)dudy, (60)
00

respectively.

8.4 Statistical moments of the interface dynamics

The equations of motion of the interface (37) and (39) can now be written as

01, Q=1 0z, Q=1

o 2z, o 2z, (61)

Recalling the definition of Z in (53), it follows from (61) that

;<2>:_£%L/1<)dy+% 2x2[/Kf dy—z%l. (62)

The one-dimensional version of (45) — (46) gives an equation for the conduc-
tivity fluctuations,

0K _ € 05,0k _ Q¢ ok o
ot T, 0t 06 212 0

Combining (62) with (63) leads to equations for the covariances r., and @,

1
aa? == /<I>(l/)dy - 27‘7} : (64)
7 Lo
and
0P oD
e~ 25285 5 [ [ v 3©). 70— 20(2) | (65)

16



respectively. Integrating (64) and (65) subject to homogeneous initial condi-
tions gives

ry= [ [ Q=00 = npy [z (¢ — n)] décy (66)
and
(&) = [(L=npy [a,(€ =) dn. (67)

Equations (55) — (57), (59) — (61), (66), and (67) form a closed set of deter-
ministic equations for the statistics of the interface dynamics and related state
variables.

8.5 Comparison with exact solutions

The direct integration of flow equations (50) leads to

h=1-Q" iz(y)du, Q= /Iz(l/)du. (68)

The statistics of the interface dynamics can be computed from (68) exactly
provided a porous medium is perfectly correlated (A — o00), i.e., hydraulic

conductivity is a random constant [10]. Indeed, for perfectly correlated media
(68) gives

K
h=1-2, g¢=2>, 22=Kt, (69)

Loy Ly
which gives exact analytical expressions for the mean and variance of the
interface position [10],

B exner = €VE (02 = (V2= e (70)

} exact

Thus the mean position of the interface scales as /¢, while its variance in-
creases linearly with ¢. Additionally, the normalized cross-covariance ® =
(KZ,)/Z, has the form

exact = 690%//8 - 85032//8 (71)

(]

and is time invariant.
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Next we compare the first-order perturbation solutions derived in the previous
section with their exact counterparts. Since for perfectly correlated media
Cy = 0%, (66) and (67) yield

Then it follows from (53) that z =1 and 02 = py — 20 + 1, = 03 /4, so that

(56) gives
Q= ( — Z) . (73)

Substituting (73) into (61) leads to perturbation approximations for the mean
and variance of the interface position,

EV:\/@:’/LS;%M:(H?JFO(U@)‘/E (74a)

2 2\ 2 2
ol =1 T7:<7y<1+oy> t:<UY—I—O(U§5)>t. (74b)

and

4 8 4

The comparison of (70) and (74) reveals that our perturbation solutions i)
give the correct time evolution of the interface statistics, and ii) are indeed
the first-order (in the log conductivity variance 0% ) approximations of their
exact counterparts. This is not the case with the linearized solutions, which
can be found in Section 4.2 of [10].

Another advantage of the proposed approach is that it involves relative fluctu-
ations of the dependent and independent random fields (e.g., Z,/z, and Q/Q),
rather than their absolute counterparts (e.g., Z, and Q) The former can be
small even when the latter are large, which is important for the accuracy of
perturbation solutions. In particular, it follows from (74b) and (72) that the
coefficient of variation of the interface position p, = 0.,/Z, = 0y /2 is less than
1 even for highly heterogeneous media with ¢ < 4, while the corresponding

variance 03 increases with time and, hence, can be arbitrary large.

9 Summary and Conclusions

We considered interface dynamics in heterogeneous porous media whose hy-
draulic parameters are uncertain. To predict the evolution of a fluid-fluid in-
terface and to quantify the uncertainty associated with such a prediction, we
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treated the hydraulic conductivity (permeability) of a porous medium as ran-
dom and the corresponding governing equations as stochastic. The previous
attempts to address this problem involve mathematical objects — such as
integrals of random functions over random domains and random functionals
— that are not readily amenable to standard perturbation techniques. To
overcome this difficulty, we introduced a dynamic stochastic mapping of the
domain with moving boundaries onto a fixed domain. This allowed us to use
the well-understood ensemble averaging approaches to derive deterministic
differential equations for the statistical moments of hydraulic head, Darcian
flux, and interface dynamics.

We used perturbation expansions in a small parameter o, the variance of
log hydraulic conductivity, to derive closure approximations for these moment
equations. This formally limits the applicability of our approach to mildly
heterogeneous porous media (0% < 1). However, the comparison of analytical
solutions of the one-dimensional moment equations with their exact counter-
parts demonstrates that the perturbation approximations remain accurate for
0% as large as 2.

Our study leads to the following major conclusions.

e The proposed approach yields a self-consistent first-order (in the variance of
log hydraulic conductivity ¢%) approximation of the statistics of the inter-
face dynamics. This is in contrast with the existing linearized perturbation
solutions, which omit some of the relevant terms in the corresponding ex-
pansions.

e For one-dimensional free-surface flow, the mean position of the interface
scales as /t, while its variance 0,2Y increases linearly with time ¢.

e The corresponding coefficient of variation p, = o,/Z,, a key measure of
predictive uncertainty, is time invariant and remains relatively small (p, <
1) even for highly heterogeneous media with the variance of log hydraulic
conductivity o3 < 4.
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A Equations for the Interface Dynamics

The stochastic mapping {2 — W transforms the dynamics conditions on the
interface (2d) into

n,-q=1V, (A1)
and
Oz, _ Ve (2y,yy) 0y _ Vy(xwyw)_ (A.2)
ot ne(xy,yy)’ ot ne(wy,yy)

Here z, = x,(n,t), y, = y4(n,t), and the normal to the free surface n, is given
by

Yy _ Oy /On)e. — (0, /On)e, (A.3)

TTVAl T o jon) + @y, fom)

where e, and e, denote the unit vectors in the Cartesian (x,y) coordinate
system.

Substituting (A.3) and the Darcy flux (21) evaluated at the interface into
(A.1) yields

) - ()]
C @ fon)? + 9y, fon)? | [\ O on ) | ¢

B Oz, 0z, Oy, Oy, @
(85 on " ogon) o) Y

Since the interface is an equipotential, i.e., a surface of the constant hydraulic
head, the tangential derivative of the hydraulic head 0h/0n = 0. Hence, it
follows from (A.3) and (A.4) that the components of the interface velocity
vector V = V,n, are given by

v, = Iy DO O (A.5)

Substituting (A.5) into (A.2) gives (26).

B Mixed Moments

To derive the second-order approximation of (Z*%¢?) in (30), we consider an
equation for the hydraulic head and flux fluctuations, which is obtained by
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subtracting (30) and (31) from (29) and (25) and retaining the terms up to
Z?-order,

1y, —— = 7850 4 78 P (B.1)

In terms of E(&|€,), the Green’s function defined by (34) — (35), the solution
of (B.1) — (B.2) is

/ 18E(£I€ .
O/O/ o ~1yaas ZarBgh e (B.3)

It follows from (B.1) and (B.3) that

11
da(f) _ _(Z—l)aanmﬁqﬁ( aa1 // galgfaz )O[QﬁgZﬂQﬂ ﬂdé.
0 0

(B.4)

Substituting (B.4) into (30) gives the non-local mean flow equation (32).

(Co)variances of hydraulic head and Darcy’s flux are obtained by squaring
(B.3) and (B.4) and taking the ensemble mean.

C Differential Operators and Expansion Coefficients

The linear deterministic operators Z27, Z;ﬁ , and Z}'éﬁ in (36) are given by

os _ 1 x@% + ggl% 0
JOK :L‘Ez% + QQ% 0
1 3_321 + 3721 fé‘li’g -+ gglg£2 0 0
S T i =) R
0 1Te1Te2 + YerYe2 Ty + Yo
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1 |0 3_351@% +g§18%

798 =
) _ _
TE |0 2 + o i
1 f2—|—_2 Te1Te2 + YerYe2 0 0
_ = o T Ya ez T YerlYe (xﬁla y 55520 1) (C.2)
Jo Tale +Jale  Ti+ U 3 §
and

1 72 —i—gj2 Te1Ze2 + Yer1Ye2
73 = — ¢ Tt meme T (C.3)
Tale + Pl To+ Jo

where Jy = Taye2 — Te2Per.

The expansion coefficients xj, xz, and x; in (38) are given by

T Kg"/§2 (‘ 8 U, a )
o = — — - — Y L yoa Y 25 | (C4>
Ne (Tyg1Pye> — I%Qyw&l)Q Tog o
= ng,ygz <$7§1y’yﬁ2 S i ~ I, 9 + Tog2 = 0 )
Y Tle (j%l:%@ - j752g”/51)2 e e 852 7 ?él )
)
and
Une2
e = Yre ) (C.6)

Ne (T e — Trg2lgt)

The coefficients Xy, X, and X, in (40) are given by

1 1
o £|€1 aoy 701 = —
X Xé 8{1 O/O/ aglaga ) Z(S quglv 6= ka T, Y. (C7>
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