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Abstract. We consider the dynamics of fluid interface in heterogeneous porous media with uncertain
hydraulic conductivities. Modeling hydraulic conductivity as a random field of given statistics
allows us to predict the interface dynamics and to estimate the corresponding predictive uncertainty
by means of statistical moments. The novelty of our approach to obtaining the interface statistics
consists of dynamically mapping the Cartesian coordinate system onto a coordinate system
associated with the moving front. This transforms a difficult problem of deriving closure
relationships for highly nonlinear stochastic flows with free surfaces into a relatively simple problem
of deriving stochastic closures for linear flows in domains with fixed boundaries. We derive a set of
deterministic equations for the statistical moments of the interfacial dynamics, which hold in one and

two spatial dimensions, and analyze their solutions for one-dimensional flow.

Key words: porous media, moving interface, random field, conductivity tensor, fluctuations,

stochastic equations, moments

1. Introduction. Free surface (interface, moving front) problems arise in a variety of applications,
such as wetting and drying of porous media, pumping in unconfined aquifers, secondary oil recovery,
heat conduction and welding, diffusion-limited aggregation, crystal growth, semiconductor
fabrication, and snowflake formation. Traditional, deterministic modeling of these and other similar

phenomena assumes that the ambient environments are homogenous and/or that the relevant system
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parameters, such as hydraulic conductivity and thermal diffusivity, are known with certainty in all of
their relevant details. However, in most applications, interfaces propagate in heterogeneous
environments, whose system parameters can only be sampled at selected locations in space and/or
time. The need to assign parameter values to the points where measurements are not available,
combined with measurement errors, introduces parameter uncertainty. This, in turn, leads to
uncertainty in predictions of the interface dynamics. To make such predictions and to quantify the
predictive uncertainty, it is common to treat the system parameters as random fields, and the

corresponding governing equations as stochastic.

While flow and transport in randomly heterogeneous porous media with fixed boundaries have been
studied extensively [1-4], analysis of the interfacial dynamics in random media is still in its infancy.
A reason for the relative lack of progress in analyzing this important problem is its high degree of
nonlinearity. Since the randomness of hydraulic conductivity of a porous medium causes the free
surface dynamics to be stochastic, ensemble averaging of the flow equations involves calculating
ensemble means of such quantities as integrals of random functions over random domains and
random functionals. One approach to dealing with this problem is to employ simplifying physical
assumptions, such as the Dupuit (shallow water) approximation [5] or a uniform flow approximation
[6], which effectively eliminate moving boundaries (interfaces). Early attempts to analyze the
interface dynamics [7,8] have relied on the expansions of integrals over the random domains into a
Taylor series around the corresponding ensemble mean geometries. To make the analysis and
numerical implementation of this procedure tractable, these studies linearize the problem by retaining
only the leading term in such expansions. However, an analysis in [8] of the propagation of one-
dimensional fronts demonstrates that such a linearization leads to approximations that are less than

optimal, in that the subsequent perturbation expansions do not contain all the relevant terms.

The main goal of this study is to introduce an approach that does not require a linearization of the
kind proposed in [7,8]. We formulate governing equations for the interface dynamics in random
porous media in Section 2. The key part of our approach, a stochastic mapping of the random, time-
varying flow domain onto a fixed domain, is presented in Section 3. Section 4 provides the
corresponding mappings for the flow equations. This enables us to use standard perturbation
techniques to derive, in Sections 5 and 6, closure approximations for the stochastic flow equations in

two dimensions. Section 7 contains a brief outline of a numerical algorithm for solving the resulting



deterministic moment equations. In Section 8, we analyze the accuracy of our approximations in a
one-dimensional setting, by comparing the analytical solutions of moment equations with their exact

counterparts.

2. Problem Formulation. Consider the motion of a fluid-fluid interface in a randomly

heterogeneous porous medium Q. that is bounded by the surface I5. Following [8], we set gravity,

capillary length, and the viscosity of one fluid to zero. In the inviscid fluid (air), the pressure is

constant and may be set to zero. The viscous, incompressible fluid (water) occupies the flow domain

Q (Q<Q;), which is bounded either entirely by a free surface y or by a combination of y and some

segments of I (Figure 1). Such flow is described by a combination of Darcy’s law and mass

conservation,

q(r,t) =-K(r) - Vh(r,t), V.q= f(rt), reQ(t), €))
subject to the boundary conditions
h(r,t) = H(r,t), rel,, (2a)
n(r)-q(r,t) =Q(r,t), rely, (2b)
h(r,t)=0, rey(t). (2c)

where q is the Darcy flux, K is the hydraulic conductivity of a porous medium, h is the hydraulic
head, f is the source function, and n is unit normal to the surface I'=I'; uI'y Uy consisting of
Dirichlet segments I';, Neumann segments I",,, and a moving front . The functions H and Q are
the prescribed hydraulic head and flux on the Dirichlet and Neumann boundary segments,
respectively. The dynamics of the free surface y(t) is described by
dR _V,(Rt)n _ V(R
dt n n,

e e

Rey(t), (2d)

where ne is the medium’s porosity, and mass conservation requires that the normal velocity of the
front satisfies V, (R,t) = q(R,t) -n(R,t) . Equations (1) and (2) constitute the widely used Green and

Ampt [9] model for the propagation of wetting fronts in porous media.
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Figure.1l. A schematic representation of the dynamics of free surfaces in porous media.

Uncertainty in the hydraulic conductivity of a porous medium is captured by representing K = K(r)

as a scalar random field with given mean K, variance o, and a two point correlation function

Pk (r,1r,). Other possible sources of randomness, which we do not consider here, are the driving

forces f, H, and Q, and porosity n.. Our goal is to develop a set of deterministic equations for the
mean and variance of the system states. The former estimates the interfacial dynamics, while the

latter quantifies the uncertainty associated with such an estimate.

3. Mapping of the Flow Domain. Consider a curvilinear coordinate system (&,7), which is tied to
the moving interface y(t). An advantage of using such a coordinate system is that the random, time-
varying flow domain Q in the (x,y) Cartesian coordinate system becomes a fixed regular-shaped

domain (e.g., a square or a rectangle) W in the (£,7) coordinate system (see Figure 2).
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Figure 2. A mapping of the flow domain.

Following [10], we define a stochastic mapping 2 —W as a solution of the Laplace equations
2 2 2 2
dg” 0n dg” 0n
subject to the boundary conditions
x@Ln)=x,G),  y&n)=y,(n)
x(0,77) = Xp (1), ¥(0.7) = Yrp(m)

=0, @)

(42)

and

X(é:,O) = Xro(é:)l Y(f,o) = yro(é:)
X(é,l)zxrl(é), Y(é:,l): yrl(ét) .

For the mapping (3) - (4) to exist, it is necessary that the boundary I" of the flow domain Q be

(4b)

piecewise smooth [10]. This condition holds for most physical applications, such as (unstable) front
propagation in porous media. Moreover, as will become clear below, it is sufficient for (3) — (4) to

exist in a weak sense, which further smoothes the boundary I" through its ensemble averaging.

We use Reynolds decomposition A= A+ A to represent a random field A as the sum of its mean A

and a zero-mean random fluctuation A. (In the following, we use A and <A> interchangeably to

indicate the ensemble mean of A.) Then stochastic averaging of (3) - (4) yields the ensemble mean

component of the stochastic mapping as a solution of
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subject to

XLn)=X,01), X(£0)=x,(¢),
7(0,77) = XFD(n)’ 7(5’1) = Xpy (f)

Here X (0)=x.4(1), X (1)=xy(1). Introduction of the Green’s function L(&,7[&,7,) as a

(6)

solution of the Poisson equation,
o°L L

2 + 2

o, O

:—5(951—5)5(771—77), (7

subject to the homogeneous boundary conditions,
I—(§177|§1 20’771): L(§:77 1S =1'771): L(§,77|§1,771 =O): L(f:ﬂ =) =1) =0, ©))

allows us to rewrite (5) — (6) as

oL
o0&

oL
— Xro (51)5 J 9)
m=0

m=1 1

oL
—X (77 )_
. o \'/1 o0&,

7(&77)—}(?'77{2(771)

h oL
-|d 9(51 Xy (é:l ) Py
510} J‘ [ 0

0 1

An expression for y is obtained in a similar fashion.

An equation for the random fluctuations X is obtained by subtracting (5) — (6) from (3) — (4),

o°%  0°%
2t 377
o0& on

0, (10)

subject to

XL =%(n), X(£0)=%,($),
X(0,7)=0,  R(&1)=%4(&).

To find the boundary functions X.,(&) and X.,(&), we note that both X and X+ X belong to I'0 and

11

I'1, and that the following equalities hold,
X, =%0), K,0)=0, X,O=%X(@), X,(0)=0. (12)
Expanding X.,(¢) and X.,(&) in a Taylor series, and retaining the leading terms in these expansions,

yields
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Xo(8)=%,(0)- & ——~— ” . %4(8) =X, (1) - ——~— " (13)
( d§ jg 1 ( d§ j$_1
In terms of the Green’s function (8) — (9), the solution of (10) — (11) is given by
X(‘f:ﬂ) J‘ &i%ro (é:l) j &%y 61 j 5 (14)
Lim=0 0 h m=l 0 lg=1

An expression for y is obtained in a similar fashion. Equation (14) and the corresponding equation
for § define linear integral operators X and Y that relate the mapping fluctuations inside the flow

domain, X(&,77) and Y(&,7), to their counterparts on the moving interface, X, and y,,

X(£m)=X-X,, y(&n)=Y-9,. (15)

4. Transformed Flow Equations. Let the subscripts £ and 7 denote the partial derivatives with
respect to £ and 7, respectively, and

_o(xy)
=Xy —X Y (16)
a(é: 77) ¢rn nté
denote the mapping Jacobian. Then
o %o Yo 2 %0 X0 )
ox JoEg Jon oy JoE Jon

and (1) becomes

9,0 oy:.0 00X, 0X.0,
— — =J-f 1), ¥(&,m) . 18
o8 on oc 3 (x(&,m), y(&. 7)) (18)
The Darcy flux components g, and g, are given by
oh Y. oh ah X oh
g =-K JL—=-=—1], q,=-K 19
(x(&.m),y(& 1)) [J PR 677} (x(£.m), y(&.m))- [ ag 13 } (19)

Substituting (19) into (18) and denoting F =J - f yields
_i K“@_i Kzzﬁ_,_iKl?@_,_iKﬂ@
o& o0& on o0& o0& on on  0&
where the components of the hydraulic conductivity tensor are given by

=F, (20)
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KllZK Xl§+y1§ K22:K X§+y§ KlZZKZl:K X§Xq+y§yl7 . (21)
J J J
Since the mapping Q — W is not orthogonal in general, K = K* = 0. A unifying form of (21) is
X: e
p X, Yy
K? = (w7 . %Y, o p=12, w=12_ 2l 22)
( ) p —

While hydraulic conductivity in the fixed coordinate system (x,y) was taken to be a scalar,
hydraulic conductivity in the moving coordinate system (£,77) becomes a second rank tensor. Of
course, (20) remains valid even if hydraulic conductivity in the (x,y) coordinate system were a

tensor.

Since the transformed flow equations involve first derivatives x., x,, y,, and y,, the boundary T

(or, more precisely, its ensemble mean) must be at least once differentiable. This explains the

existence condition for the mapping Q —-W in Section 3.

Boundary conditions for (20) are derived by rewriting (2) in the moving coordinate system. This

gives, for Dirichlet and Neumann boundaries,

(& =0,7) = H (X5 (7). Yro (1)) h(&=17)=0, (23a)
oh oh
=0, |,y =K” (% (¢): Yio (5))%— K (X0 ($), yro(é))% = E+YE - QX(), Yro(€)) . (23b)
oh oh 7 2
—q”LH = K22 (Xrl (5)1 yrl(@?))%_ KZl(Xrl(f)’ yrl(‘f))% =- X; + y; 'Q(Xm(f): yr1(§)) : (23C)
The equations for the interface dynamics become (Appendix B)
OX, . oh oy, y oh
RN —, = -, 2
o * oe o * oo (242)
where
X K ayy y K ax7
- 9 = 7 b
n.J on £ =03 o (240)

Introducing a new notation for the coordinates &' =¢ and &2 =7, and for the components of the
Darcy flux q' = g. and q° = g, and using the Einstein summation convention allows us to rewrite

(18) — (19) in a compact form



ggz =Jf, q* :—K“ﬁ%. (25)

Introducing hydraulic resistivity,
2 = (K" =(m-R")”, (26)

recasts the flow equation (25) as
ggzsz, ;?lz—zwqﬂ, (&.&%)ew. (27)

This is the form we use below to derive moment equations for the hydraulic head and the interface

dynamics.

5. Statistical Moments of Head. Stochastic averaging of the flow equation (27), defined on the
fixed domain W and subject to the Dirichlet and Neumann boundary conditions (23a) — (23c), has
received considerable attention. Most of such studies have assumed that hydraulic conductivity

(resistivity) is a scalar, while in (27) it is a tensor.

To simplify presentation, we assume deterministic initial conditions and set the source function and

boundary fluxes to zero, i.e. f =0 and Q=0. Taking the ensemble average of (27) and (23) yields
equations for the mean hydraulic head,

0 3 =0, _oh
og” 0g”

This equation is subject to the boundary conditions

h(£=0¢")=H,(&%t), h(&=1£)=0, T°(¢¢"=0)

=779’ +(Z7q"). (28)

0, g (£¢&=1)=0. ()
The presence of an unknown second moment <Z~“ﬂc~1ﬁ> in the equation for the first moment h is

known as a closure problem. One of the most widely used closures is obtained through perturbation
expansions of the relevant random fields, such as hydraulic resistivity, hydraulic head, and their

moments in the powers of the conductivity fluctuations. The second-order approximation of

<Z~“ﬂdﬁ> gives rise to the non-local mean Darcy equation (see Appendix A),

_ ;; |z -z ) o @ ﬂ(iww “ZI g (E)dEAE (20



(Appendix A also outlines a procedure for calculating the head covariance.) Here Z =Z(§),

Z,=2(), and

Tk =( —1)”10’2 Z;z(g ;;( )ﬂﬂ (31)

where E(E, |&,) is the Green’s function defined as a solution of

0 5_1\% 0 1 1 2 2
(2 )'BaéﬂE=—5(§z—§1)5(§z—si)' (322)

subject to the boundary conditions

=>_ a 5G =_ a GG
E(1£5=0)=E@E1&5=15)=0, (Z 1)2 o =0, (Z l)2 o —0. (320)
2 lg=0 2 lg=

To obtain the second-order approximations of the correlation matrices of Z% in (30), we linearize
the random fluctuations Z“ about the corresponding means,

Z7(X,¥,K:8) =27 -X(E)+ 27 -§(©) + 2 - K(R(E), (&), (332)

where Z#, 2, and Z¢” are the linear deterministic operators,

_ 0 _ 0
X.—+Y; 0 PR e
o _ 1 1) -o¢ 0 Xe v ¥e XX HY Yo 0 o 0
S Y %%, | K| o o | lwx+vy, vz |oe ap)| &P
¢tn Tnlt¢ X —+y — 0 Xy tYeY, n T Yy S n
"o T"on
_ 0 _ 0
0 X, —=+V.— o2 w2 oo oo
p 1 1 o0& on X: +V: XX +Y.YI( . 6 _ @
Zy = = -\ ° 5 X-—=-X,— || (33¢)
XYy =%, Ye KO 7i+—i XXy +YeYy X, T Y, on o¢
"o¢ M an
and
1] X*+Vy? XX +V.y
Zzﬁ’_ :__5 _5_ 5_7; _52 n (33d)
K Xé rz+ §y17 X77+y77

Hence, up to second order, the correlation matrices in (30) can be expressed in terms of the cross-

correlations between X, ¥, and K. In turn, (15) relates the statistics of X, and ¥ to the statistics of

the interface fluctuations X, and Y, .

10



6. Statistical Moments of the Interface Dynamics. The ensemble averaging of (24) yields

K _ b [ o "
a %\ a)

To derive an approximate expression for the mixed moment in (34), we note that, up to second order
in the conductivity fluctuations, 7* (;(X =7+ ;ZX) can be written as
7(%,.9,,K) = 5K+ 2%, + 29, (352)

where y/, x5, x, are deterministic coefficients,

. Ky, 8 _ @
Ay =———"—— 2(yy§8__ym%J: (35b)
N, (X7§ Yo =% yyf) Z
Xy = 2 N X Z X O g O g O (350)
vy v _Yy U y 677 Y 877 n aé:
N, (X%‘ ym i yyé) 7
and
Xk =—7= _yy,, —. (35d)
N, (X7§ Yo = X y}/é)
Subtracting (34) from (24) and omitting the terms of orders higher than second gives
oX h
7_—x@ ~xah (36)

—L = +7
a Fog F e
Substituting (35) and a similar expansion for the hydraulic head fluctuations h into (36) leads to

aiy (m)
ot

where the deterministic coefficients X,, X, X, are given by

= Xk(nl,v)IZ(v) + Xx(ﬂlins)iy(ﬂs) + Xy(771'773)37y(773) ' (379)

g'& alﬂ ﬂ 1 _
II 8518511 Z d§1d§1 : o=k, xy (37b)
Similarly, an equation for y, is
o, (1,) ~ _ _
}/at 1 :Yk (771;V)K(V) +YX (771)773))(7 (773) +Yy (771,773)y7/(773) . (38)

11



Equations for the covariances C’ (7,,7,) = <Y7(771)§7(772)> and C/ (17,,77,) = <>7y(771)yy(772)>, and the

cross-covariance C;, (17,,7,) = <x (771))/ (772)> are derived from (37) and (38) by noting that

0CL () _ [ 9%, (m) o ,(12) o
p —< p (2)> < p (1)> (393)
and
oCy, (m.m,) [ OX,(m) - oy, (17,) -
1) (5005 ) (5035 )
This gives
CCUlBIE) X, (3, VG901 + X, (G, (70m2) + X, O )C, ) “
+ X, (175, V)C (Vo) + X (17,,175)C, (771’773)+X (772'773)C (17,:125),
oCy, (m,m,
% = Xk(’]l’v)CIZy(v!nz) + Xx(ﬂl’n3)c>{y(n3’7]2) + Xy(ﬂl,ﬂs)ciy(ﬂz,ﬂa) (1)

+ Xy (17, V)Cl (Vo) + X, (7, m5)CL, 1y, 775) + X (772’773)ny(771!773)

and an equation for C’ (7,,7,) , which is analogous to (40).

We start the derivation of approximate solutions for the cross-covariances C},(v,7) = <K(v)§7 (77)>

and Cﬁy(v,n):<ﬁ(v)yy(n)> by noting that second-order approximations require K = (7 y),

while the dependence of conductivity fluctuations, K,on X and ¥ manifests itself in the third- and
higher-order terms. Then

K_HR, K

+ (42)
ot ot ox ot oy
and (42) can be written in the following form
K _ek. (43a)
ot
It follows from (9) that the deterministic linear operator C has the form
C= Ug (43b)
24

where U = (U,,U,)",

12



and

_oX _ oy _oX _ 0y
yzi_xzi _y17+X17

u=_—o “°a U= o °a (43c)
XaYeo = KXo Y XYoo = X2 Y

(43d)

0 (X(@t)) _toLElE=1n) 0 (Yy(nl,t)]
— _ ——j — dn,.
a\yEt)) o 04 at\ v, (m.t)

Combining (43) and (37) gives

oCi (V,77)

=C(v,v))Cl (vy,1) + X, (7, v:1) i (v, vy) + X, (1,1)C L (vo13) + X, (1,1,)C L (v,17,) . (44)

Similarly, combining (43) and (38) leads to an equation for C; (v,7).

Equations (40), (41), and (44) are subject to the homogeneous initial conditions. The conductivity

correlation function in the moving coordinate system p, (v,v,) at time t is computed, to second

order in the conductivity fluctuations, at the mean coordinates.

7. Numerical Algorithm. We present a detailed description of our numerical algorithm and its

implementation in a companion paper. A brief outline is as follows.

Given the mean location of the interface at time t, solve (3) — (4) to construct the dynamic
mapping Q ->W .

Compute the correlation matrices in the mean Darcy law (30).

Solve the mean flow equation and the second moment equation (Appendix A) to obtain the

mean hydraulic head h and the hydraulic head variance o7 .

Calculate the mean velocity of the interface from (34) and compute the mean position of the

interface at time t + At.

C}/

Solve equations (40), (41), and (44) to obtain cross-covariances C;, C/, CJ ,

/4
wr Chs and Cy, at

time t+ At.

Repeat calculations.

8. A Computational Example. While in general our moment equations have to be solved

numerically, some flow scenarios are amenable to analytical treatment. Consider the one-

dimensional front propagation in a randomly heterogeneous porous medium of log-normal hydraulic

13



conductivity, K =InY , with the geometric mean K| =exp(Y), variance o, correlation function

Py, and correlation length 4. The front is driven by hydraulic head h(0) =H, imposed at the

boundary x=0.

We recast the problem in a dimensionless form by introducing

X tK H K h
Xd:z’ ty=2 nj,izo' Ke=7—. and hy =—— (45)

In the following, we drop the subscript d.

8.1. Mapping. Solving the one-dimensional version of (3) yields a mapping

X=X, (46a)
whose Jacobian is
J= ﬁ . (46b)
oE 7

8.2. Transformed flow equations. The mapping (46) transforms the flow equations into the one-

dimensional version of (27),
a_o  oh
¢ o¢

Hydraulic resistivity Z = Z™ is obtained from (22) and (26) as

—-7q.  h(0)=1, h@1)=0 (472)

Z=xK™ (47b)

8.3. Statistical moments of head. The one-dimensional version of (28) gives
oq oh o >~ - —
— =0, —=-20-(2q), h(0)=1, h(1)=0. 48
o og =20 (zq) 0 M (49)

We seek the first-order approximation of the mean head, i.e., h =h©® +h® +0(o7).

It follows from (47b), K = K, (1+62/2) +O(o}), and <+’<’2> =02 +0(c}), that

Z =X,7+hot., and Z =X, +hot., (49a)

where

14



- X =
7=1+Y-p-&—, 7=—-K, (49b)
X

and @ = <Riy>/¥7 and K = R(X(f)). Within the first-order framework, the random field z=7+7

represents a normalized dimensionless hydraulic resistivity, i.e., z=Z/X, .

The one-dimensional Green’s function in (32) has the form

E(S1&)=(&-8)0(5-&)+(1-&)¢. (50)
where 6(&) is the Heaviside function defined as 6 =1 for £ >0and ¢ =0 otherwise. Substituting
(50) into the one-dimensional versions of (30) and (31), and introducing Q =X, g, yields a solution

for the mean hydraulic head,

—%:6(2(5)—@@(5,@@. Fo G

Integrating the first equation in (51), while taking into account the boundary conditions (47a), yields
(1 11 -1
Q= “Z(v)dv —j C, (1,v)dd v] . (52)
0 00

It follows from (49b) that the covariance function C,(u,v) =(Z(x)Z(v)) in (51) and (52) is given by

C.(uv) = p, (X, (=) - D)~ D) +1,, (53

where r =07 /X’ is the square of the coefficient of variation of the interface, o’ = <if> being the

variance of the interface position.

By the same token, substituting (50) into the one-dimensional versions of (A3) and (A4) yields an

expression for the random fluctuations of hydraulic head,
- o 1 3 - _1
h(f)=Q[§ji(v)dv—f?(v)dv}, Q=-Q[Z(v)dv. (54)
0 0 0
Hence, the variances of hydraulic head and flux are given by

11 1¢ g¢
o =Q Z(fz J]C.(uvydudv 2] [C,(uv)duadv+ [ | Cz(ﬂ'V)d,UdV] (55)

and

15



C,(u,v)dedyv, (56)

s
Il
O
o'—.»—\
o'—.H

respectively.

8.4. Statistical moments of the interface dynamics. The equations of motion can now be written as

X Q=1 & _QE=1
ot 2x, ot 2%,

(57)

Recalling the definition of Z in (49b), it follows from (57) that

aiy_ 61‘* i}/_(jl"— iy
a[)_(_]_—Z—Yy{gz(v)dwX—J—Z—YVZuK[X(V)]dV—ZX—y]- (58)

14 14

The one-dimensional version of (43) gives an equation for the conductivity fluctuations,

K _ & & K Q§8K

(59)
ot X, ot 65 - 2x? ag
Combining (58) and (59) leads to equations for the covariances r, and @,
o, Q|7
ﬁ:y—f{}[@(v)dv—ﬂy} (60)
and
oD Q& od Q
E—Z—éE DPY X(£),X(v)Hv - 2@(5)} (61)
For the homogeneous initial conditions, the solutions of (60) and (61) are
11
r, = [[@-&a-mp, (X (& -m)dedn (62)
00
and
1
o(&) = [W-n)p, (X, -m)n, (63)
0

respectively. Equations (51) - (53), (55) - (57), (62), and (63) form a closed set of deterministic

equations for the statistics of the interface dynamics and related state variables.

8.5. Comparison with the exact solution. The one-dimensional flow equations (47) can be

integrated exactly to obtain

16



¢ 1
hzl—Q‘lj.z(v)dv, Q-lzjz(v)dv. (64)

0 0
The statistics for the interface dynamics can be computed exactly for perfectly correlated porous
media (A4 — ), so that hydraulic conductivity K and the normalized hydraulic resistivity z

become random constants [8]. Then (64) yields [8]

hzl—i, q=—, x. =Kt, (65)

XV X7

so that the mean and variance of the interface position are given by

. _ o218 2 _( oll2 52/4}
[XV]exact =e \/f and [O-}/ ]exact =" e ' (66)

respectively. Thus the mean position of the interface scales as Jt, while its variance is linearly
proportional to t. Additionally, the normalized cross-covariance @ = <K§7>/>‘<y has the form
[q)]exact = e96$ o esagf ’? (67)

and is time invariant.

We now proceed to compare our first-order perturbation solutions derived in the previous section

with their exact counterparts. Since for perfectly correlated media C, = o7, (60) and (61) yield

2
r=—" and O = U—ZY , (69)

respectively. Then it follows from (49b) that 7 =1 and o} = p, —2® +r, = oy / 4, s0 that (52) gives

J— 62 -
Q =( —TY] : (70)
Combining (57) and (70) results in
2
Xy = \/a: ﬁ :(14‘%4'0(0;1)}\/{ (71)
Y
and
) , o2 o2 2 o2 \
o Eyyrﬁ%(u?] t=[TY+O(aY)jt. (72)
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It is easy to see that the perturbation solutions (71) and (72) for the statistics of the interface

dynamics coincide, up to second order in the log conductivity variance o7, with their exact
counterparts (66). While these perturbation solutions are formally valid for o <1, this comparison

shows that they remain accurate for o as large as 2. Additionally, up to any order in & they have

the same scaling laws.

Another advantage of the proposed approach is that it involves relative fluctuations of the dependent

and independent random fields, e.g., X, /X, and 6/6, rather than their absolute counterparts, e.g.,

X, and 6 The former can be small even when the latter are large, which is important for the

accuracy of our perturbative solutions. In particular, the coefficient of variation

pyz<if/7f>:a$/4 remains smaller than unity as long as o7 <4, while the corresponding

variance <if> =to. /4 increases with time t and, hence, can be arbitrary large.

9. Summary. We considered interface dynamics in heterogeneous environments with uncertain
parameters. While our approach is applicable to a wide range of applications, we formulate it in
terms of free-surface flow in porous media. To predict the evolution of a fluid-fluid interface and to
quantify the uncertainty associated with such a prediction, we treated the hydraulic conductivity
(permeability) of a porous medium as random and the corresponding governing equations as
stochastic. The previous attempts to address this problem involve mathematical objects -- such as
integrals of random functions over random domains and random functionals -- that are not readily
amenable to standard perturbation techniques. To overcome this difficulty, we introduced a dynamic
stochastic mapping of the domain with moving boundaries onto a fixed domain. This allowed us to
use the well-understood ensemble averaging approaches to derive deterministic differential equations

for the statistical moments of hydraulic head, Darcian flux, and interface dynamics.

We used perturbation expansions in a small parameter o, the variance of log hydraulic
conductivity, to derive closure approximations for these moment equations. This formally limits the
applicability of our approach to mildly heterogeneous porous media (o <1). However, the
comparison of analytical solutions of the one-dimensional moment equations with their exact
solutions demonstrates that the perturbation approximations remain accurate for o as large as 4.
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We demonstrated that, for one-dimensional flow, the mean position of the interface scales as Jt,

while its variance is linearly proportional to t. These findings are in line with previous studies [8].

Appendix A. Mixed Moments. To derive the second-order approximation of <Z “q’ > in (24), we

consider an equation for the hydraulic head and flux fluctuations, which is obtained by subtracting

(24) and (25) from (23) and (22) and retaining the terms up to Z2-order,

0 oh -, -
G“ =0, =274’ +27q” Al
8§“q 85 G q (A1)
subject to the boundary conditions
h(§'=0,4%)=0, h(§'=1¢%)=0, §°(£,£7=0)=0, §°(¢"5" =1)=0. (A2)
Interms of E(§, |&,), the Green’s function defined by (28), the solution of (A1) — (A2) is
~ OE
A )= j j CIS) 74y Forgragiag: »3)
ogy’
It follows from (21), (22), and (A3) that
1 S _1 oy 8 E(glg —l 2P S 1
_ 1 St Z7-1 pbgh
“© =2 2vq"©)+(27f H 85“1851 e ZrrqrdEd e (Ad)

Substituting (A4) into (24) gives the non-local mean Darcy’s law (30). (Co)variances of the
hydraulic head and the Darcy flux are obtained by squaring (A3) and (A4) and taking the ensemble

mean.

Appendix B. Equations for the Interface Dynamics. The mapping Q —W transforms the
dynamics conditions on the interface (2) into
n -q=V,. (B1)
and
ox, Vi(x,.Y,) a, Vy(x.y,)

= , = . (B2)
at ne(X}/’ yy) 8t ne(xy’ y}/)
Here x, =X, (n,1), y, =Y, (nt), and the normal to the free surface is given by
/0 ox, 10
_Vy (9, /0n)e,— (X, n)e (B3)

VA J@x, 1an)t + @y, 1on)?
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where e, and e, denote the unit vectors in the Cartesian (X, y) coordinate system.

Substituting (B3) and the Darcy flux (19) evaluated at the interface into (B1) yields

K [axyT (any oh (axy ox, oy, ayy]ah
V. o=— + — | Ly (B4)
3@x, lony* +(@y,lon)* ||\on) \on) |o¢ \o¢ on o on)on

Since the interface is an equipotential, i.e. a surface of the constant hydraulic head, the tangential
derivative of the hydraulic head oh/on=0. Hence it follows from (B4) and (B3) that the

components of the interface velocity vector V =V, n  are given by

0
Vx = _K%@ and Vy zﬁi@ (B5)
3 65 of J 85 0F

Substituting (B5) into (B2 gives (24).
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