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Uniform oscillationsin spatiallyextendedsystemsresonatewith temporalperiodic forcing within
theArnold tonguesof singleforcedoscillators.TheArnold tonguesarewedge-likedomainsin the
parameterspacespannedby the forcing amplitudeand frequency, within which the oscillator’s
frequencyis locked to a fraction of the forcing frequency. Spatial patterningcan modify these
domains.We describeheretwo patternformationmechanismsaffecting frequencylocking at half
the forcing frequency. The mechanismsareassociatedwith phase-frontinstabilitiesanda Turing-
like instability of the rest state.Our studiescombine experimentson the ruthenium catalyzed
light-sensitiveBelousov-Zhabotinskyreactionforcedby periodic illumination, andnumericaland
analyticalstudiesof two modelsystems,the FitzHugh-Nagumomodelandthe complexGinzburg-
Landauequation,with additionaltermsdescribingperiodic forcing. © 2006AmericanInstituteof
Physics. �DOI: 10.1063/1.2346153�

When a nonlinear oscillator is periodically forced by
someexternal source, its oscillations can adjust and en-
train to the forcing. The resulting dynamics is periodic
with an oscillation fr equencybeing a rational fraction of
the forcing fr equency. This entrainment, or fr equency-
locking, phenomenonoccurs over a range of forcing fre-
quenciesand amplitudes, and is independent of the na-
tur e of the oscillators, which can be mechanical,
electrical, chemical, or biological. Frequencylocking ex-
hibits many universal features and has been carefully
studied for a variety of oscillator systems.Whether these
universal features persist under conditions in which the
oscillations are extended in space is the subject of our
examination. We use an oscillatory chemical system
spread in a thin gel layer, and two model systems,the
FitzHugh-Nagumo (FHN) model and the complex
Ginzburg-Landau (CGL) equation, a generic equation
for an oscillating Þeld near the onset of oscillations, to
explore how spatial extent changesthe universal proper-
ties of fr equencylocking. Our studies show that pattern
formation can extend or reduce the range of fr equency
locking. Two pattern formation mechanismsresponsible
for such changesare identiÞed, a phase-front instability
designatinga transition fr om standing-waveto traveling-
wave dynamics, and a Turing-like instability inducing
standing-wavepatterns.

I. INTRODUCTION

Oscillatorydynamicshave beenobservedin a varietyof
dissipativenonequilibriumsystemsincluding lasers,convec-

tive �uids, chemicalreactions,andcardiactissues.1–4Among
these systems,oscillating chemical reactionssubjectedto
time-periodicforcing, have beenparticularly instrumentalin
exploring pattern formation phenomena.5,6 Experimentson
the Belousov-Zhabotinsky�BZ� reaction demonstrateda
wide rangeof phenomenanot normally seenin a singlepat-
tern forming system.Theseinclude traveling phasewaves,
Turing-like patterns,front instabilities leading to �ngering
andvortex-pairnucleation,spiral turbulence,andmore.7,8

Oscillatingsystemsoften respondto periodicforcing by
adjustingtheir oscillationfrequenciesto rationalfractionsof
the forcing frequency.9 This so-called frequency-locking
phenomenonis accompaniedby anothersigni�cant outcome
of the periodic forcing multiplicity of stablephasestates.4

Each phasestate representsspatially uniform frequency-
locked oscillations with a �xed oscillation phase.A well-
studiedexampleis the 2:1 resonancewhere the systemre-
spondsat exactlyhalf the forcing frequency.10–12 In this case
there are two stablephasestateswhoseoscillation phases
differ by � . Along with the two uniform phasestates,spatial
front structuresbiasymptoticto the two statesexist. Trans-
verseinstabilitiesandnonequilibriumIsing-Bloch �NIB� bi-
furcationsof thesefront structuresinducea varietyof pattern
formation phenomena.The 2:1 resonanceexhibits yet an-
otheroutcomeof periodicforcing—a�nite-wave numberin-
stability leadingto standing-waveTuring-like patterns.

In theparameterplanespannedby theforcing frequency
and forcing amplitude,spatially uniform resonantdynamics
are con�ned to wedge-like domains,the so-calledArnold
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tongues.13,14 Are theseresonancedomainsaffected by the
appearanceof stationaryor time-dependentpatterns?In this
paper we addressthis question in the context of the 2:1
resonance.15 We review patternformationmechanismsasso-
ciated with front instabilities and Turing instabilities, and
examinethe powerspectraof the time signalsfor the result-
ing dynamics.Our studiesinvolve experimentson the ruthe-
nium catalyzedlight-sensitive16,17 Belousov-Zhabotinskyre-
action, periodically forced in time with spatially uniform
light, and numerical studies of two model systems,the
FitzHugh-Nagumo�FHN� modelandthecomplexGinzburg-
Landau�CGL� equation,with additionaltermsdescribingpe-
riodic forcing.

II. THE BZ EXPERIMENT

TheBZ reactiontakesplacein a reactorsystemcontain-
ing a thin porousVycor glassmembranethat is 0.4 mm thick
and22 mm in diameter. Typical chemicalpatternsobserved
in themembranehavelengthscalesof 0.5 mm or greaterand
are effectively two dimensional.Reagentsdiffuse homoge-
neously from continuouslystirred reservoirsinto the glass
throughits two faces.We imagethereactionby passingspa-
tially homogeneouslow-intensity light through the mem-
brane,and measurethe relative intensity of the transmitted
light usinga charge-coupleddevice�CCD� camerabandpass
�ltered at 451 nm, the peakabsorptionfrequencyof the ru-
thenium catalyst.Regionsof the membranethat contain a
high concentrationof Ru�II � passlow-intensity light to the
camera; regions that contain a low concentrationpass a
higher intensity.

We periodicallyperturbthelight-sensitiveBZ oscillatory
reactionwith light of differentintensitiesandpulsefrequen-
ciesto investigatetheexistence,shape,andextentof Arnold
tonguesin a spatiallyextendedoscillatorysystem.18 We �nd
regionsof resonancein the forcing parameterplane�seeFig.
1� orderedin the Fareysequenceof rationalnumbers,a sig-
natureof the resonancedomainsstudiedby Arnold andoth-
ers.Theseexperimentalresonancedomainsalsoexhibit fun-
damental differences; in particular, in the breadth of
resonancein the frequencydimensionand in the extentof
resonanceobservedin the amplitudedimension.The range
of resonanceis both extendedand diminishedthroughpat-
tern formation.We explorevariousmechanismsin the con-
text of the 2:1 resonancedomain.

III. MODEL SYSTEMS

A. The forced FitzHugh-Nagumo model

As a model for a periodically forcedoscillatory system
we use the FitzHugh-Nagumoreaction-diffusion equations
modi�ed to includetime-periodicforcing

ut = u � u3 � v + � 2u, �1a�

vt = � �u � a1v � a0 + � v sin� � ft�� + � � 2v . �1b�

Hereu�x,y� andv�x,y� arescalar�elds representingthecon-
centrationsof activatorand inhibitor typesof chemicalre-
agents.Theperiodicforcing is assumedto besinusoidalwith
amplitude� and frequency� f. The parameter� is the ratio

of thecharacteristictime scalesof u andv, and� is theratio
of the diffusion ratesof u andv.

In theabsenceof forcing, � =0, Eqs.�1� havea spatially
uniform solution �u0, v0� . This solution losesstability in a
Hopf bifurcationto uniform oscillationsastheparameter� is
decreasedbelowa critical value� c. For thesymmetricmodel
�a0=0� � c=1/a1 and the Hopf frequencyis � 0=� 1/a1�1 .
Beyond the Hopf bifurcation �i.e., below � c� Eqs. �1� also
supporttravelingphasewaves.

Forcingthe systemat a frequency� f � 2� 0 either leads
to quasiperiodicoscillationsor, when the forcing is strong
enough,to periodicoscillationsat a frequency� = � f /2. The
latter casecorrespondsto 2:1 frequency-lockedoscillations
where the system adjusts its oscillation frequency to �
= � f /2 despitethe fact that � 0� � f /2. Figure2 showsa nu-
merical computation of the 2:1 resonance boundaries
�Arnold tongue� for uniform oscillations,abovewhich fre-
quencylocking takesplace.

B. The forced complex Ginzburg-Landau equation

Near the Hopf bifurcation,wherethe oscillation ampli-
tudeis small, the u andv �elds canbe approximatedby

u � u0 + �Aei � f/2t + c.c.� , �2a�

v � v0 + � � Aei � f/2t + c.c.� , �2b�

whereA is a complex-valuedamplitude,slowly varying in
spaceand time. For weak forcing, the amplitudeA satis�es
the complexGinzburg-Landauequation,20–23

At = � � + i � �A + �1 + i 	 � � 2A � �1 + i 
 ��A�2A + � A* . �3�

The term A* in this equationis the complexconjugateof A
anddescribesthe effect of the weakperiodic forcing.20 The
parameter� representsthe distancefrom the Hopf bifurca-
tion, � = � 0� � f /2 is thedetuning,	 representsdispersion,


FIG. 1. The largest m:n tonguesobservedin the spatially extendedBZ
system.Eachsymboltype representsa differentm:n responseanda dif fer-
ent spatial pattern.The patterns�points� within the solid curvesrespond
subharmonicallywith the forcing frequency. The homogeneousoscillation
frequencyis f0=0.020Hz. The chemicalconditionsaregiven in Ref. 19.
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representsnonlinearfrequencycorrection,and � represents
the forcing amplitude�proportionalto � �. Exact forms for
theseparametershave beenderivedfor speci�c modelssuch
asthe Brusselatorandthe FHN models.24,25

According to Eqs. �2� stablestationarysolutionsof the
amplitudeequation�3� describefrequency-lockedor reso-
nant oscillations.Uniform solutions of this kind exist for
� � � b, where26

� b =
�� � �
 �
� 1 + 
 2

. �4�

In the next two sectionswe showthat nonuniformsolutions
may restrictor extendthe boundariesof resonantresponse.

IV. NONRESONANT FRONT DYNAMICS

A. The NIB bifurcation

Within the tongueboundaries,� b, of the 2:1 resonance,
front structuresshifting the oscillationphaseby � exist.We
usethe forcedCGL �FCGL� equation�3� to studythe corre-
spondingfront solutions.We recall that stationarysolutions
of Eq. �3� correspondto resonantoscillationsat � f /2. Reso-
nantoscillationsare thereforedestroyedwhenfront dynam-
ics setin; the oscillationfrequencyat a given point changes
when a moving front is passingby. One mechanismwhich
inducesfront dynamics is the nonequilibrium Ising-Bloch
bifurcation.This is a pitchfork bifurcationin which a station-
ary “Ising front” losesstability to a pair of counterpropagat-
ing “Bloch fronts” asthe forcing strengthdecreasesbelow a
threshold � NIB. A NIB bifurcation diagram for Eq. �3� is
shownin Fig. 3. For the specialcase	 = 
 =0, the threshold
is given by27

� NIB = � � 2 + � � /3�2. �5�

Figure4 showsthe tongueboundariesof the 2:1 resonance,
calculatedfrom Eq. �4�, and the NIB bifurcation threshold
�5�. The NIB thresholdsplits the 2:1 resonancetongueinto
two parts,a Bloch part, � b
 � 
 � NIB, and an Ising part, �
� � NIB. When 	 is nonzeroandpositive �negative� the NIB
boundary� � = � NIB� shifts to theright � left� tongueboundary.
The NIB boundaryfor the FHN model is shownin Fig. 2.

In one spacedimension,the NIB bifurcation threshold
designatesa sharptransition from resonantstationaryIsing
patternsat high forcing strengths,to nonresonanttraveling
Bloch wavesat low forcing strengths.12,28 In two spacedi-
mensionsthe transitionis not necessarilysharp;an interme-
diaterangeof turbulentdynamicscanappearin the vicinity
of the NIB boundarywhena transversefront instability de-
velops.

B. Bloch-front turbulence

Ising and Bloch fronts in bistable systems can go
throughtransversefront instabilities.29 Far into the Ising re-
gime transverseinstabilitiesoften leadto stationarylabyrin-
thinepatternsthrough�ngering andtip splitting.Closeto the

FIG. 2. �Color online� Theresonancetongueboundariesfor the2:1 response
of the periodically forcedFHN equations�1�. The horizontalaxis spansthe
ratio of the forcing frequency� f to the Hopf frequency, � 0� 0.83, of the
unforcedsystem.Within the tongueboundariesthe systemoscillatesat ex-
actly half the forcing frequency. Thegreen curvemarkedas� NIB is theNIB
boundary;abovearestationaryIsing patternsandbelowaretravelingBloch
wavepatterns.Theredcircle markstheparametervaluesof standingwaves
found outsidethe resonancetongue.The parametersin the FHN equations
are � =1, � =4.0, a1=0.5, a0=0.1.

FIG. 3. �Color online� The nonequilibriumIsing-Bloch �NIB� bifurcation
for the forcedCGL equation�3�. For � � � NIB thereis a singlestableIsing
front with zerospeed.For � 
 � NIB the Ising front is unstableandthereare
a pair of stablecounterpropagatingBloch fronts.The insetsshowthe shape
of Re�A� � solid bluecurve� andIm�A� � dashedgreen curve� acrossthe front
position.Parameters:� =1.0, � =0.01, 
 = 	 =0.0.

FIG. 4. Resonancetonguediagramfor the forcedCGL equation�3�. Inside
the tongue-shapedregionboundedby the solid lines � =�� � �for 
 =0� uni-
form solutionsare frequency-locked�resonant�. Above the dashedcurve �
= � NIB resonantstanding-wavepatterns�stripes,labyrinths,and spots� are
found while below � NIB nonresonantBloch-front spiral wavesprevail.
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NIB bifurcation they may induceturbulentstatesinvolving
repeatedeventsof spiral-vortexnucleationand annihilation
�hereafterBloch-front turbulenceor BFT�.8

In thecontextof forcedoscillations,transverseinstabili-
tiesof Ising frontshave beenstudiedboththeoretically, using

Eq. �3� � Ref. 26�, and in experimentson the BZ reaction.30

Figure 5�a� shows experimental results demonstratinga
transversefront instability. Figure 5�b� showsa numerical
demonstrationof a transverseinstability and the �ngering
andtip splitting processesthat leadto a resonantlabyrinthine
pattern in the Ising regime far from the NIB bifurcation.
Anothertypical resonantbehaviorin this parameterregimeis
the appearanceof localizedspot-like structurescloseto the
transverseinstability threshold.31,32

As the NIB bifurcation is approachedthe dynamics
change;insteadof �ngering andtip splitting; growing trans-
verseperturbationsnow induce vortex nucleationfollowed
by a nonresonantstateof Bloch-front turbulenceas Figs. 6
and 7 show. Far into the Bloch regime stablenonresonant
spiral wavesprevail.Figures8�a�–8�c� summarizethequali-
tativespatiotemporalbehaviorsastheNIB bifurcationis tra-
versed.For comparisonwe showin Figs. 8�d�–8�f� the cor-
responding behaviors in the absence of a transverse
instability. In thatcasetheNIB bifurcationdesignatesasharp
transitionbetweennonresonanttraveling wavesbelow � NIB
to resonantlarge domainpatternsabove� NIB. Approaching
theNIB bifurcationfrom belowleadsto a spiralwavewith a
diverging pitch andvanishingrotationspeed.

C. Kinematic equations for Bloch spirals
and vortex nucleation

Bloch spiralwavesandspontaneousspiral-vortexnucle-
ation leading to BFT can be studiedusing a kinematicap-

FIG. 5. �Color online� Formationof labyrinthinepatternsby transversefront
instability. The interfacebetweenthe two oscillationphasesis transversely
unstableand small perturbationsgrow and �nger. �Top� patternsfrom a
regionof theBZ reactor, strobedat half theforcing frequency. Blue �yellow�
representsregionsof low �high� Ru�III � concentration.�Bottom� patternsin
the CGL equation�3�. Blue and yellow regionsare different phasessepa-
ratedby � . Parameters:� =2.02, � =1, � =2.0, 	 =0.5, 
 =0.

FIG. 6. Spiral vortexnucleationin theBZ system.Frames�a�–�c� showthe
phaseof theoscillationsat nearhalf thedriving frequencyat threedifferent
timest=100, 300, and1700s �Ref. 33�. Frames�d�–�f� showthe position
of the vortices along the front at the correspondingtimes. �a� The initial
nearly planarfront is unstableto transverseperturbations.�b� Vorticesform
in pairsalongthefront. �c� Vorticeseventually�ll up theentiresystem.The
�gures showa 19.1 mm� 19.1mm �200� 200 pixel� regionof theBZ sys-
tem with the light forcing intensity I =25 W/m2, uniform oscillation fre-
quencyof f0=0.02 Hz, and forcing frequencyof f f =0.06Hz. Chemicalcon-
ditions aregiven in Ref. 34.

FIG. 7. Spiral-vortexnucleationandformationof Bloch-front turbulencein
a numerical solution of the CGL equation�3�. Frames�a�–�c� show the
phasearg�A� of the solutionat threedifferent timest=180, 800,and8000.
Perturbationson theunstablefront solutiongrow andpairsof vorticesform
along the front. Frames�d�–�f� show the samedatabut with the vortices
shownas solid dotsalongthefront. Thefront is de�ned asRe�A� =0 andthe
vortex positionsare where in addition Im�A� =0. Parametersusedwere �
=0.5, � =0.15, 	 =0.3, 
 =0, � =0.2 on a domainsize of �x,y� =�256,256�
with no-�ux boundaryconditions.
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proachfor the dynamicsof curvedfronts. The normal form
equationsfor a curvedfront in the vicinity of the NIB bifur-
cationare35

d�
dt

= � �� 2 +
� 2

� s2	Cn, �6a�

dC0

dt
= �anib � a�C0 � bC0

3 + c� + d
� 2C0

� s2 , �6b�

where Cn, the normal front velocity, is related to C0, the
velocity of a planarfront, throughthe relation,Cn=C0� D� ,
s is the arclength,andd/dt is the total time derivatived/dt
= � / � t+ds/dt� / � s. The arclengthchangesin time, when the
front is curvedandmoving,accordingto ds/dt=
 0

s� Cnds� .

Equations�6� capturethe NIB bifurcation for a planar
front as the bifurcation parametera crossesthe threshold
anib; an Ising front solution, �C0, � � =�0 ,0� , losesstability,
and two stable Bloch front solutions, �C0, � �
=�±� �anib� a� /b,0� , appear. In the Bloch regime �a
 anib�
Eqs.�6� admita kink solutionbiasymptotic�as�s�� � � to the
two Bloch front solutionsas Fig. 9�a� shows.In the two-
dimensionalx� y planethis kink solutiondescribesa rotating
spiral wave�Fig. 9�b�� .

Figures10 and11 showthe dynamicsof a closedfront
loop thatcontainsa vortexpair in theBloch regime�Fig. 10�
andin the Ising regime�Fig. 11�. Thesimulationsweredone
on a versionof Eqs.�6� suitablefor describingthedynamics
of closedloops.36 In the Bloch regimethe two vorticescon-
verge to a pair of counter-rotatingspiral waves,while in the
Ising regime mutual vortex annihilation leadsto a circular
Ising front whosespeedbecomesvanishinglysmall asit ex-
pandoutwards.

FIG. 8. Contrastingpatternformationphenomenain the CGL equation�3�
asthe parametersarevariedacrossthe NIB bifurcation.Far below the NIB
thresholdstableBloch spirals prevail �panels�c� and �f�� . As the forcing
amplitudeis increasedtwo scenariosarepossible,dependingon whetherthe
Bloch andIsing frontsareunstable�left column� or stable�right column� to
transverseperturbations.Whena transversefront instability existsa stateof
Bloch-front turbulence�rst appears�b�, followed by labyrinthineIsing pat-
terns �a�. When the fronts are transverselystablea sharptransition from
Bloch spiralsto large-domainIsing patterns�d� takesplaceacrossthe NIB
bifurcation, with the Bloch-spiral pitch increasinginde�nitely as the NIB
thresholdis approached�e�. Parameters:� =0.5, 	 =0.35,
 =0, and�a� Ising
Labyrinth: � =0.38, � =0.4; �b� BFT: � =0.14, � =0.2; �c� Bloch spiral: �
=0.14, � =0.15; �d� Ising large domains:� =0.15, � =0.3; �e� Bloch spiral
nearNIB: � =0.08, � =0.15; �f� Bloch spiral: � =0.14, � =0.15; the integra-
tion domain was �x,y� =�256,256� and no-�ux boundaryconditionswere
used.

FIG. 9. Spiralwavesolutionof thekinematicequations�6�. �a� Thenormal
front velocity C0 andcurvature� havea kink solutionbiasymptoticto the
two Bloch fronts asthe arclength�s�� � . �b� In the x� y �laboratory� coor-
dinate frame the kink solution is a spiral wave. Parameters:a=5.99, anib
=6.0, b=0.17,c=6.0.

FIG. 10. Formation of a pair of spiral waves in the Bloch regime. �a�
Solutionsto the kinematicequationsfor closedloops�Ref. 36� at t=0 �bot-
tom�, t=2 �middle�, and t=4 �top�. The variable � is the ratio of the ar-
clength to the total loop length. �b� The correspondingsolutionsin the x
� y plane. Parameters:a=2.44, anib=3.33, b=0.09, c=4.56, d=0.0, D
=0.91.
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Equations�6� also imply that Bloch fronts closeto the
NIB bifurcationareunstableto transverseperturbationspro-
videdc/D� 0 �Ref. 37�. To seethis we studythestability of
planar Bloch fronts to perturbations of the form
� � C0, � � �exp� � t+iQs� +c.c. Inserting the perturbed forms
for C0 and � in Eqs. �6� gives the neutral stability � � =0�
relation

atr�Q� = anib �
c

2D
+ Q2. �7�

The �rst modeto grow is the zero mode,Q=0. Within the
range anib� c/2D
 a
 anib Bloch fronts are unstable to
transverseperturbations.As a approachesthe NIB bifurca-
tion threshold,anib, modes with higher and higher wave
numbersgrow. When the curvatureperturbationsproduced
by thesemodesare suf�ciently large, local transitionsbe-
tween the two Bloch fronts are inducedand vortex nucle-
ation eventstakeplace38 asdemonstratedin Fig. 12.

V. RESONANCE INVASION

The NIB bifurcation is a mechanismby which resonant
standing-wavepatternsdestabilizeto nonresonanttraveling
waves.Figure13 showsanexperimentaldemonstrationof an
oppositebehavior where nonresonanttraveling waves are
displacedby resonantstanding-wavepatterns.The mecha-
nism of this behavioris associatedwith the appearanceof a
Turing mode39 and hasbeenstudiedby Yocheliset al.26,40

Consider the dispersionrelation associatedwith the zero
stateof Eq. �3� � Ref. 30�,

� = � � k2 + � � 2 � � � � 	 k2�2. �8�

An examinationof this relation revealsa codimension-two
point,

� = 0, � = � c = � /� 1 + 	 2, �9�

wherethe Hopf bifurcationto uniform oscillationscoincides
with a Turing instability,30 as Fig. 14 shows.The Hopf fre-
quency andthe Turing wave number are given by � 0

FIG. 11. Formationof an expandingcircular loop in the Ising regime.�a�
Solutionsto the kinematicfor closedloops �Ref. 36� at t=0 �bottom�, t=3
�middle�, and t=15 �top�. �b� Thecorrespondingsolutionsin thex� y plane.
Parameters:a=4.87,anib=3.33,b=0.36,c=2.28,d=0.72,D=0.91.

FIG. 12. Nucleationof a spiral-vortexpair in the kinematicequations�6�.
�a�,�d� A small perturbationin the curvaturegrows.�b�,�e� A portion of the
domainreversesdirectionanda spiral-vortexpair nucleatesalongthe front.
�c�,� f� A pair of rotatingspiral wavesforms.Parameters:a=5.97,anib=6.0,
b=0.165,c=6.03.

FIG. 13. �Color online� Resonantstandingwavesinvadingnonresonantqua-
siperiodic oscillations. �Top� patternsfrom a region of the BZ reactor,
strobedat half the forcing frequency. Blue �yellow� representsregionsof
low �high� Ru�III � concentration.�Bottom� patternsin the FCGL equation
�3�. Blue and yellow regionsare different phasesseparatedby � . Param-
eters:� =1.98, � =1, � =2.0, 	 =0.5, 
 =0.
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= � 	 / � andk0
2= � 	 / � 2, respectively, where� =� 1+	 2. In the

vicinity of the codimension-twopoint, where �� � � c� � �
� � c, solutionsof Eq. �3� canbe approximatedas

�ReA

Im A
	 = �e0B0e

i � 0t + ekBke
ik0x + c.c.
 + ¯ , �10�

wherethecomplexamplitudesB0� � t� andBk� � t� in Eq. �10�
areof order � � , anddescribeslow uniform modulationsof
the �relatively� fast oscillations associatedwith the Hopf
mode and of the fast spatial variationsassociatedwith the
Turing mode.We refer the readerto Yocheliset al.26 for the
derivationof the normal form equationsfor the amplitudes
B0 and Bk, the so-calledHopf-Turing amplitudeequations.
Theseequationshave beenstudiedin variouscontexts41–47

andareknownto havea parameterregimewherestableuni-
form oscillationscoexistwith a stableTuring pattern.

In the presentcontext, the uniform oscillations states
pertain to nonresonantquasiperiodicoscillations, whereas
the Turing-patternstatedescribesresonantstandingwaves.
The range of bistability occurs outside the 2:1 resonance
tongueandis boundedon onesideby the tongueboundary.
Moreover, close to the tongueboundarythe Turing-pattern
stateinvadesthe uniform-oscillationsstateasshownin Fig.
13�b�. These�ndings explain the experimentalobservations
shownin Fig. 13�a�. Indeed,the displacementof traveling-
wavestateby the resonantstanding-wavestatehasbeenob-
servedin the vicinity of the tongueboundary.

Thephenomenonof resonanceinvasionpresentedabove
has been predictedusing an amplitude equationapproach
�Eq. �3�� � Refs.26 and30�. To testthis predictionwe studied
resonanceinvasion in the FHN model �1�. Figure 15 �top�
showssnapshotsof a standing-wavepattern invading uni-
form oscillationsoutsidethe tongueboundary�parametersat
solid circle in Fig. 2�. Typical time seriesin the standing-
wave and uniform-oscillationsdomains are shown in the
middle part of Fig. 15, andthe correspondingpowerspectra
in the bottompart.While the uniform oscillationsarequasi-
periodicandunlockedto the forcing, thestandingwavesare
clearly resonant,lockedto half the forcing frequency.

VI. CONCLUSION

We describedhere joint theoretical and experimental
studiesof patternformationmechanismsthataffect the reso-
nantresponseof oscillatorysystemsto periodic forcing. We
focused on the 2:1 resonancecase and highlighted two
mechanisms.The �rst is associatedwith theNIB front bifur-
cation within the resonancetongueof uniform oscillations.
The bifurcation restricts the rangeof resonantnonuniform

FIG. 14. The growth rate �real part of � � of perturbationsfrom the A=0
state of Eq. �3� at the codimension-twopoint, � =0, � = � c. Two modes
becomemarginal at this point, a Hopf zero-k modeand a Turing �nite- k
mode.Parameters:� =0, � =2.0, 	 =0.5, � = � c� 1.8.

FIG. 15. A resonantpatterninvading an unlockedoscillatory statein the
forcedFHN model�1�. Theparameterscorrespondto thepoint indicatedby
thesolid circle on the tonguediagramin Fig. 2 � � f =1.3, � =0.4�. �Top� two
snapshotsin time of the patternphase.The left half of the domainis reso-
nantandthe right half is unlockedwith uniform oscillations.�Middle� time
seriesfor the two points shown in the top �gure. The time seriesfor the
point at theblackcircle is not lockedto theforcing �shownin thesmallsine
wave�. The time seriesat the red squareis lockedto the forcing and shows
onefull wavelengthresponsefor every two forcing wavelengths.�Bottom�
the powerspectraof the two time seriesshowingthat the resonantpart of
thepatternis lockedto 1/2 theforcing frequencyasindicatedby thevertical
line.
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oscillationsto the Ising regimewherephasefronts are sta-
tionary. The NIB bifurcation designatesa sharp transition
from nonresonanttraveling waves to resonant standing
waveswhen the phasefronts are transverselystable.In the
presenceof a transversefront instability, an intermediate
rangeof Bloch-front turbulencefurther restrictsthe rangeof
resonantoscillations.A secondmechanismaffectingresonant
responseis associatedwith the appearanceof a �nite-wave
numberor Turing-like instability of thezerostate.The insta-
bility is inducedby the periodic forcing andcan leadto the
coexistenceof stable nonresonantoscillations with stable
resonantstandingwaves.Invasionof the latter stateinto the
former leadsto resonantresponseoutsidetheArnold tongue
boundariesof uniform oscillations.

Equivalent mechanismsmay work in other resonance
tongues.Theoreticalstudiesof the4:1 resonance,22,23 for ex-
ample,revealeda front instability thatdesignatesa transition
from resonanttwo-phasestanding waves at high forcing
strengthsto nonresonantfour-phasetraveling wavesat low
forcing strengths.Like the NIB bifurcation, this front insta-
bility restrictsthe parameterrangeof nonuniform resonant
oscillationswithin the 4:1 tongue.
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