CHAOS 16, 037113 2006
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Uniform oscillationsin spatially extendedsystemsresonatewith temporalperiodic forcing within
the Arnold tonguesof singleforcedoscillators.The Arnold tonguesare wedge-likedomainsin the
parameterspacespannedby the forcing amplitude and frequency within which the oscillator's
frequencyis locked to a fraction of the forcing frequency Spatial patterningcan modify these
domains.We describeheretwo patternformation mechanismsffecting frequencylocking at half
the forcing frequency The mechanismsre associatedvith phase-froninstabilitiesand a Turing-
like instability of the rest state. Our studiescombine experimentson the ruthenium catalyzed
light-sensitiveBelousov-Zhabotinskyeactionforced by periodicillumination, and numericaland
analyticalstudiesof two modelsystemsthe FitzHugh-Nagumanodelandthe complexGinzbug-
Landauequation,with additionaltermsdescribingperiodicforcing. © 2006 Americanlinstitute of

Physics DOI: 10.1063/1.2346153

When a nonlinear oscillator is periodically forced by
someexternal source, its oscillations can adjust and en-
train to the forcing. The resulting dynamics is periodic

with an oscillation frequencybeing a rational fraction of
the forcing frequency This entrainment, or frequency-
locking, phenomenonoccurs over a range of forcing fre-

quenciesand amplitudes, and is independent of the na-
ture of the oscillators, which can be mechanical,
electrical, chemical, or biological. Frequencylocking ex-
hibits many universal features and has been carefully

studied for a variety of oscillator systemsWhether these
universal features persist under conditions in which the
oscillations are extendedin spaceis the subject of our

examination. We use an oscillatory chemical system
spread in a thin gel layer, and two model systems,the
FitzHugh-Nagumo (FHN) model and the complex
Ginzburg-Landau (CGL) equation, a generic equation
for an oscillating beld near the onset of oscillations, to
explore how spatial extent changesthe universal proper-

ties of frequencylocking. Our studies show that pattern

formation can extend or reducethe range of frequency
locking. Two pattern formation mechanismsresponsible
for such changesare identibed, a phase-front instability

designatinga transition from standing-waveto traveling-

wave dynamics, and a Turing-like instability inducing

standing-wavepatterns.

[. INTRODUCTION

Oscillatorydynamicshave beermbservedn a variety of
dissipativenonequilibriumsystemsncluding lasers,convec-
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tive uids, chemicalreactionsandcardiactissuesl.“"Among
these systems,oscillating chemical reactions subjectedto
time-periodicforcing, have beerparticularlyinstrumentaln
exploring patternformation phenomené’.6 Experimentson
the Belousov-Zhabotinsky BZ reaction demonstrateda
wide rangeof phenomenanot normally seenin a single pat-
tern forming system.Theseinclude traveling phasewaves,
Turing-like patterns,front instabilities leadingto ngering
andvortex-pairnucleation,spiral turbulenceand more’®

Oscillating systemsften respondto periodicforcing by
adjustingtheir oscillationfrequenciedo rationalfractionsof
the forcing frequencf This so-called frequency-locking
phenomenoris accompaniedby anothersigni cant outcome
of the periodic forcing multiplicity of stable phasestates“.
Each phase state representsspatially uniform frequency-
locked oscillationswith a xed oscillation phase.A well-
studiedexampleis the 2:1 resonancevherethe systemre-
spondsat exactlyhalf the forcing frequencyw‘12 In this case
there are two stable phasestateswhose oscillation phases
differ by . Along with thetwo uniform phasestatesspatial
front structuresbiasymptoticto the two statesexist. Trans-
verseinstabilitiesand nonequilibriumlsing-Bloch NIB  bi-
furcationsof thesefront structuresnducea variety of pattern
formation phenomenaThe 2:1 resonanceexhibits yet an-
otheroutcomeof periodicforcing—a nite-wave numberin-
stability leadingto standing-waveluring-like patterns.

In the parameteplanespannedy the forcing frequency
and forcing amplitude,spatially uniform resonantdynamics
are con ned to wedge-like domains,the so-calledArnold
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tong;;ue&‘.1.3'14 Are theseresonancedomainsaffected by the
appearancef stationaryor time-dependenpatternsin this
paperwe addressthis questionin the context of the 2:1
resonancé® We review patternformation mechanismssso-
ciated with front instabilities and Turing instabilities, and
examinethe power spectraof the time signalsfor the result-
ing dynamics.Our studiesinvolve experiment®on the ruthe-
nium catalyzedight-sensitivé®'’ Belousov-Zhabotinskye-
action, periodically forced in time with spatially uniform
light, and numerical studies of two model systems,the
FitzHugh-NagumoFHN modelandthe complexGinzbug-
Landau CGL equationwith additionaltermsdescribingpe-
riodic forcing.

II. THE BZ EXPERIMENT

The BZ reactiontakesplacein a reactorsystemcontain-
ing a thin porousVycor glassmembranehatis 0.4 mm thick
and 22 mm in diameter Typical chemicalpatternsobserved
in the membrandiavelengthscalesof 0.5 mm or greaterand
are effectively two dimensional.Reagentdiffuse homoge-
neouslyfrom continuouslystirred reservoirsinto the glass
throughits two faces.We imagethe reactionby passingspa-
tially homogeneoudow-intensity light through the mem-
brane,and measurethe relative intensity of the transmitted
light usinga chage-coupleddevice CCD camerabandpass

Itered at 451 nm, the peakabsorptionfrequencyof the ru-

thenium catalyst. Regionsof the membranethat contain a
high concentrationof Ru ll passlow-intensity light to the
camera;regions that contain a low concentrationpass a
higherintensity

We periodicallyperturbthelight-sensitiveBZ oscillatory
reactionwith light of differentintensitiesand pulsefrequen-
ciesto investigatethe existence shape andextentof Arnold
tonguesin aspatialIyextendeobscilIatorysysten‘ll.8 We nd
regionsof resonancén the forcing parameteplane seeFig.
1 orderedin the Fareysequencef rationalnumbersa sig-
natureof the resonancelomainsstudiedby Arnold and oth-
ers. Theseexperimentatesonancelomainsalsoexhibit fun-
damental differences; in particulay in the breadth of
resonancen the frequencydimensionand in the extentof
resonanceobservedin the amplitudedimension.The range
of resonances both extendedand diminishedthrough pat-
tern formation. We explorevariousmechanismsn the con-
text of the 2:1 resonancelomain.

Ill. MODEL SYSTEMS
A. The forced FitzHugh-Nagumo model

As a modelfor a periodically forced oscillatory system
we use the FitzHugh-Nagumoreaction-difusion equations
modi ed to include time-periodicforcing

3

u=u u v+ 2, la

Vi= U aVv ag+ vsin 4 + . 1b

Hereu x,y andv X,y arescalar elds representinghe con-
centrationsof activatorand inhibitor types of chemicalre-
agentsThe periodicforcing is assumedo be sinusoidalwith
amplitude andfrequency ;. The parameter is the ratio
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FIG. 1. The largestm:n tonguesobservedin the spatially extendedBZ

system.Eachsymboltype represents differentm: n responseanda differ-

ent spatial pattern. The patterns points within the solid curvesrespond
subharmonicallywith the forcing frequency The homogeneousscillation
frequencyis fy=0.020Hz. The chemicalconditionsare givenin Ref. 19.

of the characteristicime scalesof u andv, and is theratio
of the diffusion ratesof u andv.

In the absencef forcing, =0, Egs. 1 havea spatially
uniform solution ug, vq . This solution losesstability in a
Hopf bifurcationto uniform oscillationsasthe parameter is
decreasetelowa critical value .. Forthe symmetricmodel
a,=0 =1/a; andthe Hopf frequencyis o= 1/a; 1.
Beyond the Hopf bifurcation i.e., below . Egs. 1 also
supporttraveling phasewaves.

Forcingthe systemat a frequency ; 2  eitherleads
to quasiperiodicoscillationsor, when the forcing is strong
enough,to periodicoscillationsat a frequency = /2. The
latter casecorrespondgo 2:1 frequency-lockedscillations
where the system adjusts its oscillation frequency to
= /2 despitethefactthat o /2. Figure2 showsa nu-
merical computation of the 2:1 resonanceboundaries
Arnold tongue for uniform oscillations,abovewhich fre-
guencylocking takesplace.

B. The forced complex Ginzburg-Landau equation

Near the Hopf bifurcation, wherethe oscillation ampli-
tudeis small,theu andv elds canbe approximatedy

u upt+ Ad +cec., 2a

v Vot A€ ™+cec., 2b

where A is a complex-valuedamplitude,slowly varying in
spaceandtime. For weakforcing, the amplitudeA satis es
the complexGinzbug-Landauequatior?’2®

A 1+i AcA+ AL 3

A= +i A+ 1+i

Theterm A" in this equationis the complexconjugateof A
and describeghe effect of the weak periodic forcing? The
parameter representshe distancefrom the Hopf bifurca-

tion, = o ¢/2isthedetuning, representslispersion,
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FIG.2. Coloronline Theresonancéongueboundariesor the2:1response
of the periodically forced FHN equations 1 . The horizontalaxis spansthe
ratio of the forcing frequency ; to the Hopf frequency , 0.83,of the
unforcedsystem.Within the tongueboundarieghe systemoscillatesat ex-
actly half theforcing frequency The green curvemarkedas g is the NIB
boundary;abovearestationarylsing patternsandbelow aretravelingBloch
wave patternsThe red circle marksthe parameteraluesof standingwaves
found outsidethe resonanceongue.The parametersn the FHN equations
are =1, =4.0,a,=0.5,8,=0.1.

representqionlinearfrequencycorrection,and represents
the forcing amplitude proportionalto . Exact forms for
theseparameter$iave beerderivedfor speci c modelssuch
asthe Brusselatorand the FHN models**?°

Accordingto Egs. 2 stablestationarysolutionsof the
amplitude equation 3 describefrequency-lockedor reso-
nant oscillations. Uniform solutions of this kind exist for

b, Where®

In the nexttwo sectionswe showthat nonuniformsolutions
may restrictor extendthe boundarief resonantesponse.

IV. NONRESONANT FRONT DYNAMICS
A. The NIB bifurcation

Within the tongueboundaries, |, of the 2:1 resonance,
front structuresshifting the oscillation phaseby  exist. We
usetheforcedCGL FCGL equation 3 to studythe corre-
spondingfront solutions.We recall that stationarysolutions
of Eq. 3 correspondo resonanbscillationsat /2. Reso-
nantoscillationsare thereforedestroyedwvhen front dynam-
ics setin; the oscillationfrequencyat a given point changes
when a moving front is passingby. One mechanismwhich
inducesfront dynamicsis the nonequilibrium Ising-Bloch
bifurcation.This is a pitchfork bifurcationin which a station-
ary “Ising front” losesstability to a pair of counterpropagat-
ing “Bloch fronts” asthe forcing strengthdecreasebelow a
threshold ;5. A NIB bifurcation diagramfor Eq. 3 is
shownin Fig. 3. For the specialcase = =0, the threshold
is given by?’

Chaos 16, 037113 2006

FIG. 3. Color online The nonequilibriumlIsing-Bloch NIB bifurcation
for the forced CGL equation 3 . For nie thereis a single stablelsing
front with zerospeed For nie thelsing front is unstableandthereare
a pair of stablecounterpropagatingloch fronts. The insetsshowthe shape
of Re A solid bluecurve andim A dashedgreen curveacrosshe front
position. Parameters: =1.0, =0.01, = =0.0.

NIB = 2+ /3 2. 5

Figure 4 showsthe tongueboundariesf the 2:1 resonance,
calculatedfrom Eq. 4, andthe NIB bifurcation threshold
5. The NIB thresholdsplits the 2:1 resonancéongueinto
two parts,a Bloch part, | nig: @ndan Ising part,

nig- When is nonzeroand positive negative the NIB
boundary = g shiftstotheright left tongueboundary
The NIB boundaryfor the FHN modelis shownin Fig. 2.

In one spacedimension,the NIB bifurcation threshold
designates sharptransitionfrom resonantstationarylsing
patternsat high forcing strengthsto nonresonantraveling
Bloch wavesat low forcing strengths??® In two spacedi-
mensionghe transitionis not necessarilysharp;an interme-
diate rangeof turbulentdynamicscan appearin the vicinity
of the NIB boundarywhen a transversdront instability de-
velops.

B. Bloch-front turbulence

Ising and Bloch fronts in bistable systemscan go
throughtransversdront instabilities?® Far into the Ising re-
gime transversénstabilitiesoften lead to stationarylabyrin-
thine patternghrough ngering andtip splitting. Closeto the

FIG. 4. Resonancéonguediagramfor the forced CGL equation 3 . Inside
the tongue-shapedegionboundedby the solid lines =  for =0 uni-
form solutionsare frequency-lockedresonant Above the dashedcurve

= N resonantstanding-wavepatterns stripes,labyrinths, and spots are
found while below ;g nonresonanBloch-front spiral wavesprevail.
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FIG.5. Coloronline Formationof labyrinthinepatternsby transversdront
instability. The interfacebetweenthe two oscillation phaseds transversely
unstableand small perturbationsgrow and nger. Top patternsfrom a
regionof the BZ reactor strobedat half theforcing frequencyBlue yellow
representsegionsof low high Rulll concentration.Bottom patternsin
the CGL equation 3 . Blue and yellow regionsare different phasessepa-
ratedby . Parameters: =2.02, =1, =2.0, =0.5, =0.

NIB bifurcation they may induce turbulentstatesinvolving
repeatedeventsof spiral-vortexnucleationand annihilation
hereafterBloch-front turbulenceor BFT .2
In the contextof forcedoscillations,transversénstabili-
tiesof Ising frontshave beerstudiedboththeoretically using

FIG. 6. Spiral vortex nucleationin the BZ system.Frames a— ¢ showthe
phaseof the oscillationsat nearhalf the driving frequencyat threedifferent
timest=100, 300, and1700s Ref.33. Frames d —f showthe position
of the vortices along the front at the correspondingimes. a The initial
nearly planarfront is unstableto transverseerturbations.b Vorticesform
in pairsalongthefront. ¢ Vorticeseventually Il up theentiresystem.The
gures showa19.1mm 19.1mm 200 200 pixel regionof the BZ sys-
tem with the light forcing intensity | =25 W/m?, uniform oscillation fre-
guencyof f;=0.02 Hz, and forcing frequencyof f;=0.06 Hz. Chemicalcon-
ditions aregivenin Ref. 34.
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Eq. 3 Ref.26, andin experimentson the BZ reaction’’
Figure 5a shows experimental results demonstratinga
transversefront instability. Figure 5 b showsa numerical
demonstrationof a transverseinstability and the ngering
andtip splitting processethatleadto a resonantabyrinthine
patternin the Ising regime far from the NIB bifurcation.
Anothertypical resonanbehaviorin this parameteregimeis
the appearancef localized spot-like structurescloseto the
transversanstability threshold®3?

As the NIB bifurcation is approachedthe dynamics
changejnsteadof ngering andtip splitting; growing trans-
verse perturbationsnow induce vortex nucleationfollowed
by a nonresonanstateof Bloch-front turbulenceas Figs. 6
and 7 show Far into the Bloch regime stable nonresonant
spiralwavesprevail. Figures8 a —8 ¢ summarizethe quali-
tative spatiotemporabehaviorsasthe NIB bifurcationis tra-
versed.For comparisorwe showin Figs.8 d -8 f the cor
responding behaviors in the absence of a transverse
instability. In thatcasetheNIB bifurcationdesignates sharp
transition betweennonresonantraveling wavesbelow g
to resonantlarge domain patternsabove g. Approaching
the NIB bifurcationfrom belowleadsto a spiralwavewith a
diverging pitch andvanishingrotation speed.

C. Kinematic equations for Bloch spirals
and vortex nucleation

Bloch spiralwavesandspontaneouspiral-vortexnucle-
ation leadingto BFT can be studiedusing a kinematic ap-

FIG. 7. Spiral-vortexnucleationand formationof Bloch-frontturbulencein
a numerical solution of the CGL equation 3. Frames a—c show the
phasearg A of the solution at threedifferenttimest=180, 800,and 8000.
Perturbation®n the unstablefront solutiongrow and pairsof vorticesform
along the front. Frames d — f show the samedatabut with the vortices
shownas solid dotsalongthe front. Thefrontis de ned asRe A =0 andthe
vortex positionsare wherein addition Im A =0. Parametersusedwere
=0.5, =0.15, =0.3, =0, =0.2onadomainsizeof X,y = 256,256
with no- ux boundaryconditions.
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FIG. 8. Contrastingpatternformation phenomenan the CGL equation 3
asthe parametersire varied acrossthe NIB bifurcation. Far below the NIB
thresholdstable Bloch spirals prevail panels ¢ and f . As the forcing
amplitudeis increasedwo scenariosrepossible dependingon whetherthe
Bloch andlsing fronts areunstable left column or stable right column to
transversgerturbationsWhena transversdront instability existsa stateof
Bloch-frontturbulencerst appearsb , followed by labyrinthinelsing pat-
terns a. When the fronts are transverselystablea sharptransition from
Bloch spiralsto large-domainlsing patterns d takesplaceacrossthe NIB
bifurcation, with the Bloch-spiral pitch increasinginde nitely asthe NIB
thresholds approachede . Parameters: =0.5, =0.35, =0, and a Ising
Labyrinth: =0.38, =0.4; b BFT: =0.14, =0.2; c¢ Bloch spiral:
=0.14, =0.15; d Ising large domains: =0.15, =0.3; e Bloch spiral
nearNIB: =0.08, =0.15; f Bloch spiral: =0.14, =0.15;theintegra-
tion domainwas x,y = 256,256 and no- ux boundaryconditionswere
used.

proachfor the dynamicsof curvedfronts. The normalform
equationdor a curvedfront in the vicinity of the NIB bifur-
cationare®

2

d_ 2y Cn, 6a
dt S)

dCy 2c
E: anp acty b®+c +d—szo,

where C,,, the normal front velocity, is relatedto C,, the
velocity of a planarfront, throughthe relation,C,=Cy D ,
s is the arclength,and d/dt is the total time derivatived/dt
= [/ t+ds/dt / s. The arclengthchangesn time, whenthe
front is curvedand moving, accordingto ds/dt= § Cds.

6b
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FIG. 9. Spiralwavesolutionof the kinematicequations6 . a Thenormal
front velocity Cy and curvature havea kink solution biasymptoticto the
two Bloch fronts asthe arclength s . b Inthex y laboratory coor
dinate frame the kink solution is a spiral wave. Parametersa=5.99, a;,
=6.0,b=0.17,c=6.0.

Equations 6 capturethe NIB bifurcation for a planar
front as the bifurcation parametera crossesthe threshold
anp an Ising front solution, Cy, = 0,0, losesstability,
and two stable Bloch front solutions, C,,
=+ a,, al/b,0, appearln the Bloch regime a a,;
Egs. 6 admitakink solutionbiasymptotic as s tothe
two Bloch front solutionsas Fig. 9 a shows.In the two-
dimensionak y planethiskink solutiondescribes rotating
spiralwave Fig.9b .

Figures10 and 11 showthe dynamicsof a closedfront
loop thatcontainsa vortex pair in the Bloch regime Fig. 10
andin thelsing regime Fig. 11 . The simulationsweredone
onaversionof Eqgs. 6 suitablefor describingthe dynamics
of closedloops.36 In the Bloch regimethe two vorticescon-
verge to a pair of counterrotating spiral waves,while in the
Ising regime mutual vortex annihilationleadsto a circular
Ising front whosespeedbecomesranishinglysmall asit ex-
pandoutwards.

FIG. 10. Formationof a pair of spiral wavesin the Bloch regime. a
Solutionsto the kinematicequationgor closedloops Ref.36 att=0 bot-
tom, t=2 middle, andt=4 top. The variable is the ratio of the ar-
clengthto the total loop length. b The correspondingsolutionsin the x

y plane. Parametersa=2.44, a,,=3.33, b=0.09, c=4.56, d=0.0, D
=0.91.
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FIG. 11. Formationof an expandingcircular loop in the Ising regime. a
Solutionsto the kinematicfor closedloops Ref.36 att=0 bottom, t=3
middle, andt=15 top. b Thecorrespondingolutionsin thex y plane.
Parametersa=4.87,a,,=3.33,b=0.36,c=2.28,d=0.72,D=0.91.

Equations 6 alsoimply that Bloch fronts closeto the
NIB bifurcationareunstableto transverseerturbationgro-
videdc/D 0 Ref.37. To seethis we studythe stability of
planar Bloch fronts to perturbations of the form

Co, exp t+iQs +c.c. Inserting the perturbed forms
for C, and in Egs. 6 givesthe neutral stability =0
relation

c 2
ay Q =anp S +Q° 7

2D

The rst modeto grow is the zero mode,Q=0. Within the
range a,, c¢/2D a a,, Bloch fronts are unstable to
transverseperturbationsAs a approacheshe NIB bifurca-
tion threshold, a,;,, modeswith higher and higher wave
numbersgrow. When the curvatureperturbationsproduced
by thesemodesare suf ciently large, local transitionsbe-
tweenthe two Bloch fronts are induced and vortex nucle-
ation eventstake place® asdemonstratedh Fig. 12.

V. RESONANCE INVASION

The NIB bifurcationis a mechanisnby which resonant
standing-wavepatternsdestabilizeto nonresonantraveling
waves Figure13 showsanexperimentatlemonstratiorof an
opposite behavior where nonresonantraveling waves are
displacedby resonantstanding-wavepatterns.The mecha-
nism of this behavioris associatedvith the appearancef a
Turing modé® and has beenstudied by Yocheliset al 2640
Considerthe dispersionrelation associatedwith the zero
stateof Eq. 3 Ref. 30,

= K+ 2 K22, 8

An examinationof this relation revealsa codimension-two
point,
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FIG. 12. Nucleationof a spiral-vortexpair in the kinematicequations 6 .
a, d A small perturbationin the curvaturegrows. b, e A portion of the
domainreversedlirectionanda spiral-vortexpair nucleatesalongthe front.
c, f A pair of rotating spiral wavesforms. Parametersa=5.97, a,,=6.0,
b=0.165,c=6.03.

[ 1+ 2 9

=0, = .=
wherethe Hopf bifurcationto uniform oscillationscoincides

with a Turing instability,*® as Fig. 14 shows.The Hopf fre-
quency andthe Turing wave number are given by

FIG.13. Coloronline Resonanstandingwavesinvadingnonresonangua-
siperiodic oscillations. Top patternsfrom a region of the BZ reactor
strobedat half the forcing frequency Blue yellow representgegionsof
low high Rulll concentration. Bottom patternsin the FCGL equation
3. Blue andyellow regionsare different phasesseparatedy . Param-
eters: =198, =1, =20, =0.5, =0
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FIG. 14. The growth rate real partof  of perturbationsrom the A=0
stateof Egq. 3 at the codimension-twopoint, =0, = .. Two modes
becomemarginal at this point, a Hopf zerok modeand a Turing nite- k
mode.Parameters: =0, =2.0, =0.5, = . 1.8.

= |/ andki= / 2 respectivelywhere = 1+ 2. Inthe
vicinity of the codimension-twopoint, where c
o Solutionsof Eq. 3 canbe approximatedas

ReA

mA " eBe *+eB e *+cc. + 7, 10

wherethe complexamplitudesB, t andBy t in Eq. 10
areof order , anddescribeslow uniform modulationsof
the relatively fast oscillations associatedwith the Hopf
mode and of the fast spatial variationsassociatedvith the
Turing mode.We refer the readerto Yocheliset al.?® for the
derivation of the normal form equationsfor the amplitudes
B, and B, the so-calledHopf-Turing amplitude equations.
Theseequationshave beerstudiedin various contextd*™*’
andareknownto havea parameteregimewherestableuni-
form oscillationscoexistwith a stableTuring pattern.

In the presentcontext, the uniform oscillations states
pertain to nonresonantquasiperiodicoscillations, whereas
the Turing-patternstate describesresonantstandingwaves.
The range of bistability occurs outside the 2:1 resonance
tongueandis boundedon one side by the tongueboundary
Moreover closeto the tongueboundarythe Turing-pattern
stateinvadesthe uniform-oscillationsstateas shownin Fig.
13 b . These ndings explainthe experimentalbbservations
shownin Fig. 13 a. Indeed,the displacemenbf traveling-
wave stateby the resonanstanding-wavestatehasbeenob-
servedin the vicinity of the tongueboundary

The phenomenomf resonancénvasionpresentegbove
has been predicted using an amplitude equationapproach

Eq. 3 Refs.26and30 . To testthis predictionwe studied
resonancenvasionin the FHN model 1. Figure 15 top
shows snapshotof a standing-wavepatterninvading uni-
form oscillationsoutsidethe tongueboundary parameterst
solid circle in Fig. 2 . Typical time seriesin the standing-
wave and uniform-oscillationsdomains are shown in the
middle part of Fig. 15, andthe correspondingpower spectra
in the bottom part. While the uniform oscillationsare quasi-
periodicandunlockedto the forcing, the standingwavesare
clearly resonantjockedto half the forcing frequency
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FIG. 15. A resonantpatterninvading an unlockedoscillatory statein the
forcedFHN model 1 . The parametersorrespondo the point indicatedby
the solid circle on thetonguediagramin Fig.2 ;=1.3, =0.4. Top two
snapshotsn time of the patternphase.The left half of the domainis reso-
nantandtheright half is unlockedwith uniform oscillations. Middle time
seriesfor the two points shownin the top gure. The time seriesfor the
point atthe blackcircle is notlockedto the forcing shownin the smallsine
wave. Thetime seriesat the red squareis lockedto the forcing and shows
onefull wavelengthresponsdor everytwo forcing wavelengths. Bottom

the power spectraof the two time seriesshowingthat the resonantart of
the patternis lockedto 1/2 theforcing frequencyasindicatedby the vertical
line.

VI. CONCLUSION

We describedhere joint theoreticaland experimental
studiesof patternformationmechanismshat affect the reso-
nantresponsef oscillatory systemso periodicforcing. We
focused on the 2:1 resonancecase and highlighted two
mechanismsThe rst is associateavith the NIB front bifur-
cation within the resonanceongueof uniform oscillations.
The bifurcation restrictsthe range of resonantnonuniform
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oscillationsto the Ising regime where phasefronts are sta-

tionary. The NIB bifurcation designatesa sharp transition

from nonresonanttraveling waves to resonant standing
waveswhen the phasefronts are transverselystable.In the

presenceof a transversefront instability, an intermediate
rangeof Bloch-frontturbulencefurther restrictsthe rangeof

resonanbscillations A secondmechanismaffectingresonant
responses associatedvith the appearancef a nite-wave

numberor Turing-like instability of the zerostate.Theinsta-

bility is inducedby the periodicforcing and canleadto the

coexistenceof stable nonresonantscillations with stable
resonanstandingwaves.Invasionof the latter stateinto the

former leadsto resonanresponseutsidethe Arnold tongue
boundarief uniform oscillations.

Equivalent mechanismamay work in other resonance
tonguesTheoreticalstudiesof the 4:1 resonancé??*for ex-
ample,revealeda front instability that designates transition
from resonanttwo-phasestanding waves at high forcing
strengthsto nonresonanfour-phasetraveling wavesat low
forcing strengthsLike the NIB bifurcation, this front insta-
bility restrictsthe parameterange of nonuniformresonant
oscillationswithin the 4:1 tongue.
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