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Abstract

Kinematic equations for the motion of slowly propagating, weakly curved fronts in bistable media are derived. The equations
generalize earlier derivations where algebraic relations between the normal front velocity and its curvature are assumed.
Such relations do not capture the dynamics near nonequilibrium Ising—Bloch (NIB) bifurcations, where transitions between
counterpropagating Bloch fronts may spontaneously occur. The kinematic equations consist of coupled integro-differential
equations for the front curvature and the front velocity, the order parameter associated with the NIB bifurcation. They capture
the NIB bifurcation, the instabilities of Ising and Bloch fronts to transverse perturbations, the core structure of a spiral wave,
and the dynamic process of spiral wave nucleation. Copyright © 1998 Published by Elsevier Science B.V.
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1. Introduction

Interfaces separating different equilibrium or nonequilibrium states appear in a variety of contexts including
crystal growth, domain walls in magnetic and hydrodynamic systems, and reaction—diffusion fronts [1]. The global
patterns that appear in these systems depend to a large extent on the possible occurrence of interfacial instabilities.
A transverse instability of the interface, for example, may lead to fingering and the formation of labyrinthine pat-
terns [2-8]. Another instability with dramatic effects on pattern formation is the nonequilibrium Ising-Bloch (NIB)
bifurcation [9-13]. The bifurcation, which takes a single stable (Ising) front to a pair of counterpropagating stable
(Bloch) fronts, has been found in chemical reactions [14—16] and in liquid crystals [17-19]. Far below the NIB bifur-
cation stationary patterns or uniform states prevail. Far beyond it, a regime of ordered traveling patterns, including
spiral waves, exists. In the vicinity of the bifurcation disordered spatio-temporal patterns, involving repeated events
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of spiral-wave nucleation appear. This behavior, which we call “spiral turbulence”, has been attributed to sponta-
NEYUS GUIESTAIIE WA LY UHRTYEIPUALIE, B Ty R g TUreitr it Il Aieassayin, Wi
interactions with boundaries [6,20].

A common theoretical approach to studying pattern formation in interfacial systems is based on a geometric
e@DINON 101 Ine IMeTace Corvamse 1seeTp. Y2 phow)H 121 -25). Oneeine bepenbence ol Tne norms) yéociyy of ine
interface on its curvature is known, the shape of the interface can be determined at any given time. For reaction—
diffusion fronts this dependence may become particularly simple: Away from an NIB bifurcation, a linear relation
is an excellent approximation {24,26,27]. The curvature equation, however, does not capture possible transitions
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degree of freedom and can no Yonger ajgebraically be redaied 10 corvamre )20,23,29).

In this paper we consider bistable media that exhibit NIB bifurcations and derive kinematic front equations which
generalize the geometne curvamre egnanon. The new Xinematic equaiions capinre iransifions between counterprop-
agatng fronts, and spontaneous spiral-wave nucleaiion, a process wnmch plays a crucial role n tne onset of spual
turbulence. The equations are:

— An equation for the order parameter, Cy, associated with the NIB bifurcation:

8Co , 32Co  9Cy [
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— A geometric equation for the front curvature, «:

s
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— An equation relating the normal front velocity C,, the curvature «, and the order parameter, Co:
C, = Co— D«x. 3)

In these equations s is the front arclength, and the critical parameter value, . designates the NIB bifurcation point.
Note that Eq. (3) cannot be regarded as a linear relation between the normal velocity of the front and its curvature
since Cp is not a constant but a dynamical variable coupled to curvature through Eq. (1). In fact, Egs. (1) and (3)
can be recast into a single integro-differential equation for the normal velocity (using Eq. (2))

s
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which replaces the algebraic C,—« relation used in earlier derivations. An algebraic C,~« relation can be recovered
firom Egs. {11 and {37 assuming the order parameter Ty follows adiabatically slow curvatyre variations. This issue
18 Seriner Sascassed &k e ené of Secion 3.

The order parameter equation (1) yields the NIB bifurcation for planar (uncurved) fronts. For a symmetric bistable
system (yo = 0), the Ising front, Cy = 0, is stable for @ > a.. At @ = « the Ising front becomes unstable and
a pair of Bloch fronts appears, Cp = C5 = +./(a — @)/B. For a nonsymmetric system (yy % 0) this pitchfork
bifurcation unfolds into a saddle node bifurcation in the usual way.

A brief account of the results to be reported here has appeared in [30]. We present in Section 3 a detailed derivation
of the kinematic equations for a particular reaction—diffusion mode] introduced in Section 2. In Section 4 we study
the kinematic equations. We analyze the stability of planar fronts to transverse perturbations and present numerical
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solutions describing steadily rotating spiral waves and spiral-wave nucleation induced by a transverse instability.
We conclude in Section 5 with a discussion of our results.

2. The reaction—diffusion model

We consider the FitzHugh-Nagumo model with a diffusing inhibitor,

ELﬁ:e_‘(u—u3—v)—}—5_'V2u, %=u—a1v—aO+V2U, (5
at ot
where u and v, the activator and the inhibitor, are real scalar fields and V' is the Laplacian operator in two dimensions.
The parameter a; is chosen so that (5) describes a bistable medium having two stable uniform states: an up state
(44, v+) and a down state (1, v_). Ising and Bloch front solutions connect the two uniform states (., vy) as the
spatial coordinate normal to the front goes from —oo to +00. The parameter space of interest is spanned by ¢, §
and ay, or alternatively by n = Ves, u = €/4, and ap. Note the parity symmetry (u, v) — (—u, —v) of (5) for
ap = 0.
The NIB bifurcation line for ay = 0 is shown in Fig. 1. For u « 1 it is given by § = 8p(€) = ng /€, or
n = ne, where 7 = 3/24/2¢° and ¢* = a) + 1/2 [13]. The single stationary Ising front that exists for n > n,
loses stability to a pair of counterpropagating Bloch fronts at = 7. Beyond the bifurcation ( < n.) a Bloch
front pertaining to an up state invading a down state coexists with another Bloch front pertaining to a down state
invading an up state. Also shown in Fig. 1 are the transverse instability boundaries (for ay = 0), § = §j(€) = ¢/ 773
and § = dp(e) = nc/+/€, for Ising and Bloch fronts, respectively. Above these lines, § > &, planar fronts are
unstable to transverse perturbations [6,31]. All three lines meet at a codimension 3 point P3: ¢ = ng, § =1,
apg = 0.

0

T

0.0 0.01 0.02
€

Fig. 1. The NIB front blfurcatxon and planar front transverse instability boundaries in the -8 parameter plane. The thick line is the NIB
bifurcation, 85 (e) = ng / €. The dashed lines are the boundaries for the transverse instability of Ising, 8;(¢), and Bloch, 8g (¢), fronts. When
8 > &) (8 > dp) planar Ising (Bloch) fronts are unstable to transverse perturbations. The thin lines are approximations to the transverse
instability boundaries obtained from a linear stability analysis of the kinematic equations. Parameters: a; = 4.0, ag = 0.
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3. Deriving the kinematic equations

The derivation of the kinematic equations is described here in three steps: A transformation to a frame moving
with the curved front (Section 3.1), derivation of the normal velocity equation (3) using a singular perturbation
approach (Section 3.2), and derivation of the order parameter equation (1) (Section 3.3). In deriving the equations
we assume that 4 = €/8 < 1 and that curvature is small, x < 1. Additional assumptions needed in deriving the
order parameter equation are described in Section 3.3.

3.1. The moving frame

We transform to an orthogonal coordinate system (r, s) that moves with the front, where r is a coordinate normal
to the front and s is the arclength. We denote the position vector of the front by X(s, f) = (X, ¥), and let it coincide
with the ¥ = 0 contour line. The unit vectors tangent and normal to the front are given by

§ = cos 6% + sin 69, f = —sin 6% + cos 69,

where 6(s, 7) is the angle that § makes with the x axis. A point X = (x, y) in the laboratory frame can be expressed
as

x = X(s, 1) + rf.

This gives the following relation between the laboratory coordinates (x, y) and the coordinates (s, r) in the moving
frame:

ay X
x=X(s,t) —r—, y=Y(s,t)+r—

, 6
as as ©
where we used the fact that § = 9X/0s.
With this coordinate change, partial spatial derivatives transform according to
8_8Y8+ aX 9 Z)__BXE)+ ay a 7
dx  ds or ds ds’ dy  Os or ds Os’ @
where
G=(+r)"",
and «, the front curvature, is given by
80 Y ¥PX  ax Y
ds ~ 9s as2  Bs 9s%
The time derivative transforms to
_ 90 n or 9 N ds d g
Cd adr  oros ®
where [23,24]
a s
s
i f kCpds’, 9)
0
or
— =—C,. (10)

ot
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Using (7) we find for the Laplacian operator frame [32]

& 3 3G @ i
V= — +4G—+G——+G . 11
ar? + or + ds ds + 052 (n
The reaction—diffusion system (5) in the moving frame is
nﬂDu:u—u3—v+uV2u, Dv=u—a1v—ao+V2v, (12)

where D and V2 are given by (8) and (11), respectively, and we recall that & = €/8 and n = Ves.

3.2. The normal velocity equation

We study Egs. (12) assuming p¢ < 1. Note that the limit 4 — 0 can be taken safely without departing from the
immediate neighborhood of the front bifurcation at n = 7n.. We will use this fact in deriving the order parameter
equation. Consider the narrow front region where u changes on a spatial scale of order /i while v changes on a
scale of order unity. Stretching the normal coordinate r according to z = r/, /i, Eqgs. (12) become

¥ 3 9 3G 3
u—u —v+ ——M+Jﬁ(—nDu+KG—Ii) + G2—3+G——u) =0,
) 9z2 ) 0z ds ds s (13)

v v oG dv

— —ulD — —ag-G*— -G—— | =0

PR ”( vhu—aw—a = Ghes - O as)
Expanding u and v as

u=uo+ Juu +pur -, v=vp+ JEv Hpva e,
we find at order unity the stationary front solution

uo = —tanh(z/v2), v =0.
At order ,/u we find the equations

0z dug dug F v
Luy = —— —kG—, — =0,
MENE S TR 32 (a®
where
82

C=@+l—3u%. (15)
Solvability of (14) yields

or 3 vp 467! 16

- = «,

a2 (16)

where vy = v(0, s, 1) +0(e?) isthe approximately constant value of the inhibitor v in the narrow [O(,/f)] front core
region. The first term on the right-hand-side of (16) is identified with the order parameter for the NIB bifurcation:
Co = —(@3/ nﬁ)vf. Since the normal velocity is C, = —3r/dt, Eq. (16) yields the normal velocity relation (3)
with D = §7!.
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3.3. The order parameter equation

Away from the narrow front region u and v change on the same spatial scales. Letting & — 0 in Egs. (12) we
obtain ¥ — u3 — v = 0. The relevant solutions are ¥ = u,(v) ¥ 1 —v/2forr < Oandu = u_(v) = —1 — v/2
for r > 0 (assuming a; is sufficiently large) [13]. We thus obtain the following free boundary problem for v:

3 ]
My=+1— —vf—+ P+ P, r=<0,
2 o
Mo=—1-—= 2 pyp, rx0 (17
v=—l——7vr~ 1 2, rz0,
2 or
+1 —ap v
U(:vas’ t)=vﬂ: = 3 ’ [U]r:() = [_] =Ov
q orl,—o

where M = 8/3t — 8% /or* + ¢,

1 B , 3% Bsov 3G dv
Pr=(G-§ )Kg—ao-f-G 2 35 P = FArrS
and the square brackets denote jumps of the quantities inside the brackets across the front at r = 0.

We confine ourselves to nearly symmetric systems (|ag| < 1) and to a parameter regime that includes the
immediate vicinity of P3 and extends into the Ising regime near or below the transverse instability boundary
3 = 81(¢). This allows solving the free boundary problem (17) by expanding propagating curved front solutions as
power series in ¢ around the stationary planar Ising front [28,33], where ¢ < 1 is the speed of a planar Bloch front
solution. We assume weak dependence of x and v on s and achieve this by introducing the slow length scale S = cs
and assuming X = X(S, £). This assumption dictates x = 3k where kg ~ O(1). We also introduce a slow time
scale T = ¢t to describe deviations from steady front motion. We write

v(r, 5.1, T) = v () + icnv(”)(n S, 11, (18)
n=1
where
VO =¢2(1-e"), r=<o, VWO =¢2e " -1, r>0.
Expanding

n=nc—cm+ctmt-,
anticipating a pitchfork bifurcation, and using these expansions in (17) produces the set of equations

v 2@ )
T+qzv(")*‘p—=—p(n), n=1,2,3,..., (19)

where

0
\/Enc =0 ar
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C

p (20)



466 A. Hagberg, E. Meron/Physica D 123 (1998) 460-473

34 3m e O n 3 S0 @ @ PYG)) O Jp© .
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In (22) we assumed ag = c3agg where agy ~ O(1), and recall that ko = «/c3. Notice that 95 /0T ~ O(1), and P,
contributes only at orders higher than ¢3.

Eqgs. (19) should be supplemented by appropriate asymptotic conditions as r — +oc. Since lim,—, 200 v @)
= +g~2 and ag ~ O(c?), the asymptotic conditions in (17) are satisfied by demanding

lim v™ =0, n=1,2, (24)
r—>=400
and
r_ljriloo v = —ag/q”. (25)

We are interested in solutions of Egs. (19) at long times where they become independent of the fast time scale 7:
™ /3t — 0ast — oo. Forn = 1, the stationary solution of (19) with the asymptotic condition (24) is [28]

v, 8, D) = o)) F),
where
Fn=0-gne?, r<0, Fry={+4gre ™, r>0.

Notice that v decays to zero as |r| — oo on a scale of order g~! ~ 0(). Since ¥k <« 1 we approximated G in
Eq 23)byG=(1+r)" '~ 1
For n = 2 we obtain the stationary solution [28]

@) M 23
v S, = [v|,_0+ 3Vp—g 4 T1F (), (26)

For n = 3, the stationary solution of (19) with (25) is

a
v 5,7 = —;029 + [ ® o+ 2 - L+ Ar— Bt~ Cor jlc"’, r<0, 27)
v (S, 1= —@9 + [ o+ 5;? +Ar—B_r’ - CJS} e, r>0, (28)
where

3. (@) PENCI IR UIN) 3 -4
A =q7v, 0, [ v, 5,7 + Vir=0 =~ V=0 — qY 1r10+ Togz Mol
Ne q
1 2
B+ =3V, D +q* w2,

— 417,00
Ce=%59" v,
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Application of the (no) jump condition [v§3)1r=0 = ( leads to

wh V2 gy 3 g3 4 20-6"" Y s
= —Fv"' — ==V — =ag — Ko —

o iy 29
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where v\ is evaluated at » = 0. Using expansion (18), the integral (9), and transforming back to the fast variables
s, t, Eq. (29) becomes
s
by _ V2me=m 3

4 21 —-67H vy duy
h y i B o U3y
ot qn; 4né

4 Y | wc, ds. 30
3% 3q 352 s [ KEn @8 (30)
0

3
Uf_

where vs(s, 1) = v(0, 5, 1). Eq. (30) coincides with the order parameter equation (1) once we make the following
identifications: Cp = —(3/n«/§)vf, o= nﬁ/qng, o = \/E/qnc, B=1/6,y =a(1 —5&"), and y = 2ctcqaq.

Algebraic C,—« relations can be obtained from Eqgs. (1) and (3) for smooth weakly curved fronts assuming Cy
follows adiabatically slow curvature variations:

Cy = Co — Dk, (31
where Cy solves
(e — @)Cy — BCH + yk + v = 0. (32)

Such an assumption is valid away from the NIB bifurcation, but the condition Cyp ~ ¢ <« 1 used in deriving Eq. (1)
no longer holds. To test how Eqs. (31) and (32) perform away from the NIB bifurcation we compared them with
C,—« relations obtained from the implicit equation

3(Cp 4+ 1) 3ag
2 2 2 * 2’
Vg V(Ci+ 107 + 447 V2ng
derived in [6]. Eq. (33) is valid at any distance from the NIB bifurcation. Fig. 2 shows graphs of Eqgs. (31) and (32)
(solid curves) and of solutions of Eq. (33) (dashed curves) close to and away from the NIB bifurcation. The agree-

ment between the two approaches remains very good even where ¢ > 1 (Fig. 2(b)). Thus the adiabatic elimination
of Cy away from the bifurcation reproduces the algebraic C,—« relations to a very good approximation.

Cy + Dk = (33)

271Gy (a) 27 Cy (b)
% .-“-.'.-.-I...“_._u-.
1 1
K K
0.2 0.6 -0.6 -0.2 0.6
. -1
—""I'r.-.....__._'_._'_._ D
-2

Fig. 2. The Cy—« relations (31)~(32) derived from the kinematic equations (solid curve) and solutions of the implicit relation (33) (dashed
line). (a) Near the NIB bifurcation, € = 0.0115, both relations give the same result. (b) Farther from the bifurcation, € = 0.0105, the
agreement is still good even though the kinematic equations are derived for ¢ « 1. Parameters: a; = 4, ag = —0.0001, § = 1.063.



468 A. Hagberg, E. Meron/Physica D 123 (1998) 460-473
4. Numerical solutions of the kinematic equations

We study two types of solutions to the kinematic equations: steadily rotating spiral waves (Section 4.1), and the
nucleation of a spiral-wave pair by a transverse instability (Section 4.2).

4.1. Spiral waves

Consider a “front” solution connecting the planar Bloch front, Co = C(T , kK = 0, at s = —oo with the planar
Bloch front, Co = Cy, k = 0, at s = +00, where C§ = +./(ec — @)/B, and we have assumed a symmetric
model, ap = 0 or yp = 0. Fig. 3(a) shows such a solution obtained by numerically integrating (1)-(3). As demon-
strated in Fig. 3(b), this front solution of the kinematic equations (1)—~(3) represents a spiral-wave solution of the
FitzHugh-Nagumo model (5). Far away from the spiral core the leading front of the spiral approaches a planar
Bloch front pertaining to an up state invading a down state (C — Cg as s — —00). The trailing front approaches
a planar Bloch front pertaining to a down state invading an up state (C — Cy as s — +oc). The spiral core
is naturally captured as the interface separating these two Bloch fronts. Cores of spiral waves in bistable and ex-
citable media have also been studied in [46,34-38] using steady state free boundary formulations with linear C,,—«
relations.

Fig. 4(a) shows a similar front solution but for an asymmetric system, ag % 0 or yy # 0. Fig. 4(b) shows
the corresponding spiral wave. The spiral tip, defined as the point of zero curvature, is no longer stationary, but
rotates along a circle. A word of caution is needed here, however. The kinematic equations do not take into account
interactions between front segments. Including such interactions would require changing the asymptotic conditions,
U(F00, 5, ) = v+ in (17). As a result, away from the tip (outside the frame in Fig. 4(b)), the trailing front of the
spiral meets the leading front and the up state domain disappears.

- —100

-300

200 600 -100 100
S X

Fig. 3. A front solution to the kinematic equations (1)-(3). (a) The order parameter Cy and the curvature x along the arclength s. (b) In the
x~y plane the front solution corresponds to a rotating spiral wave. The shaded (light) region corresponds to an up (down) state. Parameters:
ay =4.0,a0 =0,e =0.01234,6 = 1.0.
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Fig. 4. A front solution to the kinematic equations for a nonsymmetric system (yg # 0). (a) The order parameter Cy and the curvature «
along the arclength s. (b) In the x—y plane the front solution corresponds to a rotating spiral wave. The shaded (light) region corresponds
to an up (down) state. Parameters: a) = 4.0, agp = —0.0001, ¢ = 0.0115, 6 = 1.0.
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0.0 0.2 0.4 0.6 0.8 1.0
Q

Fig. 5. Growth rates, o, of transverse perturbations of wave number Q to uniform solutions of the kinematic equations (1)—(3). Solid line:
Bloch fronts, € = 0.011, § = 1.08. Dashed line: Ising fronts, € = 0.012, § = 1.2. In both cases a; = 4.0, ag = 0.

4.2. Spiral nucleation induced by a transverse instability

Earlier numerical solutions of the FitzHugh-Nagumo model (5) revealed that an instability of a planar front
solution to transverse perturbations near an NIB bifurcation can induce spontaneous nucleation of spiral waves
followed by domain splitting [31]. The kinematic equations (1)—(3) capture the transverse instability of the Ising
front and, to linear order around the codimension 3 point, P3, also the transverse instability boundary of the Bloch
fronts. Explicit expressions for the transverse instability thresholds for a symmetric system (yp = 0) can readily be
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S X
Fig. 6. A numerical solution of the kinematic equations (1)~(3) demonstrating the nucleation of a spiral-wave pair from an unstable
propagating front. Left column: the Co(s) and «(s) profiles. Right column: the front line shape in the x—y plane. A small perturbation
on the initially near planar front (a) grows (b) and nucleates a pair of spiral waves (c). The front regions in the left frame of (d) each

correspond to the core of the rotating spiral in the right frame. Parameters: a; = 4.0, ay = —0.0001, € = 0.0115, § = 1.063. (a)-(d) are
att =0, 116, 136, 142.

obtained. Let
Co = C8 +Co exp(ot +1Qs) + c.c., k=« + kexp(ot +1Qs) +c.c.

where (C?, %) = (0, 0) for the Ising front and (C?, ¥°) = (£/(a. — @) /B, 0) for the Bloch fronts. Inserting these
forms in (1)-(3) gives the following transverse instability lines, linearized around § = 1:

Ising: €=7n25,  Bloch: ¢=n2(3—26).

These lines are displayed in Fig. 1 (thin lines). Fig. 5 shows typical growth rates of transverse perturbations of wave
number Q for Ising fronts (dashed line) and Bloch fronts (solid line) for the symmetric case. Note that the first wave
number to grow as the transverse instability lines are traversed is Q = 0, consistent with our assumption of small
curvature in the vicinities of (or below) these lines.
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Fig. 7. A numerical solution of the kinematic equations ( 1)~(3) with the same initial conditions as in Fig. 6 but farther away from the
NIB bifurcation. Left column: the C(s) and k(s) profiles. Right column: the front line shape in the x-y plane. The transverse instability
causes a small dent (a) to grow (b) but since the system is far enough from the NIB bifurcation, no spiral-wave nucleation occurs (¢). and
the dent contracts (d). Parameters: a; = 4.0, ay = —0.0001, ¢ = 0.0115, § = 1.055. (a)«(d) are at t = 0, 175. 220, 240.

To test whether spiral-wave nucleation induced by a transverse instability is captured by the kinematic equations,
we numerically computed the time evolution of a planar front near the NIB bifurcation and beyond the transverse
instability boundary. Figs. 6(a)~(d) show four snapshots of this time evolution. The initial front pertains to an up
state invading a down state (Cp > 0). The transverse instability causes a small dent on the front to grow (Fig. 6(b)).
The negative curvature then triggers the nucleation of a region along the arclength where the propagation direction
is reversed (Cy < 0) (Fig. 6(c)). The pair of fronts in the kinematic equations that bound this region correspond
to a pair of counter-rotating spiral waves in the FitzHugh-Nagumo equations (Fig. 6(d)). Fig. 6(d) demonstrates
the equivalence of spiral pair nucleation in the bistable medium to “droplet” nucleation in the kinematic equations.
The C,—« relation for the parameter values of Fig. 6 is shown in Fig. 2(a). Although the relation does not capture
the nucleation dynamics it does provide a heuristic explanation of the nucleation process: the negative curvature
that develops at the dent grows beyond the termination point of the upper branch in Fig. 2(a) and a transition to the
lower branch takes place. This results in the reversal of propagation direction and the nucleation of a spiral-wave






