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A numericalsimulationis cheaperthana real-

life experiment. It implies cheaperproduction
costin many industries(automobilebuilding, oil
production,etc). But the numericalsimulations
shouldbereliable,sothat thepredictionsandin-
sightsgainedfrom them were trustworthy. The
determiningfactorfor thereliability areaccurate
andef�cient discretizationmethods.

The main goal of this summer project is
the investigation and the program realization
of mimetic �nite difference algorithms for a
diffusion-typeequationon unstructuredpolyhe-
dral meshes.This problemcanbe formulatedas
the�rst ordersystem:

F ��� K gradp
divF

�

cp � Q

whereK is a symmetricuniformly positive def-
inite tensor, Q is a given sourcefunction, and p
andF areunknown scalarandvector functions,
respectively.

In many applications mesheswith general
type elementsaremorepreferablethanstandard
tetrahedralor cubic meshes. The polyhedral
meshesappearin thebasinmodelingwheremesh
cells have to approximatesophisticatedgeologi-
cal structures(faults,pinch-outs).For instance,a
lot of applicationsin thecomputational�uid dy-
namicsoperatewith Voronoi-typemeshes.

Anotherexamplecomesfrom applicationsus-
ing the adaptive meshre�nement algorithmsor
non-matchingmeshes.Speci�c situationoccurs
whenwe dealwith polyhedronswhich facesare
extremelycurve. In that casea curve faceis ap-
proximatedby apiecewiselinearsurface.

Exampleof a Voronoi-typemesh.Themeshcon-
sistsof pentaandhexa prismsandpyramids

Distortedcubewith 6 curvilinear facesis trans-
formedto polyhedron with 24planar faces

Mimetic �nite difference discretizationuses
discreteoperators(GRAD and DIV ) that pre-
serve certain critical propertiesof the original
continuum differential operators( � Kgrad and
div, respectively). For the linear diffusion prob-
lem, this meansthat the mimetic discretizations
mimic the Gaussdivergencetheoremto enforce
thelocalconservationlaw, thesymmetrybetween
thecontinuousgradientanddivergenceoperators,
GRAD�

� DIV , to guaranteesymmetryandpos-
itivity of the discreteoperatorDIV GRAD� , and
thenull spacesof theinvolvedoperatorsto prove
stabilityof thediscretization[1, 2].

Thecurrentapproachis basedonthedivideand
conquerprinciple. Firstly the local discreteop-
eratorareconstructed.Eachmeshcell is consid-
eredasaseparatedomainandanindependentdis-
cretizationis generated.The normalcomponent
of the vector function F is computedat the face
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centersandthepressureunknowns p is computed
at the centersof facesandmeshelements.Sec-
ondly we imposeboundaryconditionsandinter-
faceconditionsbetweenneighbouringelements.
Imposinginterfaceconditionwe requirea conti-
nuity for p andthenormalcomponentof F across
thepolyhedralfaces.Thesimilar approachin 2D
casewasdescribedin [3].

Wehaveprovedthattheresultingdiscretization
is exact for piecewise linear solutionsp (piece-
wise constantF) on the unstructuredpolyhedral
mesheswith planarfaces.Moreover, thesolution
algorithmproducesa symmetricpositive de�nite
systemof linear equations(semi-positive de�-
nite in thecaseof Neumannboundaryconditions)
whichcanbesolvedwith ef�cient iterativemeth-
ods.

The computational results demonstratethe
�e xibility and accuracy of our approximation
method. For suf�ciently smoothsolutions,we
achieve the secondorderconvergencefor scalar
unknown p and at least �rst order for the vec-
tor unknown F on different typesof polyhedral
mesheswhich facesare close to planar faces.
Shouldbenotedthatfor smoothmeshes,thepoly-
hedronfacesarecloseto planarfaces.

In thecaseof polyhedralmesheswith strongly
curved faces, an approximationof the curved
facesby planarfacesis the only known way to
achieve secondorder convergencerate for the
scalarvariableandthe�rst orderconvergencerate
for thevectorvariable.
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