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The adaptive meshmethodssigni�cantly im-
prove accuracy of simulationsandallow to solve
largeproblemsappearingin engineeringapplica-
tions. Themajority of thesemethodsusemeshes
with regular shapedelements. The wide usage
of anisotropicmesheswas retardedby two bar-
riers. First, it was proved in [1] that the pres-
enceof acuteanglescausesdeteriorationof �nite
elementdiscretizationsof piece-wisepolynomial
functionswith isotropicsecondderivatives. Sec-
ond, therewere not enoughrobust methodsfor
generationunstructuredanisotropicmeshes.The
methodologydevelopedin [2-10] givesdifferent
perspectiveonanisotropicmeshgenerationmeth-
ods.

It was shown in [2, 9] that simplexes with
acuteanglesstretchedalongthedirectionof min-
imal secondderivative of a solutionarethe best
elementsfor minimizing the interpolationerror.
Thus, such simplexes might be and should be
usedin the regionswheresolutionHessian(ma-
trix of secondderivatives) is anisotropic. Re-
cently, a few robust methodsusing the solu-
tion Hessianfor generatingadaptive anisotropic
mesheswereproposed(see[4, 3] andreferences
therein). The theoreticalanalysisof thesemeth-
ods basedwas donein [3,5-8,10] for piecewise
lineardiscretizations.Theoptimalerrorestimates
in L¥ normhave beenproved therefor the inter-
polationerror.

The ideaof the new methodologyis to gener-
ateameshwhich is quasi-uniformin ametricjHj
generatedby the solutionHessianH. The mea-
sureof thequasi-uniformity, 0 · Q(jHj; Wh) · 1,
is a function of the metric and the meshand is
calledthemeshquality. Theanisotropicmeshis
generatedby a sequenceof local meshmodi�ca-
tionsof a simpleinitial mesh.This increasesro-

bustnessof themethodology, allows its black box
implementation[6] andsimpli�es control of the
adaptationprocess[7, 8]. The appealof sucha
methodologyfor solvingengineeringproblemsis
dif�cult to overestimate.

A zoomof theinitial isotropicmeshW(1)
h .

A zoomof the�nal anisotropicmeshW(10)
h .

-1.0 

-0.8 

-0.6 

-0.4 

-0.2 

 0.0 

 0.2 

 0.4 

 0.6 

 0.8 

 1.0 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Pressurepro�les alongthetop (red)andbottom
(green)sidesof thewing. Thesharperpro�les

correspondto the�nal mesh.
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Let us considera model 2D problem: com-
pressibleirrotationalisentropicadiabatic�o w of
the ideal gasarounda wing. The unknown u is
thepotentialof thegasvelocity. This problemis
stronglynon-linearandtheexistenceof asolution
is not guaranteedmathematically. The solution
algorithmis presentedbelow.

1. Generateaninitial triangulationW(1)
h .

2. For k = 1;2; : : : repeat:

(a) Findadiscreteuh onmeshW(k)
h .

(b) ComputethediscreteHessianH of uh.
(c) Terminate adaptive loop if the mesh

quality satis�es

Q(jHj; W(k)
h ) > Q0

whereQ0 is aconstant(Q0 » 0:2 ¡ 0:7).

(d) Generatethenext meshW(k+ 1)
h suchthat

Q(jHj; W(k+ 1)
h ) ¸ Q0:

The initial andthe �nal meshesareshown on
the previous page. The �nal meshhasapproxi-
matelythesamenumberof trianglesastheinitial
meshbut resultsin more accuratepressurepro-
�les alongbothsidesof thewing.

It is pertinentto notethattheinitial meshcanbe
verycoarse.Its furtherre�nementandadaptation
doesnot requireuser's intervention and is per-
formedin a very robustmannerusinglocal mesh
modi�cations. Only themodi�cations which are
topologically acceptableand increasethe mesh
quality areperformed. The list of modi�cations
includesthe following operations(see[10] for
moredetail).

² Putanew point in themiddleof ameshedge
andsplit eachelementsharingtheedgeinto
two elements.

² Remove the commonedge(face in 3D) of
two elementsandconnectoppositevertices
by anew edge.

² Remove a meshedgeandsplit thusappear-
ing quadrilateral(or polyhedronin 3D) into
anew setof simplices.

² Deletea meshnodetogetherwith all mesh
edgesending in it and split thus appearing
quadrilateral(or polyhedronin 3D) into a
new setof simpleces.

² Move a meshnode inside a super-element
consistingof elementssharingthenode.

The methodologycanbe generalizedto prob-
lemswith many primaryvariables.
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