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Objectives

Whatdo we wantfrom thediscretiations?

W preseve andmimic mathematichpropetiesof physicalsystems;
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Whatdo we wantfrom thediscretiations?

preseve andmimic mathematichpropetiesof physical systems;

beaccuateon adaptve smoothandnon-smoothgrids;
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Objectives

Whatdo we wantfrom thediscretiations?

W preseve andmimic mathematichpropetiesof physicalsystems;

W beaccuateon adaptve grids;

W beapplicableto alargefamily of gridsandoperators.
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Considerthe mathematial identity:

/ /

Support-operars (SO) methodology(for & ):
1. de ne degreesof freedom for the physicalvariables , );
2. equipeachof thediscretespacesvith a scalamprodud ( , );

3. chooseadiscreteapproxmationto the divergenceoperator(the prime
operdor );

4. derwvethediscreteapproximatiorof the gradientoperdor from the Grean
formula(the derivedoperator ) s.t. thefollowing
discreteidentity is enfored:
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Mimetic discretizations (2/6)

Applicationsof the SO methodologyinclude:

W Electrom@netics:discreteoperdors , : and
mimic:
W CFD:discreteoperators and mimic:

/ / /

W Gasdynamicsporoelastidy, magnetiadiffusion,etc...
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Mimetic discretizations (3/6)

W Let beavedor spaceof cell-centereddiscretescalarfunctionswith the
scalamroduct

2.

W Let beavectorspaceof discreteedge-lasedvectorfunctionswith a
scalarproduct . Thevectorfunction isrecovered exadly
atfour verticesof quadrilaterh . Let

3

Then Z
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Mimetic discretizations (3/6)
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Mimetic discretizations (4/6)

The prime operator Is derved from the Gauss

theorem:

Centerpoint quadratue gives

Thedervedoperdor Is implicitly givenby
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Mimetic discretizations (5/6)

The stationarydiffusionproblem

N
on

IS rewritten asthe 1stordersystem

anddiscretizedasfollows:
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Mimetic discretizations (6/6)

By thede nition,

Let betheusualveaor dot product.Then

Combiningthelasttwo formulas,we get

Therebre,

IS thenon-locd operator
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Connectionswith FE methods (1/5)

Thesystemof nite differene equations

canberewritten as

Recallthatby thede nition,
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Connectionswith FE methods (2/5)

Thus,the mimeticdiscretiationsareequialentto

Ontheotherhand,the MFE methodwith the Raviart-Thoma elementgives
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Connectionswith FE methods (2/5)

Thus,the mimeticdiscretiationsareequialentto

Ontheotherhand,the MFE methodwith the Raviart-Thoma elementgives

atcell centes onepercell
Degreesof freedom:

normalcomponets atedgecentes normalcompon
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Connectionswith FE methods (3/5)

Thereareisomorphisms andisometry

Properties:
O

Therebre may be consideedasaquadraurerule for
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Connectionswith FE methods (4/5)

Theorem

Suppose is eitherashapeegular triangular or aquasi-unifem quadrilateral
partitioningof  andinputdataaresufciently smooth.Denotethe solutionof
the nite differencemethodby , andset

Then,thefollowing errorboundsnold

with a positve constant indepenlentof
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modi ed RT FE SOFD
16 || 1.58e-3| 2.34e-2 || 1.61e-3| 2.35e-2
32 || 7.95e-4| 1.22e-2|| 7.99e-4| 1.22e-2
64 || 3.98e-4| 6.29e-3|| 3.99e-4 | 6.29e-3
128 || 1.99e-4| 3.22e-3|| 1.99e-4 | 3.22e-3
256 || 9.97e-5| 1.64e-3 || 9.97e-5| 1.64e-3
512 || 4.98e-5| 8.32e-4 || 4.98e-5| 8.32e-4
16 || 1.42e-3| 2.24e-2 || 1.43e-3| 2.25e-2
32 || 7.15e-4| 1.17e-2|| 7.18e-4| 1.17e-2
64 || 3.59e-4| 5.96e-3|| 3.59e-4 | 5.98e-3
128 || 1.80e-4 | 3.06e-3 || 1.80e-4| 3.07e-3
256 || 9.00e-5| 1.56e-3 || 9.00e-5| 1.56e-3
512 || 4.50e-5| 7.93e-4 || 4.50e-5| 7.93e-4
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Mimetic discretizations (1/4)

The SO methodmimic the mathematickidentity

[

at cell centersandedgecentes
Degreesof freecom:

normalcomponentsat edgecenteas
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Mimetic discretizations (2/4)

Theprimeoperdor IS derved from the Gausgheorem:

Derivationof the discretedentity:
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Mimetic discretizations (3/4)

Replacingntegrds in the Gauss-Geenformulaby their approximationsye get

( \

where

and . Thelocal discretizéion reads
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Mimetic discretizations (4/4)

cell cell

Theglobaldiscretiationis achiared by imposingthe continuityof ux es

andinterfaee intensities
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AMR grids (1/3)

cell
cell

cell

Theglobaldiscretiationis achiared by imposingthe continuityof ux es

andinterfaee intensities
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0 0.2

AMR grids
0 256 7.00e-2 8.18e-2
1 556 1.64e-2 3.42e-2
2 088 3.74e-3 1.74e-2
3 3952 9.96e-4 7.57e-3
4 | 15808 2.40e-4 3.79e-3
Uniform grids
0 256 7.00e-2 8.18e-2
1 1024 1.79e-2 3.40e-2
2 4096 3.91e-3 1.62e-2
3 | 16384 9.44e-4 7.30e-3
4 | 65536 2.32e-4 3.76e-3
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AMR grids (3/3)

1 . .
Sphericdly  symmetric
problem in COOF
0.7 . .

06 dinates with the exact
solution:
0.3
0.2
0.1 -
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we proved corvergenceof mimeticdiscredizationsfor thelineardiffusion
equationithe corvergencerateis optimal;

the mimeticdiscretizaions basedon the SO methodologyandFE methods
arecloselyrelatel for the caseof triangular(or quadrilaeral) conforma
meshesanddiffusionproblems;

theabove relationshipsareextencedto AMR triangula andquadrilatera
meshes;

the numericalexperimentson generabolygonalmesheshav the optimal
convergenceratefor mimeticdiscretizaéions

superornvergenceerrorestimate®n triangula andquadrilaterbmeshes
canbe proved usingtherelaionshipsmentionedabore.
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