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Increase Predictiveness of
Simulations

by
Incorporating Physical Principles
iInto Algorithms
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Polyhedra in nature

What partition of the 3D space into cells of equal volummimizesthe surface
area of cell faces?

%

tetrakaidecahedron Weaire-Phelan (199

» Los Alamos
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Polyhedra in CFD

Images are courtesy of CD-Adapco

Simulations ofPolyhedral Meshescan be
10 times fasterthan onTetrahedral Meshes

» Los Alamos
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Locally refined andNon-matching meshes
are thePolyhedral Meshes
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Problems: Mesh effects

|
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fifl

Lee, SH., Jenny, P, Tchelepi, H.A., Comput. Geosciences, 6, 2001.

Mesh Imprint in the Solution is the
Problem forStandard Methods

» Los Alamos
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Problems: Curved Faces

Log scale of permeability Vertical cut of a hexahedral mesh

Curved FacesResult inO(1) Error
In the Standard Methods

» Los Alamos
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Mimetic Methods

Mimic Important Properties of the
Physical and Mathematical Models
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Mimetic Methods preserve Linear Solutions
for Problems with
Tensor Coefficientson Non-smooth Meshes%
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Mimetic Methods

Mﬂdel leFUSiﬁn Prﬂblernl

- Standard methc:ds dr:: NDT canver ; g

001 Mesh Size 0.1

Mimetic Methods work onPolyhedral Meshes
o while Standard Methods Fail

» Los Alamos
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Model Diffusion Problem

o curved | [lu — u"||r2 | |lu— u"|s
0.00 7.86e-4 1.79e-4
0.05 7.80e-4 1.62e-4
0.44 6.69e-4 1.54e-4
2.25 3.54e-4 1.59e-5

Mimetic Methods reduce Error in Velocity
10 times treating onl¥% of Curved Faces
A

» Los Alamos
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Mimetic Methods
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In Multi-scale FrameworkiMlimetic Methods

allows to useArbitrary Coarse-Scale Meshes
.«

» Los Alamos
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Pressure equation

W second order stationary PDE:

—div (KVp)
p

W mixed formulation:
divu

U

b In £
0 on 9N
b

—KVp

W integrating 1st equation over mesh eleméntve get

(DIVuh)E = b,

N
=

S
e
\

="

(DZV u

Z Uf|f\

fE@E

» Los Alamos
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How to discretize the gradient?
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Continuum Problem

Mimetic Method

divii = b DIVu = b"
u = —KVp u" = —GRADp"
KY = —div” GRAD = —DIV*

ker(KV) = constants

ker(GRAD)=constants

AAAAAAAAAAAAAAAAAA



KY = —div"

ker(KV) = constants

Four-step methodology:

1. Define degrees of freedom fpf € 0, andu” € X,

2. Discretize the divergence operatdby/ )V

3. Equip discrete spaces with inner produets|g and|-, -] x

4. Derivethe gradient operatogRAD, from discrete Green’s formula

GRAD = —DIV*

ker(GRAD) = constants

» Los Alamos
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p’ is constant on elemetrtt

® p" be the degree of freedom associated with

AAAAAAAAAAAAAAAAAA



u” is constant on faces of elemefit

m ' be the flux associated with fage
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Step 2: Primary operator

Divergence theorem:

/divﬂ’:?{ U - "
E OF

Implies
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Step 3: Discrete Green formula

“[p" q"lo= ) pridi|E %/pq
Eeq)y, )

s Los Alamos
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Step 3: Discrete Green formula

“[p" q"lo= ) pridi|E %/pq
Eeq)y, )

» Los Alamos
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Step 3: Discrete Green formula

“[p" q"lo= ) pridi|E %/pq
Eeq)y, )

Ee)y, Eel)
kE
h h 2 : h _.h
[’U/ ’ ’U ]E — ME Z,] u]l’z Ufj
2,=1

whereM g = Mg > 0 andkg is the number of faces df (kp = 6 for a

Ff;,,xﬁj cube)

» Los Alamos
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Step 4: Derived operator

» The Green formula
/ﬁ-K‘l(KV)p: —/pdivf[
Q Q

m The discrete Green formula
[uh, QRADph]X — —[ph, DTV uh]Q

 definegthe gradient operator.

» Los Alamos
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The discrete Green formula
[uh, QRADph]X = —[ph, DIV uh]Q
defineshe gradient operator such that wevayshave
GRAD = —DIV*

with respect to inner products @ and X .
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More about mimetic philosophy

= In electromagnetics weaiimic:

div curl = 0, curl grad = 0

/curlﬁ-ﬁ:/(zurlﬁ~ﬁ
0 Q

= In CFD wemimic:

/gradﬁ:zz—/divz-ﬁ
Q — Q

» Los Alamos
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More about mimetic philosophy

= Tensor viscosity methods:

ou
ot
= Theprimaryoperator is gradient.

= —Vp+div(uVu)

Cells density

4.87
4.39

- 39

—-34

» Los Alamos
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The discrete problem is

u” —GRAD p"
DIVu" b"

Solution method is to introduce copies of face-fluxes a
obvious constraints:

AAAAAAAAAAAAAAAAAA



Solution method

Formulas forGRAD, DIV, and the KKT theory give

My, BT CT u 0
B 0 0 p|=1D0d
c 0 o ||Aa]l |o

where is the vector of Lagrange multipliers and

My B
B 0

IS block diagonal. Elimination oft andp gives

SA =g, S=sS*>0.

» Los Alamos
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SA = g, S=8">0

"Multigrid Is ready for real
problems!"
(D. Moulton, T-7)
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Example 1: Polygonal meshes

p(x, y) = £°y* + xsin(2rzy) sin(27y),

0.9t

081

0.7¢

0.6

0.5¢

0.4}

03¢

0.2}

0.1¢

(x+1)?+y* —wy
K =

—xy (x 4+ 1)?

0.2 0.4 0.6 0.8 1
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(x+1)°+y*> —wy

p(z, y) = 2°y* + rsin(2rzy) sin(2my), K
—xy (x +1)°

mesh L2 norm of error

Wl s200 —©—pressure|
| —&— velocity

-1

1077 10

A
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Mimetic Methods
2-nd order accurate for pressure
andl1-storder accurate for velocity
onarbitrary meshesand for problems

with discontinuous tensorcoefficients
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Key element of the MFD method
IS the Inner product

u", Vg ~ /(Klﬁ) U
E
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Mimic octopus

» Los Alamos
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Key element of the MFD method
IS the Inner product

u", Vg ~ /(Klﬁ) U
E
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There exist positive constantandC' such that

/H? / agy.a<c | |
E

We mimic it by requiring that

c|Elvt v < vl Mpv < C|E|v' v Vv

AAAAAAAAAAAAAAAAAA



Integration by parts formula is

/ K. (KgVp') 7= — / ptdivi + Z
E E

fedk

/fpl(ﬁ' ny)

We mimic it by requiring that forany linearp®:

(V") Mpu' = —(DIVvh)E/pl — Z v?/pl
E f

fedk

\/__\_/l)hereu1 = (KgVp!)! andv” is arbitrary.




(V"' Mpu' = —(DIVvh)E/pl + Z v;}/pl
kB f

feok

Sincev” is arbitrary, we get thenatrix equation:
Mpu'(p) =r(p')  Vp,
or, equivalently, MiyN = R, where

N=[u'(z),u'(y)], R=[r(z),r)

AAAAAAAAAAAAAAAAAA



lllustration of N and R




Cute lemma

Lemma.
N'R=R!'N = |E|Kg.
Proof.
‘E|(KE)1’1 = /(KEVZE) . V(ZU — 330)
— (KgVz - i)(x — xg) T — Tg)
aé g f/
= Z(Ul(ﬁ))z\w(ﬂ% — ) = ZNi,le’,l = (N'R); 4
Similarly,

|£\J(KE 2,1 = /KEVy V(ZE — wo) /(KEVy . ﬁ)(:c — wo) = (N R)Q’l

OF

» Los Alamos
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Theorem. Let columns ofC spanker(N7), i.e.

N'C =0 and C'N=0.
Let U be an SPD matrix. Then,

1
ME — ERKElRT—I_CUCT

IS the SPD matrix and solves

MEgN = R.
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KKT theory requires only '
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M

Theorem. Let columns ofD spanker(R?), i.e.
RT'D =0 and D'R=0.
Let U be an SPD matrix. Then,

1 ~
M = ENK; N’ +DUD"

IS the SPD matrix and solves

M'R = N.

AAAAAAAAAAAAAAAAAA



M, = ENK 'NT + DUD”

Let R obtained by orthonormalizing columns &f

- t K
U=ual, and @ = race E).
£
Then,
1
M;:ENK 'NT 4+ o(I — RRT)

P J(:omputlng ofM ' requires(2d + 1)k3, + 4d2kE ops.

x‘.%___ﬁ,_- Los Alamos
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Mimetic Methods

work on
Generalized Polyhedral Meshes
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Example 1: Standard method fall

10° ¢ :
10_17 ]
5 ,
2 107 g
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ﬁ 10 3 i
()] [
S i
107 Asw—
: | —©— MFD: pressure
| —©—MFE: pressure
‘| =9— MFD: velocity
‘| == MFE: velocity
10 h 10
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Example 2: Treating curved faces

mesh L2 norm of error

W 68% of interior mesh S 0 B B e
S Y —©—MFD new: pressure| |
faces are non-planar /| -e—MFDold: pressure
- A Sy —V—MFDnew:veIocity "

: S —v— MFD old: velocity

» Los Alamos
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Examples 3: Twisted meshes

™ numerical results:

W 663 polyhedrons with upto 23 faces

feature top bottom
CN (min) 1.002 | 1.009
CN (max) 2.500 | 115.0
CN (avg) 1.316 | 2.194
p—p"lo | 8.3%e-3| 1.76e-2
u—u"||x | 9.20e-2| 2.20e-1
p—p"||e | 1.68e-2| 2.95e-2
u —u"|| | 2.43e-1| 5.70e-1

» Los Alamos
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Implementation issues

W the mesh fac¢ is calledstrongly curved if
L3 1/2 3 L[
|7’L—Nf‘>0"f| Nf:— n.
Y, 1/

™ On curved faces, we use 3 d.o.f.:

- 1
h S o
u-Nf:—/u-n
g f1 )y

and
1
u;-af,i:—/ﬁ-af,i i=1,2.
1y

on moderately curved faces: on strongly curved faces:

h VR ! \7 h b
uE17f Nf o uE27f .Nf uElaf _uE27f

» Los Alamos
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matricesM g andMg1 are generated as before using extension of the cute
lemma to curved faces.

each moderately curved face introduce 2 interface velaminowns:
MY M2 ]
Mg =

- Mz My | (internal d.o.f)

B 1
solver requires onI;(Mél — M3 M3 ' M%l) which is the first

diagonal block ofvI'!

3 "lh‘ N
i A b ﬁ
/ =
N o Los Alamos

‘-w—r NATIONAL LABORATORY
—n. 52/



Mimetic methoddmimic important properties of the
physical and mathematical models.

MMs are much less sensitive to mesh
non-smoothness than the standard methods.

MMs work on polyhedral meshes while standard
methods falls.

MMs are inexpensive and easy to implement.

Solid mathematical theory dfiMs does exists and
grows.
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High-order Mimetic Methods
(with PhD studenVitaliy Gyrya , PennState)
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Introducing velocity moments




Integration by parts formula is

We mimic it by requiring that forany quadratip?:

(v")T Mpu? = —(DIVo") / Y 0 ol
2 fedkE

* = (KgVp*)! andQy is a quadrature.

AAAAAAAAAAAAAAAAAA



lllustrating example

10" ,
-
- - - -
- ’
it .=t
=
o
= o0tk
O
107 = W = Classical MFD: error in u
= ® = Classical MFD: errorin F
=== High-order MFD: errorinu
=== High-order MFD: error in F
10° 10"
cell size
2 1
Low-order MFD  ||p — p, ||z ~ b7, |lw — wp||pz ~ h

High-order MFD  ||p — p,||r2 ~ h?, u — up||p2 ~ h?

» Los Alamos
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\&

MPFA-type Mimetic Methods
(with Ivan Yotov, University of Pittsburgh)
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TheKey Assumptions that
only velocities unknowns on facets of cornegire

involved in[-, -]z
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MP
sim

MP

-A-MED results in symmetric discretizations on
nlicial meshes for full permeability tensors.

~A-MFED produces a family of discretization

methods.

Theoretical analysis becomes possible with
previously developed technigues.

On general non-smooth and non-simplicial meshe:
both MPFA-MFD and MPFA result in
non-symmetric schemes.

AAAAAAAAAAAAAAAAAA



h | llp=p"lz: [IP—P"[lc | llu—u"|lrz [lu—u"||s
3 1.14e-2 4.06e-2 2.94e-1 2.67e-0
16 2.93e-3 1.18e-2 1.24e-1 1.14e-0
32 7.13e-4 3.23e-3 5.97e-2 5.12e-1
64 1.77e-4 9.49e-4 3.01le-2 3.56e-1

128 4.48e-5 2.58e-4 1.52e-2 1.98e-1

2.00 1.82 1.06 0.92 n
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Mimetic methoddmimic important properties of the
physical and mathematical models.

MMs are much less sensitive to mesh
non-smoothness than the standard methods.

MMs work on polyhedral meshes while standard
methods falls.

MMs are inexpensive and easy to implement.

Solid mathematical theory dflMs does exist and
grows.
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