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EPIDEMIOLOGICAL MODELS FOR MUTATING PATHOGENS*

JIA LIT, YICAN ZHOU#, ZHIEN MA¥, AND JAMES M. HYMANS

Abstract. We formulate epidemiological models for the transmission of a pathogen that can
mutate in the host to create a second infectious mutant strain. The models account for mutation
rates that depend on how long the host has been infected. We derive explicit formulas for the
reproductive number of the epidemic based on the local stability of the infection-free equilibrium.
We analyze the existence and stability of the boundary equilibrium, whose infection components are
zero and positive, respectively, and the endemic equilibrium, whose components are all positive. We
establish the conditions for global stability of the infection-free and boundary equilibria and local
stability of the endemic equilibrium for the case where there is no age structure for the pathogen in
the infected population. We show that under certain circumstances, there is a Hopf bifurcation where
the endemic equilibrium loses its stability, and periodic solutions appear. We provide examples and
numerical simulations to illustrate the Hopf bifurcation.
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1. Introduction. One of the biggest challenges in preventing the spread of in-
fectious diseases is the genetic variations of pathogens. Pathogen mutations that
circumvent the protective effects of a patient’s immune response are common in in-
fectious diseases such as measles [5], hepatitis B [20], HIV [9], West Nile virus [8], and
influenza [18, 23, 24, 25].

The generation or selection of mutants that are a reflection of attempts of the
pathogen to resist immune attacks of the host and to survive may occur naturally
or in response to treatment with antibodies or antiviral drugs. Pathogens frequently
alter their antigen expression to escape the immune defense and ensure the persistent
infection in a host [10, 19].

There were only a few existing mathematical models accounting for genetic mu-
tations of a pathogen [2, 3, 11, 17, 21], and little has been done to directly model
dynamics of mutations which describe the attempts of the pathogen, after its infec-
tion in a host, to escape the immune defense of the host. In this paper, we propose
an infection-age-structured dynamic model for a pathogen that can mutate into a
second infectious strain in the host. The mutation could be the effect of selective
immunologic pressure or possibly adaptation to a more efficiently transmitted or a
better replicating pathogen resulting from conversion of the original viral pathogen.

The model formulation for the origin of the pathogen strain is based on a sus-
ceptible-infective-recovered (SIR) model with variable infection ages and is governed
by partial differential equations (PDEs). The dynamics of the mutant are based on

*Received by the editors June 13, 2003; accepted for publication (in revised form) March 10, 2004;
published electronically September 24, 2004. This work was partially supported by Department of
Energy contract W-7405-ENG-36 and Applied Mathematical Sciences Program KC-07-01-01.

http://www.siam.org/journals/siap/65-1/43018.html

TDepartment of Mathematical Sciences, University of Alabama, Huntsville, AL 35899 (li@math.
uah.edu).

tDepartment of Applied Mathematics, Xian Jiaotong University, Xian, China (zhouyc@mail.
xjtu.edu.cn, zhma@xjtu.edu.cn).

$Energy Program Theoretical Division, MS-B284, Center for Nonlinear Studies, Los Alamos Na-
tional Laboratory, Los Alamos, NM 87545 (hyman@lanl.gov).

1



2 JIA LI, YICAN ZHOU, ZHIEN MA, AND JAMES M. HYMAN

an ordinary differential equation (ODE) SIR model. We characterize the threshold
conditions of the model epidemic with an explicit formula for the reproductive num-
ber of infection, which determines the stability of the infection-free equilibrium. We
analyze the stability of boundary equilibria of the model, where some, but not all,
of the infection components are zero. We then investigate the existence and stability
of the endemic equilibrium, whose components are all positive. We obtain explicit
formulas for the endemic equilibrium and the characteristic equation of this equilib-
rium, which determines its stability. We then consider the special case where the
rate at which the pathogen converts to its mutant and the transmission rate of the
original pathogen are both independent of infection age. In this simplified situation,
the model equations reduce to a system of ODEs. We obtain global stability of the
infection-free equilibrium and a unique boundary equilibrium. We show that under
certain conditions, the unique endemic equilibrium may undergo a Hopf bifurcation
resulting in a periodic solution. We provide examples and numerical simulations to
illustrate the stability change of the endemic equilibrium and the Hopf bifurcation.

2. Model formulation. We base our SIR model on the spread of a pathogen
that can mutate in the host to create a second, cocirculating, mutant strain. We as-
sume that after a certain period of infection, the original strain, referred to as Strain 1,
is selected against in the intrahost selection process and is converted to a mutant, re-
ferred to as Strain 2, such that a proportion of the individuals infected by Strain 1
are then carrying Strain 2. Let S(¢) be the susceptibles and (¢, 7) the distribution of
infectives infected by Strain 1 with infection stage, or time since infection, 7, such that
f:lz i(t,7)dr is the total number of infectives with infection ages between 7 and 7o
[1, 7, 13, 14, 22]. Let J(t) be the infectives infected by Strain 2 and R(t) the group
of individuals who are recovered and immune to both strains. We further assume
that the genetic difference between the two strains, or the drift of the mutation, is
relatively small so that there is perfect cross-immunity; that is, once an individual is
recovered from infection by one of the two strains, the individual is immune to both
strains.

The dynamics of the transmission in this model are governed by the system

%it) = u(S° — S(t)) — </0°° Bi(7)i(t, T)dT + BQJ(t)> S(t),

di(t, ) n di(t, T)

= —(/,(, + ’yl)l(t, 7') - K(T)i(t, T)7

ot o
(2.1) i(t,0) = S(t)/o Ba(7)i(t, T)dr,
i(0,7) = (),
d{iiit) = B2 ()S(t) — (1 +72) T (t) + /OOO ()it 7)dr,
%it) =m /OOO it 7)dr + e (t) — pR(E),

where 1S is the input flow into the susceptible population, y is the total removal rate
which accounts for both natural death and people moving in and out of the susceptible
population, v, and 7, are the recovery rates from the infection, £ (7) and (35 are the
transmission rates of Strain 1 and Strain 2, respectively, x(7) is the mutation rate, or
the rate at which Strain 1 is converted to Strain 2, and (7) is the initial distribution
of infectives infected by Strain 1.
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3. Thresholds of the epidemic. Assume that the initial distribution of the
infectives is zero. Then FEy := (5°,0,0) is the infection-free equilibrium. As is well
known, its stability determines the thresholds of the epidemic [6, 7, 13, 15, 16]. We
investigate the local stability of Ey as follows.

Since the dynamics of R(t) do not affect the evolution of S, i, and .J, we omit the
equation for R(t) when studying the growth of the epidemic. Linearizing system (2.1)
about Ep, by defining the perturbation variables z(t) = S(t) — S°, y(¢t,7) = i(t,7),
z(t) = J(t), we obtain the system

2 </ bl tTdTJrﬂQz())SO,

ayt,7)  oylt,r)
(3.1) 5 T o = )yt ) = k(n)y(t 7).

y(t,0) = / Bi(r
= Br2(t)S° — (s +12)2(t) + / w(r )yt 7)dr.

0

dz(t)
t

Let z(t) = zoe”t, y(t,7) = p(1)eP~7) and z(t) = zge”*, where o, p(7), 20, and p
are to be determined. Substituting them into (3.1), we obtain the equations

(3.2) pro = —pag — S° /OO B1(T)p(T)e PTdT — 32820,
0
(33 d{;—” = (et p(r) — KR,
(3.4) =90 / Bi(T)p(T)ePTdr,
(3.5) p20 = (3680 =)+ [ nloplr)e s
0

for p(1) £0, 29 # 0, 29 # 0, and p.
Equations (3.3) and (3.4) are decoupled from (3.2) and (3.5). Integrating (3.3)
from 0 to T gives

(3.6) p(r) = p(0)e~(HmT=AE)

where A(7) := [ (v)dv. Substituting (3.6) into (3.4) yields the characteristic equa-
tion

(3.7) p(0) = Sop(()) /OOO 51(T)e*PTS*(MJr%)TfA(T)dT'
Defining
C(p) = S° /O h Bi(r)e Premmtm)T=AM g,
WEE r)lote that (3.7) has a nonzero solution p(0) if and only if there exists p such that
C(p)=1.

We first consider the case where p is a real number. Since

o0
C'(p) = —S’O/ 7B (T)e PTe M= AM gr <,
0
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C(p) is a decreasing function of p. Noticing lim,_,_, C(p) = oo and lim, .o, C(p) =
0, if we define the number

(3.8) Ry = C(0) = S° / By (r)e—m)T-A0) g
0

then there exists a unique real solution p to the equation C(p) = 1, which is negative
if Ry < 1 and positive if Ry > 1.

If p := p1 +ipo is a complex number, where i = v/—1, then by separating the real
and imaginary parts of C'(p) = 1, the real part p; satisfies

(3.9 1= SO/ Bi(r)e P e IT=AM) cog( pyr)dr.
0
However, since
SO/ Bi(1)e= P17 e= )T =A) cog(pyr)dr < SO/ By (r)ePTem (Wt )T=AM) g
0 0

solution p; to (3.9) must be negative if R; < 1. That is, equation C(p) = 1 can have
solutions with negative real part only if Ry < 1.

The solution p of C'(p) =1 can be used to determine p(7). The initial values, z
and zg, can now be defined from (3.2) and (3.5). The number Ry defined in (3.8) is a
threshold value for Strain 1 because if R; > 1 the epidemic for Strain 1 grows, while
if Ry < 1 it delays. It is also the number of secondary infective cases generated by
infection of Strain 1. We refer to R; as the reproductive number for Strain 1.

If initially no one is infected with Strain 1, i.e., i(¢,7) = 0, then p(7) = 0 for all 7.

Equations (3.2) and (3.5) can be reduced to

To = —pxe — ($25°20,
(3.10) pTo = —H (()) B25" 20
pzo = (8257 — 1 — 72)20,

and they determine threshold conditions for Strain 2. Define

 BeS"

3.11 Ry = .
( ) 2 B+ 72

All solutions p of system (3.10) are negative if and only if Ry < 1. Therefore, Ry is a
threshold value for Strain 2 and is the number of secondary infective cases generated
by infection of Strain 2. We refer to Ry as the reproductive number of Strain 2.

The thresholds for the epidemic can be summarized as follows.

THEOREM 3.1. Define the reproductive number, Ry, of infection in the total
population by

Ro = max {Rl, RQ} y

that is,
o 0
Ry = max {SO/ Bi(r)e~ BHmT=A) g 625} '
0 ©+ 2

Then the infection-free equilibrium Eqy is asymptotically stable if Ry < 1 and is un-
stable if Ry > 1.
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4. Boundary equilibrium. Cocirculating strains of the pathogen compete with
each other to infect the susceptible population. When only one strain is present, the
solution is on the boundary of the feasibility solution space and we call the stationary
solution a boundary equilibrium.

An equilibrium of system (2.1), (S,i(7), J), satisfies the system

(4.1a) (/ Bi(7)i(r)dT + B2 > =0,

(4.1b) T — (ot i) — (i),
(4.1¢) i(0) 75/ Bi(r
(4.1d) B2JS — (1 +72)J—|—/0 k(T)i(r)dr = 0.

It follows from (4.1d) that if J = 0, then i¢(7) = 0 for all 7. That is, there does

not exist a boundary equilibrium with i¢(7) > 0 and J = 0, and the only boundary

equilibrium has i(7) = 0 for all 7 and J # 0. We denote it as Fy := (S1,41(7), J1).
Solving (4.1a) and (4.1d), we have

_ptm S8, ) Bon
42) o= Ba h= B2 (H+”Yz ! /BQ(Rz b

Thus the boundary equilibrium F; exists if and only if Ry > 1.
To study stability of this boundary equilibrium, we linearize system (2.1) about E
by letting x(t) = S(t)—S1, y(t) = J(t)—J1, 2(¢t,7) = i(t, 7), and we obtain the system

dat) _ —px(t) — B2J1z(t) — P2S1y(t) Sl/ bl
WOy ha(t) — (u+ 12)u(t) + BaSiw®) + / K(r)z (1. 7)dr,
(4.3) da(tr)  Dz(tr) ’
zaIZT N zaT,T — _L_O,Yl)z(t’T) —k(T)2(t,7),
z(t,0) = S Bu(r)z(t, T)dr

Using the same approach as in section 3, we first derive the characteristic equation
for Eq,

(oo}
(4.4) 1= Sl/ Bi(r)e PTe Wt)T=AM) g
0
and define
Ry =S / By () WrmT=AM g,
0

If Ry < 1, then lim; o 2(¢,7) = 0.
Next we locate the eigenvalues of the following matrix from system (4.3):

—p— B2J1 —B251 } _ {—M—ﬁle —B251
B2 J1 —(p + v2 — B251) B2 J1 0
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The trace and determinant of this matrix are negative and positive, respectively.
Therefore, its eigenvalues both have negative real part.

In summary we have the following.

THEOREM 4.1. The unique boundary equilibrium

, 1t e po( S8 ))
Ey = (S1,i1(7), 1) = , 0, — -1
1= Saln). ) ( B2 B2 (/i+72
exists if and only if Ro > 1. It is locally asymptotically stable if

R, = A e /Oo 51(7’)67(“+71)T7A(T)d7' <1
B2 Jo

and is unstable if Ry > 1.

If Ry > 1, then SO > (u+ 72)/B2 := S;. Notice that R, can be rewritten as
R, = Sl/SORl = Ri/Rs. When the boundary equilibrium F; exists, Ry > 1, and
hence S® > S; and R, < Ry. If Ry > 1 > R1, then R, < 1, which implies that
the boundary equilibrium FE; is asymptotically stable. In the situation where Ry > 1
and Ry > 1, the infection-free equilibrium is unstable and the two strains cannot
both die out. If Ry > Ry > 1, then R, < 1 and the boundary equilibrium FE;
exists and is asymptotically stable. In the last possible case, if Ry > Ry > 1, then
although the boundary equilibrium FE; exists, it is unstable. This situation may lead
to the existence and stability of an endemic equilibrium or other dynamical features
of system (2.1).

5. Endemic equilibrium. The cocirculating strains of the pathogen can coex-
ist. The stationary coexistence solution is an endemic equilibrium whose components
are all positive.

5.1. Existence of the endemic equilibrium. Let E* := (S*,i*(7), J*) be an
endemic equilibrium of system (2.1). It follows from (4.1b) that

i*(1) = i* (0)e WA,

By substituting this into (4.1c), we arrive at the equation

(5.1) i*(0) = i*(0)S” / Bu(r)e” A0 dr = i(0) ngfl-
0

Equation (5.1) has a solution *(0) > 0 if and only if

SO

2 =
6:2) 5=
It follows from (4.1c) that
i*(0) = S*W7,

where we define Wy := [ 81(7)i* (7)dr. Then
(5.3) i*(7) = §*Wye™ (WHm)T-AT),
Define

(5.4) 1%://wwmmzwm/)mywﬂmﬂmm:ymm
0 0
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where

K := OO/f(T)e*(“P“)T*A(T)dT.
0

The equilibrium equations (4.1a) and (4.1d) can be expressed as

(55) MSOZ (M"‘Wl +ﬁ2J*> S*,
(5.6) Wa = ((n+72) — 5257) J*.
Substituting (5.2) into (5.6) yields
) e () 7
5.7 + 1- J'=(n+ 1—- =) J" =W,
60 G (1= 25— ) (1 :

Since Wy > 0, there exists a positive solution J* of (5.7) if and only if

Ry

— < 1.
Ry

Suppose Rz < R;. Then solving (5.7) for J* yields

(5.8) J= W .

(1+72) (1- 22

K2 Ry
Substituting (5.8) into (5.5) gives

W- SY
(5.9) pt+ Wi+ o : BN HS* = pRy.
(1 +72) (1 - R)
1

We then substitute (5.4) into (5.9) to obtain
B2S°K
(14 72)(R1 — Ra)

which implies that Wy > 0 if Ry > 1.
Solving (5.10) for W7 yields

(5.10) Wi +

Wl = /’[’(Rl - 1)a

~ p(Ri— 1) (R = Ry) (u+72)
(5.11) W= (4 2) (Ry = Ra) + BaKSY)°

W5 can be determined by substituting (5.11) into (5.4). Finally, substituting Ws
and W7 into (5.3) and (5.8), we obtain the expression for the unique positive endemic
equilibrium.

THEOREM 5.1. If Ry > 1 and R; > Rs, then there exists a unique endemic
equilibrium E* = (S*,1*(T), J*) given by

SO SOW1 T KSOW1
512) S*=—, i"(r)= 2 L o—(ptr)T—Jg f*i(v)dv7 I = ,
( ) Ry ( ) Ry (/~L+A/2) (Rl _RQ)

where W1 is defined in (5.11).
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5.2. Stability of the endemic equilibrium. We investigate the local stability
of the endemic equilibrium, E*, by linearizing system (2.1) about E*. Let x(t) =
S(t) — S*, y(t,7) =i(t,7) —i*(7), and z2(t) = J(t) — J*. The linearization results in
the perturbation equations

dfif) = = (4 Wi+ BT 3(t) = a2 / fulr
y(t,0) = / B (T)y(t, T)dr + Wyz(t),
dzit) = BoJ x(t) — (u+72)2(t) + f2S*2(t) +/OOO K(T)y(t, 7)d.

Suppose = = xgeft, y = Q(T)ep(t*”, and z = zpe”*. Substituting these variables
into system (5.13) and solving for §(7), with initial condition §(0), leads to the system

(,0 +p+W;+ ﬁgJ*)xo + £258%z9 + S* / ﬂl(T);l}(T)e_pTdT =0,
0

(5.14) —BoJ o+ (p+ p+ 72 — f25" )20 — /000 Kk(T)g(T)e Tdr =0,
(S*/ Bi(T)g(r)e pTdT+W1xo) e~ ) T=A(),
We simplify these notations by defining the functions
)= [ e Q)= [ st

:/ Bi(r)erme T2 dr, Pyp) = / K(r)e=rm e Hm)T-A0) g,
0 0

Multiplying §(7) in (5.14) by £1(7)e*™ and s(7)e*7, respectively, and then inte-
grating from 0 to oo yields

(5.15) H(p) = mx
and
(5.16)  Q(p) = (S"H(p) + Wizo) Pa(p) = (f_vgf;g n Wl) Py(p)o.

Substituting (5.15) and (5.16) into system (5.14), we obtain the characteristic equation
(5.17)

W Wi P,
(p+u+ﬁzJ*+ ; _WPalp)

1- S*Pl(P)) (ot utn =55+ <52J e S*Pi(p)
and arrive at the following result.

THEOREM 5.2. The endemic equilibrium, given in (5.12), is locally asymptotically
stable if all roots, p, of the characteristic equation (5.17) have negative real part.

The results obtained for the two-strain SIR model (2.1) are summarized in Table 1.
The stability of the endemic equilibrium is not listed because it requires knowledge of
the roots of the characteristic equation (5.17) and we have not established the explicit
criterion.

)625* =0
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TABLE 1
The existence conditions for the boundary and endemic equilibria, E1 and E*, and stability
conditions for the infection-free and boundary equilibria, Eo and E1. These conditions are based on
the relations between the two reproductive numbers, R1 and Rz, for the two strains.

[ [Ri<1,Ro<1[ Rp<1<Ri [ Ri<1I<Ry [ 1I<R <Ry [1<Ry<R|

Ey stable unstable unstable unstable unstable
Ey does not exist does not exist stable stable unstable
E* does not exist exists does not exist | does not exists exists

6. Constant mutation rate. Because (5.17) is a transcendental equation, it is
difficult to determine when all the roots of the characteristic equation have negative
real part and, hence, whether the endemic equilibrium is stable. To gain insight into
the transmission dynamics of the disease governed by system (2.1), we consider the
special case where the mutation rate from Strain 1 to Strain 2 is constant and where
the infection rate of Strain 1 is independent of the infection stages. We define these
constant rates as k(1) := k and (1(7) := (1.

Let the total infectives be I(t) := [, i(t, 7)dr. Integrating the equation for i(t, 7)
in (2.1) with respect to 7 and using the initial condition i(¢,0) reduces the system of
PDEs to the system of ODEs,

ds

(6.1a) = (8"~ 8) = AuIS — S,
dI

(6.1b) T = ST — (p+m+k)I,
dJ

(6.1c) == B2ST — (1 +v2)J + k1.

The reproductive numbers of Strains 1 and 2, R; and Rs, for system (6.1) are

593, R 508,

6.2 Ri=—""—, =
(6:2) ! w+v +k 2

oty
The only boundary equilibrium with I = 0 and J > 0 exists if Rs > 1 and it has the
same expression as in section 4. This boundary equilibrium is stable if R; < Rs and
is unstable if R1 > Rs.

We now establish existence and local stability of the endemic equilibrium of system
(6.1).

For k(1) = k, the term K defined in (5.4) becomes

k

6.3 =—.
(6:3) w4 +k

Substituting (6.2) and (6.3) into (5.12), we obtain the endemic equilibrium, E* =
(S*, I*, J*), with

. MM Tk
T
(6.0 po_ 1S = (A7 + ) (Bu(p+72) = Bali+ 71+ F))
’ Br(Br(p+7v2) — Ba(p+ ) (k+ 1 + k) 7
Je_ pk(S°81 — (1 + 71 + k)

(Br(p+72) = Balp+7)) (p+7 + k)
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By solving (6.1) for an endemic equilibrium, we have the equivalent solution

LS
5=
I — /L(/l + 7+ k)(R1 - 1)(R1 - RZ)
B1(kRy + (u+7)(R1 — R2)) '
Je (kS (Ry — 1)

(1 +72) (kR1 + (1 + ) (R1 — R2))

Hence E* exists if and only if R; > 1 and Ry > Rs.

Based on u+ B2J* = uS°/S* — 31 I*, the characteristic equation for system (6.1)
has the form

(6.5)
(p+uR1 A ) (p+1+72 = Ba5") + (ﬁzJ Bl )ﬁzS -o.
This can be expressed as

P>+ a1p® + azp + az =0,

where
* SO I*
ay = pRy + p+vy2 — G285 _MS* +k
ag = pRi(pp+v2 — B25") + (u+m + k)ﬁlf* + 638"
SO I
= (32S*I* S*J*
51 +ﬂ2 +/“LS* J*’

*

az == (e +72)B1 — Bolp+ 7)) (u+ 71 + k) I* = M*ki (BLI™ + B2 7).

Since a1 > 0 and ag > 0, it follows from the Routh—Hurwitz criterion that all charac-
teristic roots of (6.5) have negative real part if and only if ajas > as.
A straightforward calculation yields

(6.6)
SO I* 2
raa —as = e (514 G35 + b ) s (D) 08T e = 00)
- M(Rl — 1)<R1 — Rg) 2 /JO'QRQIC
o (0'1 + k)Rl —o01Rs uRl(Ul T k) Ri — Ry

k?G‘QRQ (R1(0'1 + k) — RQO‘Q)
. = )
(R — Ro)
R}
_ p( = 1) (B — Ro)
"~ R}((01 + k)R — 01R>)

+ (no2R} + 035(Ry — Ro)Ry)

(CQkQ + ek + Co),
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where

o1 =p+ 71, 02 =+ 72,

o1(R1 — R
o = poi R} + oo Ry (MR% + 02(R1 — R2))%’
R2R2 R3(uR? +09(R1 — R
c = 2#01R:f + RT2 % + 72 I(M 1+ oa(fy 2)) — 02Rs(01R1 — 02R2),
Ri — Ry Ry —1

Co 1= ,LLR? - O'QRlRQ.

Hence all roots of (6.5) have negative real part if cok? + ¢k + co > 0, and at least
one of the roots of (6.5) has positive real part if cok? + c1k + ¢ < 0.

We summarize the results in the following theorem.

THEOREM 6.1. When the mutation rate is constant, the dynamical behavior of
epidemic model (6.1) can be described as one of the following cases:

1. If we define Ry := max{Ry, Ra} and Ry < 1, then the infection-free equi-
librium, Ey = (S°,0,0), is the only equilibrium and is locally asymptotically
stable. If Ry > 1, then Ey is unstable.

2. If R1 <1< Ry, or 1 < Ry < Ry, the only boundary equilibrium, given by

0
(6.7) By i= (5,0,7) = (SORQ, 0, M (R, - 1)) :
o2 Ry
exists and is locally asymptotically stable. In this case, the endemic equilib-
rium, E*, does not exist.

3. If Ry < 1 < Ry, the endemic equilibrium, E*, exists and is the only nontrivial
equilibrium. It is locally asymptotically stable if cok? + c1k + ¢y > 0 and
unstable if cok?® + c1k + ¢y < 0.

4. If 1 < Ry < Ry, the boundary equilibrium, F1, exists but is unstable. The
endemic equilibrium, E*, exists and is locally asymptotically stable if cok?® +
c1k + co > 0 and unstable if cok® + c1k + ¢ < 0.

6.1. The global stability of the equilibria. In this section we establish that
when the infection-free equilibrium and the boundary equilibrium of system (6.1) are
locally asymptotically stable, they are globally stable.

THEOREM 6.2.

1. If the infection-free equilibrium, Ey, is locally asymptotically stable, then it is
globally stable; that is, Ey is globally asymptotically stable if Ry < 1.

2. If Ry < 1 < Ry, the only boundary equilibrium, Ey, given in (6.7), is globally
asymptotically stable.

Proof. Tt follows from (6.1b) that

I(t) = I(())efot B1S(T)dT—(ut+v1+k)t
for all ¢ > 0. Hence, the hyperplane I = 0 is invariant for system (6.1).
If Ry < 1, we can further show that the hyperplane attracts all solutions started
in the first octant, S > 0, I > 0, J > 0. That is, lim; o I(t) = 0. It can be seen

from (6.1a) that dS/dt < p(S° — S) and hence S(t) < S° + S(0)e~#* and from (6.1b)
that

I(t) < I(0)els B (S"+SOe™T)dr—(utm+k)t _ I(O)e(ﬂ+’h+k)(R1*1)t+7[31i(0)(I*E_W)

< 1(0)e ™" el R (Ri=1t

as t — oo.
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Based on the attractiveness of the hyperplane I = 0, to prove the global asymp-
totic stability of the infection-free equilibrium Fy or the boundary equilibrium F; in
the first octant, it suffices to show that these two equilibria are globally asymptotically
stable in the hyperplane I = 0.

We first show that all the solutions of (6.1) in the hyperplane I = 0 approach Ey
if Ry < 1. We use the Lyapunov function V; defined by

0 0y, S

(s, J)y=J+5-858"-5 lnﬁ

for system (6.1). Along the trajectories of system (6.1) in the hyperplane I = 0 we
have

d _ Q0
= (B8~ ot ) T+ 2 (u(” = ) — a8)
(6.1)
_ Q0\2
= —% + (882 — (p+2)) J
IChat _550)2 + J(Ry —1)o3 <0

if Re < 1. Hence it follows from Lyapunov stability theory that Fy is globally asymp-
totically stable.

We next assume R; < 1 < Ry and show the global stability of the boundary
equilibrium E; = (S,0,.J). We use

VQ(S,J):ijleanrSfoS'ln

| »n

as a Lyapunov functions for system (6.1). In the hyperplane I = 0,

av: ~ S0 —8) (S-S ~
Dol (S — (et (= D)+ PEZIEZS) (g gy
dt (6.1 S
- . 50— 8)(S -8 .
= oals = 80— )+ MEEIEES (g gy,
== pu(S°—95)(S-S
— (s - §)] + M DEZS)
S-S . 0 _ S-8 . 0
= =22 (88T — (8" = 8)) = =22 (82T +w)S — u5°)
_Q 0 0 Q)2
BT P I R
S S SS
The maximum invariant subset of the set {(S,I ,J) ‘ % = 0} in the hyperplane

I = 0 contains only E;. Then it follows from the LaSalle invariance principle that E;
is globally asymptotically stable on the hyperplane I = 0. ]

Note that we have not been able to prove the global stability of the boundary
equilibrium E; for the case 1 < Ry < Rs.

6.2. Hopf bifurcation near the endemic equilibrium. We know from The-
orem 6.1 that if Ry <1 < Ry or 1 < Ry < Ry, the boundary equilibrium either does
not exist or is unstable, and the positive endemic equilibrium is asymptotically stable
if ek + c1k +¢o > 0 and is unstable if cok? + c1k + ¢o < 0. We now show that as the
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endemic equilibrium loses stability, periodic solutions can bifurcate from the endemic
equilibrium.

To investigate the bifurcation and to simplify the mathematical analysis, we study
the bifurcation in terms of the mutation rate k and the two basic reproductive numbers
Ry and Ry and assume that individuals infected by the two strains have the same
recovery rate y; = 72 := 7, and hence 01 = 02 := ¢. Under these assumptions, and
after some tedious algebraic manipulations, (6.6) becomes
(6.8)

O'RQ
araz — as = p(Ry — 1)(Ry — Ra) (0 — 75

po®(Ry — Rp)?
R? '

)k + op®Ri (2R, — Ry — 1) +
Ry

All terms in (6.8) are positive except u — ocRy/R3. If uR? > o Ry, then ajay > az. It
follows from the Routh-Hurwitz criterion that the endemic equilibrium E* is locally
asymptotically stable.

Suppose pR? < 0 Ry. We define a critical number kg as

O',U,R:{’(QRl — R2 - 1) + 02(R1 — R2)2R1

(6.9) Mo = T R = (B = ) (0 By — p2)

such that E* is locally asymptotically stable if k& < kg and is unstable if &k > k.
For k = ko, the characteristic equation (6.5) for the linearization of system (6.1) has
two pure imaginary roots. The parameter k can be used as a bifurcation parameter
such that as k passes through kg, a Hopf bifurcation occurs and a periodic solution
bifurcates from the endemic equilibrium.

The reproductive numbers R; and R can also be used as bifurcation parameters.
Rewrite ai1as — a3 as a quadratic function of Ry — Ra:

ajag —az = /,LdQ(Rl — R2)2 + Ndl(Rl — RQ) + /ldo,
where
do = O’,U,Rl(Rl - 1),
dl = (Rl — 1)(,u — O'/Rl)k + O'MRl,
dy = 0° /Ry + (R — 1)k/R}.

Fixing R; and then solving the equation da(R; — R2)? +di(Ry — R2) +do = 0 for Ry
yields the two solutions

d V/d? — 4dod di — \/d? — 4dsd,
R;:RlJr 1t L 270 Ry =R; + ! L 20.

2ds ’ 2ds

For Ry > 1,d, > 0 and dy > 0. If Ry > Ry and d% < 4dsdy, the inequality
aias — az > 0 always holds. The endemic equilibrium, E*, is locally asymptotically
stable. If d? > 4dady, E* is locally asymptotically stable provided 0 < Ry < R, or
R; < Ry < R; and is unstable provided R; < Ry < R;r. As R, passes through
R; or Ry, periodic solutions bifurcate from the endemic equilibrium.

The dynamics of system (6.1) are summarized, based on R; and Rs, in Figure 1.
We divide the R;-Rs plane into five regions. In Region I, Ry < 1 and Ry < 1. The
infection-free equilibrium, Ey, is the only equilibrium and is globally asymptotically
stable. In both Regions II and III, the boundary equilibrium, F1, is globally asymp-
totically stable, whereas the endemic equilibrium, E*, does not exist in Region II
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45 B

a5l n |

bifurcation curve L

Fi1G. 1. Schematic illustrations of dynamical behavior of system (6.1) based on the reproductive
numbers, R1 and Ra. The infection-free equilibrium, Eq, is the only equilibrium in Region 1 and is
globally asymptotically stable. The boundary equilibrium, FE1, exists in Regions 11, II1, and V. It is
globally asymptotically stable in both Regions 11 and III but is unstable in Region V. The endemic
equilibrium, E*, exists in Regions 111, IV, and V. It is unstable in Region III and in the interior of
the region enclosed by the bifurcation curve L. It is locally asymptotically stable in the complement
of the region enclosed by curve L in IV and V. For a fized Ry in the interval of the projection of
curve L on the Rj-azis, as Rg crosses through curve L, periodic solutions are bifurcated.

and exists but is unstable in Region ITI. While E* exists in both Regions IV and V
and is the only nontrivial equilibrium in Region IV, and F; exists but is unstable in
Region V, the stability of E* is determined by the closed bifurcation curve L in these
two regions. E* is unstable and a Hopf bifurcation takes place in the interior of the
region enclosed by L. E* is asymptotically stable elsewhere in Regions IV and V.

We illustrate these results by examples using k, or R; and Ry, as bifurcation
parameters.

Ezample 6.1. We use k as a bifurcation parameter and let o1 = o3 = 1/2,
@ =1/100, Ry = 3, and Ry = 2. System (6.1) becomes

dS_l(SO_S)_(3+6kI+ 1J>S’

dt 100 250 S0
dl 3+ 6k 142k
6.10 R _
(6.10) dt 250 ST 2 7
dJ 1 1
i S—OSJ — §J +kI
and has the endemic equilibrium
S0 S0 2k.S°
Er=|— = (S*, I*,J").
<3’75(1+6k:)’25(1+6k)> (8%, 1%, %)

The linearization of system (6.10) at E* has the characteristic equation

59 ko3 ko1
(6.11) Jo) ="+ 5507 +<150+200>p+300+600 0
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The critical number kg defined in (6.9) can be determined as ko = 33/52. Then,
if k& < 33/52, all roots of (6.11) have negative real part, and hence the endemic
equilibrium of (6.10) is stable. If k > 33/52, there exist two roots with positive real
part, and hence the endemic equilibrium of system (6.10) is unstable. For k = 33/52,
(6.11) has a negative real root and two pure imaginary conjugates:

59 V13 V13

P11 = —%7 P2 = %17 p3 = —%%

For k greater than, but near 33/52, (6.11) has a negative real root p;(k) and a
pair of complex conjugates p2(k) = ps(k) := &(k) + in(k). Substituting the complex
conjugates into (6.11) and then separating the real and imaginary parts yields the
equations for £(k) and n(k):

59 k 1

59 k 3
3 _gep2 202 20 2 Koo 0 B —0
(6.12) & =38+ 3568 ~ 3007 T 150¢ T 200° T 300 To00 O

59 k 3
32— p 2ty 2 =0,
En =1 7558 1507 200"

By differentiating (6.12) with respect to k, we have
(6.13)

59 k3 de 59 \dy 1 1
2 g2, 99 k9 as o9 Nan L 1
(35 S 508 T 1m0 T 200) dk (6§”+ 150”) ae T 150° T 300 =

59\ d 59 k3 \dp 1
(6§n+n>£ (352—3n2+§++>”+ 0.

150 %—’— 150 150 200) dk " 150"

Solving (6.13) for d¢/dk and substituting k = 33/52, £ = 0, and 1 = v/13/26 into the
expression of d¢/dk yields d¢/dk = 169/9679 > 0. Therefore, system (6.10) undergoes
a Hopf bifurcation and a periodic solution is bifurcated near k = 33/52.

To determine the bifurcation direction, we first discuss the stability of the endemic
equilibrium of system (6.10) as k = 33/52. Let ©1 = S — 5%, y1 = [ — I*, and
z1 = J — J* to transform the endemic equilibrium to the origin of a new system.
Using the linear transformation

_3125v13 125

236" 3068 Y 397

and rescaling t = 2v/13 £, we transform the resulting system into

o 767 Y6 O

y1 = + Z,

L _ 630 1125V/13 539
) _ H25v13 539

% ~ oy +319.95 (5°) 7wy — 453.74 (S°) T w2 — 6.93 (5°) ' ¢
+243.20 (S°) " yz — 330.96 (S°) ' 22,
dy 0 —1 0 —1 0 -1 9
Y x—z+1355(S ~19.22(S 19.36 (S
(6.14) g = eI (S ay (%) 21936 (%) "y
+228.07 (S°) ' yz — 362.37 (S°) ' 22,
% ~ —1.422 +40.63 (5°) ' 2y — 57.62 (S°) ' 22 +6.93 (5°) ' ¢

+117.39 (S°) ' yz — 180.40 (S°) ' 2%
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The nonlinear terms of the right-hand side of system (6.14) are quadratic and satisfy
the existence conditions of the center manifold theorem [4, 12]. Hence, there exists a
manifold z = h(xz,y) of system (6.14) which can be expanded as

(6.15) 2 = hoox?® + hiyzy + hooy® + o(r?), = /x2 +12,

where o(r?) denotes higher order terms and h;; are to be determined.
Substituting (6.15) into system (6.14), we obtain

hoo =838 (%) ™", hiy =11.89 (S°) ™", hos = —3.50 (5°) .

Substituting (6.15) with these h;; again into the first two equations of system (6.14),
we have the following equations on the center manifold:

(6.16)

‘j; — 5 —6.93(5°) " 4% +319.95 (5°) "y — 3802.35 (5°) 22 — 3357.04 (S°) 2%y

+4479.62 (5°) 2 ay® — 851.17 (8°) T2y + o(r?),

% 1355 (59) a4 19.36 (59) 1 — 161,06 (5) 2 28

+1682.70 (5°) "2 2y 4 2779.06 (S°) % 2y? — 798.25 (S°) T2 4® + o(r?).

Consider the function

Vi(z,y) = 2® +y> — 239.10 (5°) " a® — 38.71 (S°) " ay? +4.42 (S°) 'y

+59133.80 (S°) 7 a* — 6381.38 (S°) 2 2y — 151.46 (5°)
—2462.13 (5°) .

It is positive definite in a small neighborhood of the origin. Along the trajectories of
system (6.16),

dV (z,y)

- — —1223.33(5°) 7 (2% + )% + o(r*) < 0.

(6.16)

Therefore, V is a Lyapunov function for system (6.16) and the trivial solution of
system (6.16) is asymptotically stable. It follows from the reducible principle of the
center manifold theorem that the trivial solution of system (6.14), and hence the
endemic equilibrium of system (6.10), is asymptotically stable for k¥ = 33/52. Since
the endemic equilibrium is unstable for & > 33/52, it follows from the Hopf bifurcation
theorem that there exists a stable periodic solution in the neighborhood of the endemic
equilibrium of system (6.10).

We illustrate the stable endemic equilibrium (k < kg) and the stable periodic
solutions (k > ko) in Figures 2 and 3. In Figure 2, k = 0.135 < ko = 0.6346, and
the endemic equilibrium E* = (3.3363,0.0074,0.0059) is asymptotically stable. In
Figure 3, k = 0.9846 > ky = 0.6346, and the endemic equilibrium E* is unstable. The
solutions quickly converge to the stable periodic solution.

Ezxample 6.2. In this example, we use Ry and Ry as bifurcation parameters. Let
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Fi1G. 2. The solutions of system (6.1) for p = 0.01, y1 = v2 = 0.49, R1 = 3, and Ry = 2.
The mutation rate k = 0.135 is used as a bifurcation parameter and is less than the critical value
ko = 33/52. The endemic equilibrium (3.3363,0.0074,0.0059) s asymptotically stable. The top two
figures are the solutions of I and J versus time t. The bottom figure is the projected I-J phase plane
of the phase space.

01 =09 =1/10, 4 = 1/100, and k = 9/10 in system (6.1), so that we have

s _ 1 (SO—S)—(RllJr e J)S,

dt 100 S0° T 1080
dS Ry
6.17 — =_-SI—-1T
(617 ar ~ 50° ’
dS Ry 1 9
aiag— _ .
dt ~ 105, 57 10J 10

In region D := {(R;,Rs) | R1 > Rs, Ry > 1}, the endemic equilibrium of system
(6.17) is given by

[ S% SO(Ry —1)(Ry — Ry)  95°(Ry —1)
~ \Ry’ 10(10R; — Ro)R; ' 10(10R; — Ry) )’

The characteristic equation of the linearization of system (6.17) at E* is

(6.18) f(p) = p° + ar1p® + agp + a3 = 0,



18 JIA LI, YICAN ZHOU, ZHIEN MA, AND JAMES M. HYMAN

0.07 0.25
— [\
£ 0.06 £

: g 02
% 0.05 4
Qo Ko}

E 0.04 E 0.15
3 3

008 € 01
[%2]
2002 2

B 5 0.05
£ 0.01 2
£ £

0 0

1000 2000 3000 4000 5000 6000 7000 1000 2000 3000 4000 5000 6000 7000
Time Time

° o
° 2 ° i
2 & S &

T T

Infectives infected by strain 2

o
T

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

Infectives infected by strain 1

Fic. 3. All parameters are the same as those in Figure 2, except the mutation rate k = 0.9846 is
greater than the critical value ko = 33/52. The endemic equilibrium is unstable and a stable periodic
solution is bifurcated from the endemic equilibrium. The top two figures show how the solutions with
initial values near the unstable endemic equilibrium rapidly converge to the stable periodic solution.
This can be also seen in the bottom figure of the I-J phase plane.

where

. R% + 10R; — 10R>

@ = 100R, ’
" 11R? — 10R, Ry — 10R; + 9Ro
1000R, ’
oy _ (R1= DRI - R2)
1000R,

E* is asymptotically stable if

L00R3R, — 90R3 — 101R,R? + 90R, Ry — 10R{Ry + 11R}

1 — gy =
(6.19) a1a — ag 1000002

0.

Define function H(Rz) as the numerator in (6.19). Then
H(Ry) = (100R; — 90) R3 — (10R} + 101R; — 90R;) Ry + 11R].
The two zeros Rél) < Rf), for Ry and Rp, are in D, if

Q(Ry) := (10R} + 101R} — 9031)2 — 44R} (100R; — 90) > 0.
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FiG. 4. The reproductive numbers R1 and R2 are used as bifurcation parameters. The param-

eters R1 = 3, R<21) = 1.5, and Ry = 0.2 are chosen so that Ry < Rél). Then R1 and Rs are in
Region IV in Figure 1. The endemic equilibrium exists and is asymptotically stable.

Numerical computations verify that Q(R;) has two zeros, Rgl) < R§2), in the intervals
(1.01,1.04) and (4.50,4.60), respectively. If By < R\Y or Ry > R? | then Q(R1) < 0,
and if R\Y < Ry < R{Y, then Q(Ry) > 0.

Suppose Ry < Rgl) or Ry > R§2>. Then Q(R;1) < 0 and H(R3) is always positive.
If R < Ry < R then Q(Ry) > 0 and there are two zeros of H(Ry), RS" < R{?
in D. If, moreover, Ry < Rél) or Ry > Rgz), then H(R) > 0. Hence, in either
case, H(Rz2) > 0 and E* is asymptotically stable. However, if Rgl) <R < R§2) but
Rél) < Ry < Réz), then H(R3) < 0, for Ry in D, and the endemic equilibrium is
unstable.

For each R; in the interval (Rgl), Rgz)), E* changes its stability as Ry increases
from 0 to Ry. E* is stable for Ry in (0, Rél))7 unstable for R in (Rél), RéQ)), and stable
again for Ry in (R;Q),Rl). At Ry = Rél) or Ry = Ré2), the roots of characteristic
equation (6.18) are imaginary indicating the existence of a periodic solution by Hopf
bifurcation theory.

In numerical simulations, we fix Ry = 3. The two roots of H(Ry) = 0 are
Rél) = 3/2 and Réz) = 99/35. The characteristic roots of (6.18), with Rgl) = 3/2,
are p = —2/25, p = 1/5/20i, and p = —/5/20i. The characteristic roots of (6.18), for
R =99/35, are p = —1/28, p = /2/25i, and p = —/2/25i.

In Figure 4, 5, = 0.3 and B = 0.002, and R, = 0.2 < Rél). The endemic equilib-
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Fic. 5. The parameters are chosen as in Figure 4, except Ra = 2 by increasing (B2 to 0.02

whereas Bz = 0.002 in Figure 4. Then Rgl) < Rg < Réz) = 2.829, and R; and R2 are in the
interior of the region enclosed by the bifurcation curve L, in Figure 1. The endemic equilibrium
loses its stability. A periodic solution is bifurcated and is asymptotically stable.

rium E* = (3.3348,0.02627,0.6032) is locally asymptotically stable, as is shown. We
then increase B3 to 0.02 so that Ry = 2, which is between Rél) and Réz). The endemic
equilibrium loses its stability and a periodic solution is bifurcated from the endemic
equilibrium, as is shown in Figure 5. We continue increasing (2 to 0.0286 such that

Ry = 2.8571 > Ré2). The periodic solution disappears and the endemic equilibrium,
E* = (3.3358,0.0035,0.6621), regains its stability, as is shown in Figure 6.

7. Concluding remarks. One of the challenges in modeling the spread of in-
fectious diseases is to understand and predict the spread of competing strains of the
same pathogen. After a strain of a pathogen infects a host, the mutation can be
caused by an attempt of a pathogen to evade the immune defense of the host, the
effect of selective immunologic pressure, or possibly adaptation to a more efficiently
transmitted or better replicating pathogen.

We have formulated a simple compartmental mathematical model for the compe-
tition, mutation, and spread of a pathogen and its mutant strain. The model accounts
for a continuous infection-age structure for the original pathogen, and the mutation
rate of the pathogen depends on how long the host has been infected.

We model the transmission dynamics of pathogens by a system of partial differ-
ential-integral equations. We established conditions for the existence and stability of
the infection-free equilibrium, the boundary equilibrium, and the endemic equilibrium.
We derived formulas for the reproductive numbers, R; and R, for the two strains
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Fi1G. 6. The parameters are chosen as in Figure 4 except B2 = 0.0286 so that Ry = 2.857 > Réz).
Then R1 and R2 are in Region V and above the region enclosed by the bifurcation curve L. The
endemic equilibrium regains its stability.

based on the local stability of the infection-free equilibrium. We established the
conditions for existence of the boundary equilibrium, F;, where only one strain of
the pathogen is in circulation, and the endemic equilibrium, E*, where both the
strain and its mutant are in circulation. We obtained stability conditions for Fj.
These conditions, listed in Table 1, are expressed in terms of the two reproductive
numbers. We investigated the stability of £* and derived the characteristic equation
of the linearization about E*. The roots of this transcendental equation determine
the stability of E*.

To gain insight into transmission dynamics of the diseases with mutating strains,
we simplified the model to make it more analytically tractable. By assuming the
pathogen mutates with a constant rate, the PDE system is reduced into a system of
ODEs. For pathogens with a constant mutation rate, we extended the local stability
results for the infection-free and boundary equilibria of the ODE system, to prove
that if Ry < 1, Ey is not only locally but also globally asymptotically stable. We also
proved that if R; <1 < Ry, then Fj is globally asymptotically stable.

We established explicit conditions for the stability of the endemic equilibrium E*
when the mutation rate is constant. Furthermore, we identified the regions for the
parameters where E* loses its stability and periodic solutions bifurcate from E*.
For the special case where the two strains have the same recovery rate, we proved
Hopf bifurcations using either the mutation rate, k, or the reproductive numbers, R;
and R, as bifurcation parameters.
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For the case where Ry = 3 > Ry = 2 > 1, we used k as a bifurcation param-
eter and identified regions where Ey and E; are both unstable. In Example 6.1,
we established a critical value, kg, such that if & < kg, the endemic equilibrium is
asymptotically stable, and if k > kg, the endemic equilibrium is unstable and periodic
solutions appear through a Hopf bifurcation. We presented numerical simulations to
illustrate that if both reproductive numbers exceed the threshold value, then the mu-
tant cannot completely wipe out the original pathogen strain. We also showed that
if the mutation rate is below the critical value, kg, the two strains can coexist and
eventually stay at a constant steady state level. On the other hand, if the mutation
rate is above the critical value, kg, there can be sustained periodic oscillations of the
two pathogen strains. This phenomenon may furnish us with an interpretation of
periodic appearance of pathogen strains of some diseases, such as influenza, and can
provide useful guidance for disease intervention programs. Note that in this example
we fixed Ry. Since Ry is a function of the mutation rate, k, as we vary k we must
also adjust the infection rate (s in the bifurcation analysis.

We also used R; and R, as bifurcation parameters, while fixing other param-
eters, including the mutation rate. Figure 1 illustrates the regions in the R;-Ro
plane where the equilibria have different dynamics. We identified a closed bifurcation
curve, L, for Rgl) <R < R§2)7 where if Ry and Ry are within the curve, the endemic

solution is periodic. We showed that for R; in the interval (Rgl)7 R?)), as Ry increases
and passes through curve L, the stable steady state equilibrium changes its stability
and becomes unstable. As Ry continues to increase and passes through curve L the
second time, the steady state equilibrium regains its stability. That is, the curve L
identifies the parameter values where the solution undergoes a Hopf bifurcation.

Example 6.2 illustrates the Hopf bifurcation for Rgl) < R < Rgz). In Figure 4,
(R1, Ro) is outside the region enclosed by L with Ry below L. In this case, the
endemic equilibrium is asymptotically stable and the two strains eventually coexist
at a steady state level with I* = 0.0035. Figure 5 shows how when (R;, Rs) is within
the L the endemic solutions are periodic. In Figure 6, (R, R2) are again outside L,
but Ry is above L. Once again, the two strains can coexist, but the steady state level
I* = 0.02627 is much higher than in Figure 4 because the mutant in the latter case
has a larger reproductive number.

These examples illustrate the wide range of behavior that can exist when a
pathogen mutates in the host to create a second infectious mutant strain. The explicit
formulas for the reproductive numbers and the detailed analysis for the existence and
stability of the boundary equilibrium can provide insight into the complexity of these
epidemics. For the simplified cases where the mutation rate is not infection-age depen-
dent, we were able to establish conditions for the global stability of the infection-free
and boundary equilibria. Our analysis of the situation where the steady state equilib-
rium loses its stability through a Hopf bifurcation, and periodic solutions appear, may
also help in understanding similar transitions in epidemics with mutating pathogens.
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