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Abstract

Advances in nonlinear science have been plentiful in recent years. In particular, interest in nonlinear wave propagation
continues to grow, stimulated by new applications, such as fiber-optic communication systems, as well as the many classical
unresolved issues of fluid dynamics. What is arguably the turning point for the modern perspective of nonlinear systems took
place at Los Alamos over 40 years ago with the pioneering numerical simulations of Fermi, Pasta, and Ulam. A decade later,
this research initiated the next major advance of Zabusky and Kruskal that motivated the revolution in completely integrable
systems. With this in mind, the conference on Nonlinear Waves in Solitons in Physical Systems (NWSPS) was organized by the
Center for Nonlinear Studies (CNLS) at Los Alamos National Laboratory in May of 1997, to assess the current state-of-the-art
in this very active field. Papers from the conference attendees as well as from researchers unable to attend the conference were
collected in this special volume of Physica D. In this paper, the contributions to the conference and to this special issue are
reviewed, with an emphasis on the many unifying principles that all these works share. Copyright © 1998 Elsevier Science B.V.

1. Introduction

Most natural systems are nonlinear, and are there-
fore modeled by nonlinear systems of equations.
The essential difference between linear and nonlinear
systems is that linear systems satisfy a simple su-
perposition principle. That is, any two solutions of a
linear system, added together, form a new solution to
the same equations; this is not the case for solutions
of nonlinear systems. This superposition principle al-
lows the solution of a linear problem to be broken into
pieces, which are then solved independently by, for
example, the Fourier or Laplace transform, and then
added back to form a solution to the original problem.

Despite the difficulty caused by the lack of super-
position principles, the last 40 years have seen revolu-
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tionary progress in solving nonlinear systems, guided
by advances in experiments, phenomenal success in
the computer simulation of nonlinear systems, and new
mathematical analytical tools, such as the inverse spec-
tral transform and methods based on Hamiltonian sys-
tems. The synergy between theory, computation, and
experimental sciences continues to lead researchers to
new levels of understanding.

One field of nonlinear science that has experi-
enced some of the most spectacular progress is wave
propagation phenomena. In this class of problems,
asymptotic procedures that take advantage of small
parameters in physical regimes of interest often re-
sult in a few “universal” partial differential equations
(PDEs). It is one of the mysteries of nature that mzany
of these equations turn out to be integrable, which
essentially means that their solutions can be repre-
sented as a superposition of special wave modes. Thus
some manifestly nonlinear problems can after all be
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broken down and solved via a nonlinear decomposi-
tion in a manner analogous to the way that linear wave
equations are solved with Fourier or Laplace trans-
forms. The most famous of these special wave modes
are perhaps the solitons, localized waves that collide
elastically, suffering only a shift in phase. This ro-
bustness of solitons to overcome strong perturbations
is largely due to a subtle balance between the ten-
dency of nonlinearity to increase the wave slope and
the linear dispersion that tends to flatten a wave. The
occurrence of this type of balance is widespread in
fluid mechanics. The interplay between nonlinearity
and dispersion selects distinctive patterns in natural
systems in situations ranging from the great red spot
on Jupiter to vortices in liquid helium.

Nature abounds with examples of nonlinear waves.
The universality of the underlying mechanisms for
nonlinear waves has allowed advances in nonlinear
wave motion in fluid dynamics to be applied to mole-
cular dynamics and nonlinear optics and vice versa.
Nonlinear mechanisms that just a few years ago were
considered unsolvable are now understood and are
applied to create ultrahigh-speed optical transmission
lines, to model ocean waves, and to better under-
stand the behavior of conducting polymers, cavitons in
plasma physics, and discrete lattices like Josephson-
junction transmission lines.

Often, research on a given natural system began
by investigating a one-dimensional PDE derived as
an approximation to an experimental system in fluid
dynamics, nonlinear optics, material science, or chem-
ically reacting fluid. Many of these have known non-
linear wave solutions (which are sometimes soliton
solutions). This limited knowledge is then extended
with numerical simulations. Next, the models are en-
riched by adding new terms for physical effects, such
as dissipation, driving terms, or higher-dimensional ef-
fects, which were initially left out of the model. Here,
computation begins to play an even bigger role and of-
ten leads the analytic and experimental investigations.

This special issue of Physica D originated with
the conference on Nonlinear Waves in Solitons in
Physical Systems (NWSPS) organized by the Center
for Nonlinear Studies (CNLS) at Los Alamos National
Laboratory in May of 1997. Researchers unable to

attend the conference were also encouraged to con-
tribute to the special issue. In this work, we survey
some of the papers presented at the meeting and those
appearing in this special issue. We also cite some of
talks and posters given at NWSPS in this introduc-
tory paper as it occurred to us to do so. We did not
make an attempt to discuss all of the talks and posters,
as this would go beyond the space we have available.
We stress that omission of mention here is in no way
meant to reflect negatively on the work but is rather
a reflection of the interest bias that our own research
areas inevitably introduce.

2. Fluid dynamics

Perhaps our first perception of wave motion comes
from observing waves on the surface of water. It is so
much a part of our mental model of the natural world
that we go back to this phenomenon time and again
in order to build our intuition of other forms of wave
propagation in nature, even when the analogy is more
challenging to our imagination than the other forms
are in themselves. The salient features of water waves
can be qualitatively grasped by everyone, from kids
playing in a pool to seamen on a ship, and have long
stimulated curiosity in anyone who watches the waves.
It is therefore perhaps ironic that our quantitative un-
derstanding of water waves is still limited, and that
our knowledge in that area is behind that of other less
familiar types of wave motion. Of course, there are
good reasons for this limitation. Of all the waves in na-
ture, water waves possess one of the widest ranges of
variation in their behavior, from the small amplitude
long waves at the surface of a quiet pond to the crash-
ing turbulent surf breaking on a beach. Such a wide
range of scale challenges our mathematical models,
particularly when it combines with another momen-
tous aspect of water waves — nonlinearity.

Just as our first experience with wave motion came
from water waves, so did perhaps our first appreci-
ation of the role played by nonlinearity in physical
models. Observing a beach wave approaching a shore,
one is struck by its emerging as a single identifiable
entity out of an almost disorganized state of the sea
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surface far from the shore. The wave seems to gain
coherence as it approaches the beach and grows taller.
Why is this coherence lost when the wave steepens
and breaks on the shore? What is the mechanism be-
hind the delicate balance between height, width, and
speed? Water waves, and fluid dynamics more gener-
ally, is one of the fields in mathematical physics where
we were first forced to cope with nonlinearity, with
no hope of discarding it while still retaining physi-
cally interesting solutions. We have learned how to in-
corporate nonlinearity’s subtle ways as a creator and
destroyer of stability in simple models of water wave
motion. Why do these models work so well — or do
they?

Fluid dynamics abounds with examples of nonlinear
waves. Waves spontaneously appear in water flowing
down an inclined plane, at interfaces between different
density layers in deep bodies of water, on the surface
of a tray of water on a vibrating table, and are manifest
as well in the large scale meandering of atmospheric
winds at mid-latitudes, and at the enormous fronts of
expanding gases from a supernova explosion. Osborne
and Burch [67] describe the effects of nonlinear ocean
waves that have traveled unchanged for hundreds of
miles on the surface of the Andaman Sea near north-
ern Sumatra. Each wave is approximately 100 m wide
and is separated from the other waves by about 10 km.
These waves, generated by tidal forces, move about
2m/s and are seen as small (about 1 m) surface break-
ing waves. They are the tiny surface signatures of huge
internal waves that exist at the interface between the
stratified thermal and salinity layers in the ocean. The
beautiful mathematics developed to understand these
ocean waves can be used in an attempt to describe the
stability of vortex structures. One spectacular exam-
ple is the giant red spot on Jupiter, a 40 000 km wide
storm which has changed little since it was first ob-
served in the early 17th century. The underlying simi-
larity of all these phenomena is the nonlinear balance
of forces between the dissipation, dispersion, and fluid
convection forces. These are the principles that unify
nonlinear waves in fluid systems of all scales, from
millimeters to 10* kilometers and beyond.

We will give a selective review of some recent ad-
vances in the study of nonlinear dispersive waves, in

particular their stable manifestations as solitary waves,
primarily in water. The remarkable creation, stability,
and interactive properties of these waves as they en-
counter external forcing, like variable depth, have been
extensively studied analytically, computationally, and
experimentally. The broad agreement between these
three approaches is amazing, and they have provided a
useful beacon when they do not agree, signaling where
to look for new understanding.

2.1. Nonlinear waves in fluids

The first published observation of solitary waves
was made by John Scott Russel along the banks of a
shallow canal in Scotland. He reported his observation
of a wave propagating with no appreciable change in
form, as well as the results of decade-long experimen-
tal study, in his famous paper “Report on waves” of
1844 [73]. His work having been largely ignored for
quite some time after its publication must have gener-
ated some sense of guilt in the scientific community,
and it has become customary, as we have now done, to
begin a review on the subject of nonlinear water waves
with a reference to his work. To this, we would like to
add a reference to another pioneer in the field, Joseph
Boussinesq. His publication [8] of what we now call
the Korteweg—de Vries (KdV) equation,

ur + sy sy + gy =0, (1)

preceded by more than two decades the derivation by
Korteweg and de Vries, published in 1895 [{48]. The
KdV equation (1) is written in the usual nondimen-
sional form, in which all the physical parameters are
scaled into the definition of space x, time ¢ and velo-
city of water u(x, t). Not only was Boussinesq the first
to derive the model, but he also carried out some non-
trivial analysis and found the first members of an in-
finite hierarchy of conservation laws [60]. Boussinesq
must also be credited for the first theoretical evidence
of solutions that resembled Russel’s solitary wave. His
rationale for how such solutions can come about is
the one we still favor today: two “destabilizing” ef-
fects, linear dispersion (represented by the u,,, term
in the KdV equation), and nonlinear convection (rep-
resented by the uu, term in the KdV equation) work
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against each other and exactly balance to result in a
stable solution. So it is perhaps another example of
history’s injustices that the model should be known as
KdV, although Korteweg and de Vries do deserve the
credit for having isolated Eq. (1) among Boussinesq’s
many alternative models and for calling attention to
its solitary wave solution in their paper [48].

The KdV equation had to wait almost another cen-
tury before it was finally given its place as a paradigm
for all nonlinear wave models by the work of Zabusky
and Kruskal in the mid-1960s [82]. At that time com-
puters were making their first appearance in general
scientific research, and effectively turning the branch
of mathematics related to evolution equations into
an experimental science. In numerical experiments
following those of the seminal work of Fermi et al.
[19], Zabusky and Kruskal discovered that an initial
sine wave would break into a train of stable solitary
waves under the flow of the KdV equation. They
found that when this nonlinear solitary wave collided
with other solitary waves it emerged unchanged, ex-
cept for a phase shift — a remarkable property, and
they gave the name “soliton” to these particle-like
solitary waves.

The simulations of Zabusky and Kruskal motivated
the mathematical community to search for new an-
alytic tools to explain the phenomena. The enticing
behavior of the KdV solitons slowly gave birth to some
of the most significant advances in applied mathemat-
ics during the 20 century. In an ingenious tour de force,
Gardner et al. [23] put together in 1967 the elements
of what is now known as the “inverse spectral trans-
form” (IST), a sequence of essentially linear opera-
tions that allows the construction of the solution of the
KdV equation. The IST identifies the soliton (particle-
like) components of the solution as nonlinear modes (a
generalization of the Fourier modes for linear PDEs)
which coexist with modes that are purely dispersive
(radiation-like).

Remarkably, the KdV equation can describe the
main features of a range of fluid waves from the small
narrow channel where Russel chased the soliton to the
huge internal waves flowing in the Andaman Sea. Of
course, it would be unfair to ask such a simple model
like the KdV equation to stretch beyond the level of

a qualitative understanding over such a wide range of
physical situations, though quantitative agreement be-
tween experiments and KdV theory does exist and can
often be amazingly good. Over the years, many more
refined models have been proposed. Starting with the
one and two equation models proposed in the origi-
nal works of Boussinesq, we also note here the alter-
native model proposed by Benjamin et al. [6], which
points to the idea of “regularization™ of a dispersion
relation and its consequences for improved numerical
and physical behavior. Unfortunately, this model does
not lend itself to IST as we know it, but an integrable
generalization has been proposed [13], with interest-
ing solution properties.

Despite its success at providing a framework for
the Andaman Sea internal waves, the KdV can fail to
be the appropriate asymptotic model in the presence
of very deep layers of almost homogeneous fluid. For
such a case the correct asymptotic model was found by
Benjamin in 1967 [5], a nonlocal version of the KdV
equation in that one of the derivatives of the dispersion
term u,., is replaced by a Hilbert transform. This
model, commonly referred to as the Benjamin—Ono
(BO) model, is also completely integrable by the IST,
but the application of this method is far more difficult
than its counterpart for the usual KdV model. The IST
theory for the BO equation has been recently used for
evaluating the effects of perturbations. A sequence of
posters at NWSPS by Kaup, Lakoba, and Matsuno
presented the latest advances on this subject. We also
note that the subject of near integrable equations and in
particular of perturbation theories based on IST have
been given new life by the recent advances in fiber-
optic communications (Section 3).

The BO model is actually the limit, as the depth
of one of the fluid layers goes to infinity, of another
nonlocal model known as the intermediate long-wave
(ILW) equation, which can also be solved by IST. In
his lecture at NWSPS, Bona presented new advances
on the global existence theory of coupled ILW equa-
tions, a system that is appropriate for waves at the
free surfaces of a shallow layer of water sandwiched
between two deep layers of different densities.

An effort that lately has received some new impetus
is that of investigating the consequences of varying



R. Camassa et al./Physica D 123 (1998) 1-20 5

the relative balance of dispersion and nonlinearity
that goes into making a solitary wave. Although the
experimental observations of waves that are long with
respect to the total water depth confirm the KdV bal-
ance (of the wave amplitude scaling like the square
of the wavelength), for internal waves in the presence
of a deep fluid layer the Benjamin model has proved
to be inadequate (Koop and Butler [47]). The main
reason for this inadequecy seems to be the strong
nonlinearity, as expressed by a suitable amplitude
parameter, that internal waves can achieve in deep
water, and make an asymptotic model based on the
smallness of this amplitude parameter inappropri-
ate. Inclusion of higher-order terms in the long-wave
small-amplitude asymptotic expansion that leads to
BO offers no relief: the expansion itself becomes
disordered for sufficiently long waves (Matsuno [55]).

Recently, a class of models capable of handling
large amplitude waves has been proposed, and the
comparison with existing experimental data [15] is
very encouraging. These models can be viewed as a
modification of the classical Boussinesq systems for
homogeneous fluid in the same spirit as the BO equa-
tion modifies KdV. It is an open question whether any
of these new equations possess some of the structures
that make KdV and BO such interesting mathematical
objects.

In this issue of Physica D, Wu [81] has made the
search for models that account for various degrees of
importance of nonlinear and dispersive effects more
systematic. His starting point is a reformulation of
the Euler equations for an incompressible, inviscid,
and irrotational fluid into two (exact) equations. The
first equation is the continuity equation averaged over
the water depth, and second equation is the horizon-
tal component of the momentum equation at the free
surface. The equations have three unknowns: horizon-
tal velocity at the free surface (in two dimensions),
the mean horizontal velocity averaged over the water
depth and the water surface elevation. By closing the
system with a third approximate equation that relates
the velocity fields, most previously known models can
be recovered and extended.

Because of the generality of the formalism, the
number of spatial dimensions in these models re-

quires no restriction. If, however, the variation of the
wave pattern in one direction is assumed to be weak,
the Kadomtsev—Petviashvili (KP) equation [38] can
be derived as a (weakly) two-dimensional generaliza-
tion of the KdV equation. Like the KdV equation, the
KP equation is a completely integrable Hamiltcnian
system and admits a large family of periodic and
quasiperiodic solutions. The periodic cnoidal wave
solutions of the KdV equation correspond to the
one-phase KP solutions. Multi-phase (quasiperiodic)
solutions expressed in terms of Riemann theta func-
tions are also known. The two-phase KP solutions
are the simplest genuinely two-dimensional ones and
form permanent spatial patterns of crossing traveling
waves. These two-phase solutions have been observed
on ocean bays and have been produced in laboratory
experiments. The agreement with the KP modal is
sometimes as spectacular as for the KAV equation.
Unlike KdV however, the KP equation does not yet
have an IST solution of the initial-value problem,
a severe limitation for practical applications. Some
progress in the direction of a solution to the initial-
value problem is established for quasiperiodic initial
data in this special issue by Deconinck and Segur
[17].

As remarked in Section 1, the IST can be viewed as
a sort of nonlinear Fourier transform. Osborne et al.
[68] push this analogy to its ultimate consequences
- time series analysis by the periodic IST. When
shallow water surface data from the Adriatic Sea. are
analyzed with this new tool, a very appealing physical
picture emerges: oceanic wave trains in shallow water
appear as a composition of a “soup of particles” (the
nonlinear cnoidal waves and solitons) living in a sea
of “intermediary particles”. The latter are responsible
for the interactions among the primary stable parti-
cles (nonlinear modes) and in particular determine
the resulting phase shifts. Besides its theoretical (high
energy physics like) appeal, this picture is relevant
in the design of offshore structures, like drilling plat-
forms, where it is necessary to account for the type of
wave forcing that the structure is likely to experience.
Additionally, in his talk at NWSPS Osborne also
presented some new experimental and theoretical
advances for the problem of waves running up an






