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Abstract. We have developed a structured adaptive mesh re nement (SAMR)
method for parabolic partial di®erertial equation (PDE) systems. Solutions are
calculated using the "nite-di®erence or nite-v olume method in spaceand backward
di®erertiation formula (BDF) integration in time. The combination of SAMR in
spaceand BDF in time is designedfor problems where the "ne-scale pro le of sharp
fronts in spaceshould be resolved and implicit integration in time is necessaryto
improve the exciency of the computation. Methods for forward sensitivity analysis
on the adaptive mesh are preserted.

1 Intro duction

Structured adaptive meshre nement (SAMR) has beenused extensiwely to
solve partial di®erertial equations (PDEs) [3,11,15].SAMR usesa hierarchi-
cal block data structure where eat block (called patch) can be solved as
a single grid. Most implementations of SAMR have used an explicit time
integration, and re ned time as well as spaceby taking local smaller time
stepsfor ner grids. The time stepsizefor explicit integration is limited by
the Courant-Friedrichs-Lewy (CFL) condition [9]. Explicit methods are ap-
propriate for hyperbolic systems,where the CFL number is proportional to
¢t= ¢x . Howewer, for a parabolic systemthe CFL number is proportional to
¢t= (¢x )2. Hencethe time step for an explicit integration needsto be very
small to ensurestability. It is desirableto solve this type of problem with im-
plicit time integration. Implicit time integration is also preferred for solving
steady-state and slow-transient problems, becausethe stepsizerestrictions
are lessstringent than for explicit schemes(there may not be any). Although
SAMR has beenavailable for more than a decade,its combination with im-
plicit time integration is still in its infancy. Before describing our algorithm
and implemertation, we rst discusstwo available adaptive grid implemen-
tations for parabolic PDE systems.

Verwer et al. [17] designeda local uniform grid re nement (LUGR) with
secondorder badkward di®ereriation formula (BDF) method in time. Instead
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of using a hierarchical block data structure, LUGR usesa data structure

specially designedfor its algorithm. A standard second-order nite di®erence
is usedin the spatial discretization, certral on the internal domain and one-
sided at the boundaries.A xed second-ordertwo-stepimplicit BDF method

with variable stepsizeds usedfor the time integration. The resulting systemof

nonlinear equationsin ead time step is solved by a modi ed Newton method

and (preconditioned) iterativ e linear solver. LUGR is not °exible with respect

to changesin the spatial discretization or time integration method.

Flaherty et al. [10] designedan adaptive overlapping grid (AOG) method
using Galerkin's method with a piecewisepolynomial basisin spaceand a
singly implicit Runge-Kutta (SIRK) integration method in time. A tree-based
hierarchical data structure is used. The grid re nement strategy is basedon
error estimatesfor Galerkin's method. Due to the frequert stops and starts
that are neededin conjunction with the re nement/coarsening process, AOG
opted for single-stepSIRK methods for the time integration. Unfortunately,
thesemethods often proved to be more costly than a multistep method. The
integration of ead local patch is done separately and a Schwarz alternation
iteration is usedto obtain satisfactory accuracyin overlapping regions.AOG
also usesoverlapping and rotated grids in the re nement processing,which
proved to be disadvantageousfor generalproblems.

In this paper, we study how to combine the SAMR method with variable
order and variable stepsize BDF time integration. The BDF methods are
implicit multistep methods for solving systemsof ordinary di®erenial equa-
tions (ODESs) or di®erertial-algebraic equations (DAEs). An ezxcient BDF
code DASSL, dewveloped by Petzold [4], hasbeenwidely used.In DASSL, the
implicit systemis solvedby a modi ed Newton iteration. The linear systemat
ead Newton iteration is solved by a denseor bandeddirect solver. An exten-
sion of DASSL, DASPK, was dewveloped by Brown, Hindmarsh and Petzold
[5]. DASPK has an additional option of using a preconditioned incomplete
GMRES method to solvethe linear systemat ead Newton iteration, which is
particularly e®ectiein the method of lines(MOL) solution of time-dependert
PDEs in two or three dimensions.

Sensitivity analysis is important in many engineeringand scierti ¢ ap-
plications. The information cortained in the sensitivity trajectories is useful
for parameter estimation, optimization, model reduction and experimertal
design. A DASPK padkage (DASPK3.0) with forward sensitivity analysis
capability was deweloped by the authors [13]. DASPK3.0 also incorporated
many other new featuresfor the excient integration of the ODE/D AE.

Compared with explicit integration, applying implicit time integration
with an AMR system has a lot of dixculties. First, ead patch cannot be
integrated independertly in onetime step, becauseit may share boundary
points with other patches. Second,the implicit systemneedsto be solved in
ead time step. Therefore at least one linear system must be solved in each
time step. How to solve the linear systemexzciently is essetial to the success
of the PDE solver. Related issuesof how to reusethe previously-evaluated
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Jacobian or preconditioner for the current time step, and how to get the
initial guessfor the Newton iteration are also important. Third, it is more
dizcult to take alocaltime stepfor the "ner grid for animplicit method than
for an explicit method. The time stepsizeat ead level is usually determined
by accuracy instead of stability for the implicit method. Thus, the ratio of
the stepsizesfor di®erent levels usually is not an integer(which is required
for the hierarchical AMR data structure). There are someother dixculties,
such asstoring and updating the Jacobianor other linear systeminformation
for eadh level/patch if it is solved separately restarting the integration after
ead re nement, etc.

In the following sections,we proposesomestrategiesto overcomeor cir-
cumvent theseditculties. We also study how to exciently compute the sen-
sitivities of adaptive solutions for the PDEs. Di+culties related to adaptive
data structure and discretization are addressed.

2 AMR with Hierarc hical Blo ck Structure

Our SAMR method makes use of the AMR data structure and re nement
strategy in [11]. In order to be read independertly, we outline the method
here.

2.1 Hierarc hical block structure

To exciently managethe data on eadh level in the AMR algorithm, the points
are grouped (clustered) into logically-rectangular blocks called patches.These
patchesare the building blocks for the hierarchical grid structure and are the
basic data unit for re ning the grid in space.A patch is treated as a single
grid with all the attributes of a single grid.

We use an indexed linear array hierarchical data structure in [11]. The
hierarchical grid data structure G=jnjG1jGyj:::jGn] contains the number of
levels of the grid and pointers to the grid on ead of the lower levels. The
data structure on the i-th level G;=jm;jp1jGi. 1jp2iGi: 2j:::jPm, jGi:m , ] contains
information on the patches, where m; denotesthe number of patches. The
data structure G;; cortains information for the j-th patch on the i-th level.
For a 1-D grid, the pointer p; is the index of the patch in the coarsegrid
that is the parert of the patch G;; . For a 2-D and 3-D grid, the variable p;
cortains the number of parert coarsegrids for the patch Gj; . An auxiliary
array is usedto store the indices of the parent grids.

2.2 Re nemen t strategy

The core of the AMR algorithm is in choosing how to cover the regionsthat
need re nement with a ner grid. The Remeshstage to cover subdomains
with higher resolution patches is the most algorithmically complex AMR
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! Remesh (level)
begin
maxlevel= the maximum level allowable, °evel = the nest level existing;
f level = max(f level + 1; maxl evel);
while (°evel-1 needsno re ning) decrease®evel by 1;
/I Readapt the current grid
for slevel= °evel-1 downto level do
Re ne (sleve)
Select (sleve): °ag the inaccurate points which need re ning;
Expand (sleve): add bu®er zonesaround the °agged region;
Cluster (sleve): group the °agged points into clusters;
for slevel = level upto °evel-1 do
Regrid (slevel+1): de ne the solution values for the readapted grid;
/I Re ne to generate new ner grid
while (f level < maxl evel and °evel needsre ning) do
Rene (°evel);
Regrid (°evel + 1);
increase °evel by 1;
end

Fig. 2.1. Pseudo-cale for AMR remeshing algorithm.

operation in the re nement process.The remesh stage is divided into two
processegsee Fig. 2.1): readapt (including re ne and coarsen)the current
grid and re ne to generatea new ner grid. Both processeshave two small
steps (seeFig. 2.1): re ne and regrid.

The readaptation must be designedto capture the featuresthat appear
in the ner levels but would not be identi ed if the processstarted with the
solution on the coarsestgrid and then adapted the grid to the ner levels.
Therefore, we initiate the mesh readaptation on the "nest level possible.
Note that this is di®eren from the local uniform grid re nement (LUGR)
method [17]. This grid is then coarsenedor re ned basedon the selection
algorithm. This processcontinuesuntil all of the indicated levels have been
readapted. The regridding step (see Fig. 2.1) (de ning the solution values
for the readapted grid) is done in reverse. It starts from the coarsestlevel
possible.After the ‘rst process,f the nest level available doesnot reach the
maximum level allowable and needsfurther re nement, we start the second
processto re ne and generate ner level patches.

We adopt the monitor function proposedby Verwer et al. [17] to identify
the regionsto coarsenor re ne. The monitor function is de ned for eadh
grid point (i; j). We initiate a level re nement if there is a point where the
monitor function exceedsthe tolerance. In order to ensure proper nesting,
if the current level grid has granddhildren, those points are also °agged. To
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be °exible, our software has an option to allow usersto provide monitor
functions.

For some applications, the monitor function may fail to identify all the
regionsthat needto be re ned. Also, there are situations where we may only
be interested in the nal steady state solution. In these cases,the etciency
can be improved if the userhascortrol overthe AMR process.In an extreme
situation, a usermay want complete cortrol to guide the re nement process
at any time and any place.

We incorporate seweral options in our software for user cortrol of the
re nement. The user can force a re nement through a grid Te and modify
the re nement parametersat any time [11].

3 Time Integration

It would be appealing to take a local time step for a local "ner grid, asis
donein conjunction with explicit time integration [11]. Howewer, due to the
dizculties mertioned in Section 1, we decidedto syndronize the time step
for all the grids. In fact, for a parabolic problem solved by an implicit method,
the time step is determined by accuracyrather than stability considerations,
and the di®erencein stepsizebetween grids in di®erert re nement levels is
generally small.

As pointed out in [17], the solution injected from a ner grid is in general
not a solution of the PDE systemdiscretized on a coarsergrid and hencecan
causecorvergenceproblemsin the Newton iteration if it is usedasthe initial
guess.Therefore, we solve the whole AMR system simultaneously. That is,
the entire AMR hierarchical structure is transformed into onelinear structure
usedby the implicit time integration solver.

To designsoftware that is easyto useby an application sciertist, we use
the method of lines (MOL) approad. That is, the PDEs are rst discretized
into ODEs/D AEs, and then existing ODE/D AE software is usedin the time
integration. Our implemertation has no restriction on the spatial discretiza-
tion and time integration solver. We use DASPK3.0 for the time integration
becauseof its capabilities for DAEs, implicit time integration and sensitivity
analysis. In the next subsection,we describe the transformation betweenthe
DASPKS3.0 and AMR data structures.

3.1 Transformation between DASPK and AMR data structures

The hierarchical data structure of AMR provides us a possibility to integrate
ead level or patch separately Howewer, the ditcult y of sudh a separate
computation is synchronization of the time step. Becausethe time stepsizeis
computed inside the time integration solver (DASPK in our case),we cannot
expect that di®ereri levels or patches would use the sametime stepsize.
Another problem with separatecomputation is that the Scwarz alternation
iteration must be used.
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To avoid these complications and ditculties, we integrate the whole sys-
tem asonebig ODE/D AE system. Thus, we must transform the hierarchical
data structure into a °at structure that can be used by DASPK. In order
that the equationsor residualscan be evaluated patch by patch in the AMR
hierarchical system and the solutions visualized easily, the transformation
must also be donein the reverse.

To eliminate redundancy and inconsistency we require that any point
or cell in the AMR system be evaluated only once. The transformation is
illustrated in Fig. 3.1 and is designedas follows. Beginning with the "nest
level, eadh point in ead patch in a level is copied to a linear array and
marked after it is copied;if a point is marked by a previous patch or level, it is
skipped. This processis donelevel by level until the basegrid is nished. The
inversetransformation is alittle more complex. After the inversecopying from
the linear array to the AMR hierarchical structure is done, the uninitialized
points in the AMR hierarchical structure are collected by copying from the
sibling grid and ner children grids.

For the inversetransformation, the ghost boundariesare also required in
evaluation of the equations or during re nement. The ghost boundaries for
eat patch must be collected from three sources.First they are calculated
from external boundary conditions if any of its boundaries reaches the ex-
ternal boundary. Then they are copied from the sibling internal grid points.
Finally, if there are still uninitialized ghost boundary points, interpolation
from the parent coarsegrid is used.

3.2 Warm restart after re nemen t

After a new grid is generatedand the solution hasbeeninterpolated from the
old meshto the new one, the simplest approach would be to restart the time
integrator as though solving a new problem. This is called a full restart by
Berzins et al.[2] and is appropriate for single-steptime integration methods
such as singly implicit Runge-Kutta (SIRK) [6] integration. For multistep
methods, a full restart would causethe ODE/D AE solver to choosethe lowest
order single-stepmethod and to reducethe time step sizeto satisfy the error
tolerance of the lowest order method.

In a warm restart (or °ying restart [2]) the history array used by the
ODE/D AE solver is alsointerpolated to the new mesh,and the integration is
continued with almost the samestep sizeand order aswould have beenused
had the remeshingnot taken place. Becausethe number of equations may
have changedduring the remeshingand the Jacobian matrix (preconditioner
in our case)is dixcult to interpolate accurately, we always reewaluate the
Jacobian matrix in a warm restart.

Comparedwith a global rezonemethod [12], the interpolation from an old
grid to a new onein AMR involveslesserror, becausethe most interesting
portion of the ne grid overlapswith that of the old grid, and the overlapping
part can just be copied from the old mesh. If the re nement in the AMR
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Fig. 3.1. The hierarchical data structure for AMR and its transformation to the
DASPK °at structure. The number inside the mesh is the order number in the
DASPK c°at structure. The cellswith \x" inside have beende ned by other patches.
A total of 129 cells is copied from the AMR hierarchical data structure to the
DASPK °at structure.
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systemis timely, the interpolation occurs only near the coarse- neinterface,
where the new grid points are generatedby the re nement process.Sincethe
discretization error near the coarse- ne interface is generally much smaller
than at the internal points, linear interpolation is suzcient in most cases.
When a new grid hasmore re nement levelsthan the old one, bivariate cubic
interpolation can be applied.

The interpolation errors in a warm restart may not be sutciently small
and may causethe ODE/D AE solver to reduce the stepsizeand/or order.
In our experience,even if the ODE/D AE solver evertually restarts with the
“rst-order method, the time-step size is much larger than that for a full
restart.

3.3 Reducing the overhead related to mesh adaptation

Evenwith the warm restart, the overheadof the meshadaptation is relatively
high. The most signi cant costis evaluation of the Jacobian. The adaptation
process(including re ning and regridding steps) and interpolations for the
history array actually take lesstime than the evaluation of the Jacobian.
Sincethe Jacobian must be evaluated after eat adaptation, it is important
to reducethe number of adaptations and/or reducethe computational work
of evaluation of the Jacobian.

The number of adaptations is determined by the number of time steps
kamr betweentwo adjacert re nements. kam is a®ectedoy many factors. One
of them is the number of bu®erzones(kyys ) addedduring the re nement. We
note in our experimernts that if kyy; increaseskamr can be larger. However,
when ks increasesthe ner grid becomedarger and requires more time to
solve. In our numerical tests, we found that kpy = 2 and kKamr ¥4 10 have
good performance for most problems. How to choosekym, dynamically, as
we did in [12] in the caseof explicit integration, is under investigation.

Replacing with the new grid adaptiv ely An alternative approac to
reduce the overhead of the adaptations is to replacethe old meshwith the
new adaptive one only when the variance is big enough.A xed kynr canbe
taken for this approad.

As we have mertioned, the new adaptive meshsharesthe most interesting
part with the old one.In our implementation, we calculate the number of grid
cells shared by both the new grid and the old one after each adaptation. A
ratio that measuresthe shared percertage is calculated as follows,

ZnNshar e .

ratio = ———————;
Nold+ Nnew

1)
where Nghar e 1S the number of sharedgrid cells, Ng 4 is the number of cells
in the old grid and Npey is the number of cells in the new adaptive grid.
The old meshis replaced by the new one only if ratio < 0:92. This number
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was determined experimentally to give the best performance over a wide
range of problems. Otherwise, the old meshis usedas if no adaptation has
occurred. This strategy can sharply reducethe number of warm restarts and
the number of Jacobian evaluations.

ILU preconditioner and ADIF OR To evaluate the Jacobian exciently,
we can choosea simple preconditioner that requireslesscomputational work,
such as a block-diagonal or block-Jacobi preconditioner. However, the per-
formancefor these simple preconditionerswas not very promising during our
numerical experimernts. We opted for an incomplete LU (ILU) factorization
preconditioner [16] in our software.

For an ILU preconditioner, the Jacobian should be evaluated and stored
in ead evaluation of the preconditioner. Unlik e a single nonadaptive grid, the
bandwidth of the Jacobianin our systemcan be very large becausethe solu-
tion in one patch/lev el can be related to the solution in another patch/lev el
and they can be far away in di®erert locations in the “at DASPK structure
after transformation. Note that in Fig. 3.1, the cell at position 33 relates to
the cells at positions 100 and 105.

The cost of evaluating the JacobianJ (Ceya ) Via ADIF OR, if the sparse
forward mode is used,is related to the cost of residual evaluation (Cs yn) by
Ceva ' atm ¢Cs yn, where a = 3 for the basic forward mode of automatic
di®ereriation, and m is the maximum number of nonzeroertries in any row
of the Jacobian. However, when the "nite-di®erence method is used, the cost
is Ceval ' bCCsyn; where b is the bandwidth of the Jacobian matrix. For
a PDE in a 2-D domain, m is usually small (m = 5 if certral di®erencein
spaceis usedfor a scalarPDE) but bis large. Therefore, we recommendusing
ADIF OR to evaluate the Jacobian whene\er possible.

Reducing the computation of data structure transformation  The
transformation betweenthe AMR hierarchical data structure and the DASPK
linear structure is frequertly used during function evaluations, meshre ne-
mernts and warm restarts. To reducethe overheadof the adaptations, we must
reducethe computation time of ead interface transformation.

We can go through the matching processproposedin Section 3.1 eat
time to do the transformation or inverse transformation. Noting that the
matching processis the sameif the meshdoesnot change, we proposeto do
the matching processonly oncefor a new mesh.

The algorithm is asfollows. When a new meshis generated,we go through
the AMR hierarchical data structure and the DASPK linear structure and
match them one by one using the algorithm of Section 3.1. During the pro-
cessing,we can take advantage of the indexed linear array implementation
for the hierarchical data structure. We actually do the matching betweentwo
linear structures instead of one hierarchical (tree) structure and one linear
structure. The solutionsin the AMR hierarchical data structure contain data
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at the ghost boundariesand sharedinternal points among di®erert patches.
Hence there are more of them than those in the DASPK linear structure.
Two index arrays are usedto store the locations of the solutions in ead lin-
ear structure during the matching process.One s usedto store the indices of
the elemerts in the AMR structure for the elemerts in the DASPK structure.
The other is usedto store the indices of the already marked elemeris in the
AMR structure and their corresponding elemerts in the DASPK structure.
For the transformation from the AMR structure to the DASPK struc-
ture, we useonly the rst pointer array. For the inversetransformation, both
pointer arrays are used. The ghost boundary data for the AMR structure,
if needed,are collected separately The transformations can be done much
faster with the help of the two arrays. Sincethesetwo arrays are computed
only oncefor a new mesh, the total computational exciency is improved.

4 Sensitivit y Analysis for PDEs

DASPKS3.0 has a capability for forward sensitivity analysis[13].The sensitiv-
ity equations for the DAEs have many good properties which can be taken
advantage of. First they are linear with respect to the sensitivity variables.
Secondthe Jacobianmatrix for the sensitivities is the sameasfor the original
DAEs. We would like to make use of this sensitivity analysisin the SAMR
solution of PDEs.

4.1 Sensitivit y ODEs vs. sensitivit y PDEs

There are two possibilities for evaluating the sensitivity residuals of a PDE
system. First, we can usethe MOL approad and transform the PDE system
into an ODE/D AE system. Then the sensitivity methods in DASPK3.0 can
be used. The sensitivity equations can be evaluated by seweral options in
DASPK3.0, such asthe "nite-di®erence or ADIF OR options. This approac
doesnot require any modi cation of the PDE discretization codes.

The other approac is to solve the sensitivity PDEs coupled with the
original physical PDEs directly. They are simultaneously discretizedin space
and then the coupled ODE/D AE system is solved by DASPK3.0. Similar
to the sensitivity DAES, the sensitivity PDEs are linear with respect to the
sensitivity variables. Since the PDE system is usually much simpler before
discretization, the sensitivity PDESs can be easily obtained. Somespecial dis-
cretizations or transformations usedfor the state PDEs can be reusedin the
sensitivity PDEs. Therefore, it is usually more excient and accurateto eval-
uate the sensitivity equations by this approac than by the rst approad.
In fact, we have found that if a nonlinear spatial discretization scheme (e.g.
upwinding scheme)was used,the rst approac might produceincorrect sen-
sitivities.

For an implicit solver like DASPK, the cost of the Newton iteration for
solving the nonlinear system of equations often dominates the computation.
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It is easyto solve the coupled system without distinguishing the state and
sensitivity variablesin the secondapproad. Howewer, it is much more excient
if we evaluate the Jacobian/preconditioner only for the state variables, and
reusethem in solving for the sensitivities. DASPK3.0 has an option for the
userto input the residual for the state and sensitivity equationsrespectively.
Distinguishing the state and sensitivity variablesin DASPK also allows the
user to exclude the sensitivity variables from the stepsizecontrol, which in
our experiencehasled to better performanceaswell asaccurate sensitivities.

For an adaptive grid solver, we must decidewhether the selectionof mesh
re nement should be basedonly on the state PDEs or on both the state and
sensitivity PDEs. We obsened in our applications that the sensitivity PDEs
for the sensitivity parametersthat appearsin the PDEs sharedthe samere-
“nement regionsasthe state PDEs. Therefore, we can excludethe sensitivity
equationsfrom the monitor function evaluations for exciency considerations
for those applications. This might not be true if the sensitivity parameters
arein the initial or boundary conditions.

4.2 Sensitivit y analysis with AMR hierarc hical structure

In DASPK3.0, the sensitivity variables are stored separately right after the
state variables, whereasa sensitivity variable is taken asa PDE variable and
all of the variablesin a patch are stored together in the AMR data structure.
This causessome ditcult y in transformation from the AMR hierarchical
data structure to the DASPK °at structure and in the residual evaluations
of DASPK.

The transformation betweenthe AMR and DASPK data structures pro-
ceedsin two steps. In the rst step, we do the transformation only for the
state variables. In the secondstep, we transform one by one for the sensitiv-
ity variables. If the sensitivity variables are not needed,the secondstep is
skipped. In sensitivity analysis using DASPK3.0, the Krylov iteration uses
only the residual evaluations of the state variables. The number of residual
evaluations for the state variablesis much larger than that for the sensitivity
variables. Therefore, the overheadin the transformation canbe much reduced
by the two-step technique.

5 Numerical Exp eriments

In this section, we give an example to illustrate the e®ectivenessof our al-
gorithm and software. The number of stepsk,m, betweentwo adaptations is
chosento be 6. The re nement ratio is chosento be 2, and the number of
bu®er zones(kpys ) is 2 unlessit is speci ed otherwise. Central-di®erencing
discretization in spaceis used.The error tolerancein DASPK is chosento be
RTOL=A TOL=10 5. All of our computations are done in double precision
on a 450HZ PC with the Linux operating system. For comparison, we give
somekey statistics of our computation.
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NWR |Number of warm restarts

NTS |Number of time steps

NRE [Number of residual evaluations

NJE |Number of Jacobian evaluations

NETF |Number of error test failures

MXEQ |Maximum number of equationsin DASPK format
CPU |Total CPU time taken to solve the problem

5.1 SAMR solution

This example of reaction-di®usion type is described in Zegeling [18]. The
PDE is given by

u=¢u + D@2 u)exp(j d=u); onthe domain- = (0;1)£ (0;1) (2)
@

Ujt=o = 1; @=O; atx=0,y=0;, andu=1, atx=1y=1;

where ¢ is the Laplacian operator and D = Re“=d;R = 5;d = 20: We output
the solution at t = 0:30. Sincethe solution beforet = 0:25is very smooth, we
turned o®the re nement and used only the basegrid beforet = 0:25. The
tolerance for grid re nement was chosento be TOLS=0.001.

The full restart is extremely slow. The warm restart, however, is much
faster. We note that after re nement the solver DASPK3.0 usesalmost the
sameorder asbeforethe re nement. The “rst re nement takesplaceat about
t = 0:25. We chosek,ny = 8 for the later re nements. The comparison for
methods with di®erert re nement levels and di®ereri bu®erzonesare shavn
in Table 1. The contour plots and re nement patches are displayed in Fig.
5.1.

Table 1. Comparison of di®erert methods for reaction-di®usion problem (2).

Base grid level Koy ‘NWR NTS NRE NJE NETF MXEQ CPU
201£201 1 N/A| O 147 687 15 18 40401 155
101£101 2 2 17 188 742 37 22 17450 56

51£51 3 2 18 209 802 38 29 12637 32
51£51 3 1 19 220 854 41 32 11557 31

The warm restart doeshave someadversee®ecton the time step selection,
which is shavn in Fig. 5.1-c We suspect that this is due to the interpolation
errors from the old grid to the new grid.
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Fig. 5.1-a. AMR with 50£ 50, 3 re ne-
ment levels and 2 bu®er zones. 9 con-
tours between1.1 and 1.9 are plotted.

0.0002
1 buffer zone ——
2 buffer zones -~

000015

0.0001

Time Stepsize

Time step

Fig. 5.1-c. The warm restart can cause
the DAE solver to reducethe time step
after eadh re nement. Three-level re-
nement and a 50£ 50 basegrid is used.

Fig. 5.1-b . AMR with 100f 100, 2 re-

nement levels and 2 bu®er zones. 9
codntours between 1.1 and 1.9 are plot-
ted.

Fig. 5.1-d . Contour plots for the sen-
sitivit y with respect to R. 9 contours
between 2 and 18 are used. The con-
tours increase from both sides to the

middle of the re nement.

Figure 5.1: Results for reaction-di®usion problem (2).

5.2 Sensitivit y analysis

We also computed the sensitivity with respect to the parameterR in Eq. (2).
The sensitivity PDE is given by
VO | pooTu

) 1
st = ¢s + D=R(2i u)exp i i sDexp ig M :

1i 2

®3)

clao

We usedtwo re nement levels and a 51£ 51 basegrid. The error tolerance
for the sensitivity variables was the same as that for the state variables.
The partial error test (excluding the sensitivity variables from the error test)
and staggeredcorrector method option was usedin DASPK3.0. The other
parameterswere the sameas those without consideringsensitivity.

Two options for sensitivity evaluation in DASPK3.0 weretested: input an-
alytically and by ADIF OR with seedmatrix. They producedthe sameresults,



14 Shengtai Li et al.

which is not surprising since no special technique is used during the spatial
discretization. The exciency for the two options wasalmost the same.We also
solved Egs. (2) and (3) without usingthe sensitivity techniqguesof DASPK3.0
(seeltak enas PDEs" method in Table 2). In this method, we cannot exclude
the sensitivity variables from the temporal error test in DASPK3.0, and the
warm-restart after ead re nement doesnot work well after t = 0:29. We sus-
pect the reasonis that the sensitivity changestoo rapidly. We should mertion
that the accuracy of the sensitivity did not improve much by including the
sensitivity variablesin the error test. The contour plots are almost the same.

Table 2. Comparison of di®erert methods for sensitivity analysis of reaction-
di®usion problem (2). “This number includes evaluations of the sensitivity equa-
tions.

Sensitivity Evaluation Meth0d|NST NRE NJE NETF CPU

Input analytically 191 3817 39 24 79
ADIF OR with seedmatrix 191 3817 39 24 82
Taken as PDEs 13154336 491 211 329

6 Conclusion

We have preserted our implementation of AMR with the implicit DAE solver
DASPK, for parabolic problemswhereimplicit time integration is bestsuited.
Seweral dizculties have beendescribed when AMR is combined with implicit
integration. We have provided some strategies to overcomeand/or circum-
vert the dixculties. Numerical results demonstrate that these strategiesare
e®ectie.

We have also discussedhow to combine the sensitivity analysiswith the
AMR hierarchical data structure. An interface was designed between the
AMR hierarchical structure and the DAE solver °at structure to facilitate
the useof the DAE solver and data visualizations.

A large-scalesparselinear system must be solved in the implicit time
integration. How to improve the exciency of the linear solver is key to the
succesf our combination of AMR and DASPK. We provide an ILU precon-
ditioner which is evaluated by ADIF OR. Other kinds of preconditioners, such
as additive Schwarz alternation preconditioners, are under investigation.

Although the warm restart technique can greatly improve the exciency,
the restart/in terpolation processstill has an adversee®ecton the time step
selection.We think this is due to the interpolation error after the re nement.
How to improve the time step selectionafter eac restart is an open problem.

The forward sensitivity method described in this paper is attractiv e when
there are relatively few sensitivity parameters. When a large number of sen-
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sitivit y parametersand only a few derived functions are involved, the adjoint
sensitivity method may be more advantageous.With the help of the recen
results on the adjoint method for DAESs [8,7], we have studied se\eral theory
and implementation issuesfor the adjoint sensitivity method on an adaptive
grid for partial di®ererial-algebraic equations (PDAE) [14].
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