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Abstract

We study exchange of stability in the dynamics of solitary wave
solutions under changes in the nonlinear balance in a 1+1 evo-
tionary partial dierential equation related both to shall ow water
waves and to turbulence. We nd that solutions of the equation
m; + umx + buum = my with m = u 2ux for uid velocity
u(x;t) change their behavior at the special valueb=0; 1; 2; 3.

PACS numbers: 11.10.Lm, 03.50.-z, 05.45.Yv, 05.45.-a
Keywords: solitary waves, solitons, peakons, nonlinear edplution, tur-
bulence modeling



D. D. Holm & M. F. Staley Solitons, peakons, ramps/cli s and | eftons 2

Contents
[1__Introduction | 2

[2__Exchange of stability | 6

2.1 Numerics for exchange of stability fromb=010 b= ... 6
2.2 Analvtical discussion of the exchangi ﬁi stabilify . . . ... . 9
i ical methods . . . ... . ... .. 10

3 _Conclusions and further comments | 11

1 Introduction

1.1 Linear and nonlinear balances in shallow water waves

The primary physical mechanism for the propagation of soliary shallow wa-
ter waves is the balance between nonlinear steepening andkar dispersion.
This balance appearsuniquely at linear order in an asymptotic expansion in
the Korteweg-de Vries equation (KdV),

Ut + CoUx + 3—21qu + % Uxxx =0 1)
Here the expansion parameters satisfy; ,> 2 and are dened by ; =
a=h and , = h?=I, in terms of a, h and |, which denote wave amplitude,
mean water depth, and typical horizontal length scale (e.g. a wavelength),
respectively. Kdy possesses the famous secholitary wave solution u(x;t) =
upsectf((x ct) up==2),forug=2(c cg)=1and =3 »,=5 1), seelll].
The Benjamin-Bona-Mahoney equation (BBM),

32

Eco u =0; (2

1
~uuy

Ui + CoUy +
t T CoUx 5

has the same sech shape for its solitary wave, but with  replaced by
0= ¢ =co. BBM is asymptotically equivalent to KdV at order O( 1; 2).
However, the linear dispersion relation for BBM is a better match than that
for KdV in the physical application to shallow water waves.
Beyond KdV at linear order, the asymptotic expansion at quadratic
order in the small parameters 1 and , does not produce a unique wave
equation for unidirectional shallow water waves [2]. Instad, the asymptotic
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expansion produces an entirefamily of shallow water wave equations that
are asymptotically equivalent to each other at quadratic order in the shal-
low water expansion parameters. The equations in this famil are related
amongst themselves by a continuous, three-parameter groupf nonlinear,
nonlocal transformations of variables given by,

u= v+ 1(av?+ av@v)+ agv ; ®3)

in which (ap;ap;a3) are real parameters. This transformation group was
rst introduced for determining normal forms of shallow wat er equations by
Kodama in [3].

Among the family of asymptotically equivalent shallow water wave equa-
tions at quadratic order accuracy in the small parameters ;1 = a=h and
» = h?=I? are several equations that are completely integrable. As fioKdV
at linear order, these integrable shallow water equations faquadratic order
possess soliton solutions that interact via elastic collions. In particular, the
equation in the KdV hierarchy with fth-order derivatives i s present among
these integrable equations, as shown iri]4].

The family of shallow water equations at quadratic order acaracy that
are asymptotically equivalent under Kodama transformations (@) contains
the following sub-family, derived in [Z],

|th-} * COUX + Z%Uxxx + | 1(umx{-§ bmux)} =0; (4)

DlsperS|on

Evolution Nonlinearity

wherem = u (19 »,=60)ux . The set of 1+1 evolutionary equations {3) is
nonlocal, dispersive and nonlinear. The nonlinearity in this set of asymptot-

ically equivalent shallow water equations is parameterizd by the real con-

stant b, which depends on the group parametersds;ay; az) in the Kodama

transformation (B). An asymptotically equivalent shallow water equation

forany b6 1 may be achieved by a Kodama transformation. However,
the caseb = 1 violates the asymptotic ordering and the corresponding
Kodama transformation is singular in this case [2].

The caseshb= 2 and b= 3 are special values for theb equation @). The
caseb = 2 restricts (ffJ to the integrable Camassa-Holm equation (CH) [5].
The caseb = 3 in (f] is the Degasperis-Procesi equation (DP) [[6], which
was shown to be integrable in[[F]. These two cases exhaust thategrable
candidates for {4), as was shown using Painlee analysis ifid]. The b-family
of equations [4) was also shown in[]J8] to admit the symmetry coditions
necessary for integrability only in the casesb= 2 for CH and b= 3 for DP.
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KdV (1] and the casesb=2 (CH) and b= 3 (DP) of equation ({] are
three completely integrable Hamiltonian equations that possess solitons as
traveling waves. In KdV, the balance that con nes the traveling wave soli-
ton occurs between nonlinear steepening and linear dispam. This is the
leading order asymptotic balance for shallow water waves. bBwever, even
in the absence of linear dispersion, the parameteb in equation @) intro-
duces additional possibilities for balance, including thenonlinear/nonlocal
balance in the following (rescaled) dispersionless case GH that was studied
previously for b= 2 in [5],

me+ umy + bmu, =0; with m=u  2uy : (5)
The nonlinear/nonlocal balance in this equation, even in the absence of
linear dispersion, can still produce a con ned solitary traveling wave pulse
u(x;t) = cel X °i=  called the peakon|5]. The peakon moves with speed
equal to its amplitude and has a jump in derivative at its peak. Peakons
for either b=2 or b= 3 are true solitons that interact via elastic collisions
under CH dynamics, or DP dynamics, respectively. In addition, the CH
and DP initial value problems are both completely integrable as Hamilto-
nian systems by using the inverse spectral transform (IST) nethod for an
isospectral linear eigenvalue problem whose purely discte spectrum gives
the asymptotic speeds of the peakond[5][7]. FigurE 1 shovise evolution
under dispersionless CH for the casd = 2 in equation (Bl) of a Gaussian
initial velocity distribution of unit area and width 5 . Peakon solutions
exist for equation @) with any value of b. However, we shall nd that the
stability of these peakon solutions requiresb > 1.

The properties of dispersionless CH for the casé = 2 in equation (B)
and also the r@lated class of dispersionless equations casting of (B) with
u=g m= 7 d(x y)m(y)dy for the caseb = 2 and an even kernel
g(x) = g( x) including g(x) = el XI= are studied further in Fringer and
Holm [9]. The properties of dispersionless DP for the casb= 3 in equation
(B are studied further in [[7], [Z0].

The dispersionless limit of KdV in (), upon rescaling velodty u, yields
the Burgers equation

Ut+ Ulx  Uxx =0; (6)

in which we now also add constant viscosity . The characteristic Burgers
solution is the classic ramp and cli shown arising from the Gaussian initial
condition in Figure In the ramp/cli solution, nonlinear steepening is
balanced by linear viscosity to produce the \cli " whose wid th is controlled
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Figure 1. Evolution under equation (5) with b = 2 of a Gaussian initial
velocity distribution of unit area and width 5

by the magnitude of viscosity . The \ramp" is the self-similar u  x=t part
of the solution for which the viscous term vanishes.

The equations KdV, BBMI, CH, DP, the other b equations and Burgers
all preserve the areaM = i udx (total momentum) for a solution that
vanishes at spatial in nity.

1.2 Problem statement for the present work

In this paper, we shall treat the constant b in the dispersionless case of
equation (4) as a bifurcation parameter. We shall study numerically the
exchange of stability among three types of solitary wave saitions, as b is
varied. This is done by using numerical simulations to invetigate its initial
value problem on a periodic domain of lengthL for various values of
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Figure 2: The Burgers solution is the classic ramp/cli shown arising from
the Gaussian initial condition.

the parameter b. When necessary, we shall also add viscosity in the fortn

MO Mg 2Ty T Ry )

convection stretching  viscosity

with m=u  2uy. We shall treat the following cases, which we shall show
analytically are special values:b=0; 1, 2; 3.

2 Exchange of stability

2.1 Numerics for exchange of stability from b=0to b= 2

We begin by considering the initial value problem for caseb = 0 in equation
(7). The rst part of Figure 3 shows for b = 0 that a peakon of width
w =5 is unstable to forming a ramp/cli. Namely, the initial peak on
develops into a Burgers-type ramp/cli solution for b= 0, just as it would

!Relation of the b equation (4) to 3D turbulence closure models. Higher-
dimensional representatives of the viscousb family of equations (4) have appeared re-
cently in 3D turbulence modeling. The b = 0 case of equation (7) is the 1D version of
Leray's regularization of the Navier-Stokes equations in 3D [11]. Leray regularization has
recently been revived as an approach to deriving turbulence closure models for large eddy
simulations of turbulent mixing layers in 3D [12]. For 3D stu dies of the turbulence model
corresponding to the b equation (4) with b= 2, see [13], [14], [15].
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Figure 3. Exchange of stability between the classic ramp/dl for b= 0 and
the peakons forb= 2.

have done for the Burgers equation. Note, however, that the aseb= 0 in
equation (7) is not the Burgers equation. At time T = 2500, we stopped this
part of the numerical calculation and used the result as the mitial condition
for continuing the b equation evolution with b changed tob = 2, a case
that supports peakons. The remainder of Figure 3 shows the echange of
stability after b= 0 is changed to b= 2. Thus, the Burgers-type ramp/cli
solution is stable for b = 0 in equation (7). However, when treated as an
initial condition, the ramp/cli solution is unstable and b reaks into a train
of peakons forb= 2. Figure 4 shows the spatial pro les of these solutions at
the initial time, at the end of the b= 0 evolution, and at the end of the b= 2
evolution. A similar exchange of stability occurs between he ramp/cli for
b= 0 and the train of peakons for b= 3.

If we switch from b=0to b= 2 instead ofb= 2, then Figure 5 shows
that the ramp/cli attime T = 2500 evolves into a train of leftward moving
solitary waves (leftons). Thus, a di erent exchange of stablity occurs be-
tween ramp/cli solutions for b= 0 and leftons for b= 2 (and forb= 3
as well). Figure 6 plots the comparison between the stationgy solution
u= upseclf (x=(2 )) for b= 2 and the nal states for an initial Gaussian
of width w = 10 evolved to leftons. Similar agreement occurs for the cas
b= 3, whose stationary solution isu = ugsech&= ). Thus, con ned
initial states move leftward and evolve into stationary solutions for b= 2
and b= 3.
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Figure 4. Spatial pro les of the solutions at the initial tim e and at the end
times of the b= 0 evolution and the b= 2 evolution.

Figure 5. Exchange of stability between the classic ramp/dl for b= 0 and
the leftons for b= 2.
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Figure 6: Comparison between leftons and the stationary saition u =
ugsectf (x=(2 )) for b= 2.

2.2 Analytical discussion of the exchange of stability

The exchange of stability as the parameterb varies can be understood ana-

Iytically as arising from the following properties of the b equation (7).
b
ForO b 1, the L™ norm of the momentum kmk_ 1= = i jmji=o

is preserved by (7), in the inviscid case for which = 0. Thus, the ramp/cli
solution for b= 0 forms in a regime of classical analytical control in which
jmj possesses a maximum principle. Numerically, we observe: )(the cli 's
width is controlled by the magnitude of ; and (2) the viscosity can be
made negligible without measurably a ecting the computed lution.

For 1 <b 3 in the inviscid case, an in ection point with negative
slope may be shown to develop into a vertical slope in nite tme. However,
numerically, we observe the nonlinear evolution conspireso eliminate such
singular in ection points, e.g., by forming peakons, whichare weak solutions.

For b= 1 the lowest order nonlinearity in equation (7) (the steepernng
term uuy) has coe cient zero. The evolution then develops from the higher
order nonlinear terms. This can be seen by rewriting theb equation (7)
equivalently as

b 3
Ut (DFD UL U= Put Ul Ut Ul (8)

Thus, solutions with small curvature are nearly stationary for b= 1. The
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leading order nonlinearity is absent, so the dynamics is garned by the
balance between viscous di usion and higher-order terms. he case !1
in (8) is interesting, as well. However, this case will be disussed elsewhere.
Equation (7) has stationary (c = 0) solutions u = ugsect(x=(2 )) for
b= 2andu= upgsechik= ) for b= 3. Figure 6 shows that the evolution
of equation (7) rapidly approaches the stationary solutionfor b= 2. (A
similar result holds for b= 3.) The linearized evolution of (7) around these
stationary solutions is stable for all wavelengths. Therebre, for any nonzero
viscosity, these stationary solutions have a nontrivial basin of attraction.
Note: equation (7) with either b= 2, orb= 3 is not Hamiltonian. The
mathematical properties of theb equation in these cases is discussed in [10].

2.3 Con rmations of our numerical methods

In our numerical runs we advanced theb equation (7) with an explicit,
variable timestep fourth/ fth order Runge-Kutta-Fehlber g (RKF45) predic-
tor/corrector. We selected the timestep for numerical stablity by trial and
error, while our code selected the timestep for numerical amracy (not to
exceed the timestep for numerical stability). We used a verystrict relative
error tolerance per timestep, =10 8.

We computed spatial derivatives using 4th order nite di er ences, gen-
erally at resolutions of 2® = 8192 or 2!* = 16384 zones. To invert the
Helmholtz operator in determining u(x;t) from m(x;t), we used the Fourier
transform. When the numerical approximation of the nonlinear terms had
aliasing errors in the high wavenumbers, we removed these mrs by apply-
ing a high pass ltered arti cial viscosity.

The quality of the numerical convergence may be checked angically in
the collision of two peakons of asymptotic speeds; and ¢y, for which the
minimum peakon separation withb > 1 is

4ci¢ 1=(b 1) )

eJ Omin j: = 1
(cL+ )2

9)

For b=2, ¢ =1, ¢ =1=2 and = 5, formula (9) implies Omin =

10In3 = 10:9861. Our numerical results with the resolution of 24 zones
yield gmin = 11:0049. The small discrepancy, less than:@%, occurs largely
because our numerical measurement dfi, is obtained by examining the
peakon positions at each internal timestep in the code withat interpolation,

although one is unlikely to land exactly on the time at which the minimum
separation occurs. The code's true accuracy is better thante above mea-
sure indicates, because the intermediate steps involved imdvancing the
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solution from one discrete time to the next with an RKF45 method cancel
the higher-order discretization errors.

Likewise, for peakons withb = 3, formula (9) gives the nB'n_imum separa-
tionwhenc; =1, c;=1=2,and =5,as0nin =5IN(3=3 ~ 8)) = 14:3068.
In this case, our numerical results yieldgmin = 14:2924, a discrepancy of
only 0:1%.

Figure 7: Scores of peakon collisions arise fdr= 3 (DP) starting from an
initial Gaussian velocity distribution of width w = 10.

Of course, the two-peakon collision is rather simple compard to the
plethora of other multi-wave dynamics that occurs in this problem, as in
Figures 7 and 8. For this reason, we also checked the convergee of our
numerical algorithms by verifying that the relative phases of the peakons in
the various gures remained invariant under grid re nement. Moreover, the
integrity of the waveforms in our gures attests to the convergence of the nu-
merical algorithm { after scores of collisions, the peakon \aveforms are still
extremely well preserved. The preservation of these peakdsoliton wave-
forms after so many collisions would not have occurred unlesthe numerics
had converged well.

3 Conclusions and further comments

Equation (5) comprises a family of reversible, parity invanant, evolutionary
1+1 PDEs that arise in the zero-dispersion case of shallow war waves at
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Figure 8: Under DP in (5) with b = 3, many peakons of unit width for
=1 emerge from an initial pair of peakons of width w = 5.

guadratic order in the standard asymptotic expansion,

2

m¢+ umy + bmuy, =0 ; with m=u Uxx : (10)

The paper identi ed the bifurcations and exchanges of stabiity of its trav-
eling wave solutions as a function of the nonlinear balance grameter b.
Numerical computations of the initial value problem for (10) whenb > 1
showed the emergence of its stable particle-like peakon sdlons and their
interactions. These may be obtained analytically by supermsingN peakon
traveling wave solutions for the inviscid case,u(x;t) = cel * °li as

X . . X
upit) = pe X W and met) = pi) (x g); (1)
i=1 i=1
for any real constant b. For any b > 1, the peakons are stable and undergo
particle-like dynamics in terms of the moduli variables p; (t) and g;(t), with
i =1;:::;N. The peakon dynamics studied forb > 1 in this framework
displayed all of the classical soliton interaction behavio for peakons found
in [5], [9] for the caseb = 2. This behavior included pairwise elastic scat-
tering of peakons, dominance of the initial value problem bycon ned pulses
and asymptotic sorting according to height { all without req uiring complete
integrability. Thus, the \emergent pattern” for b > 1 in the nonlinear evo-
lution governed by the b equation (10) was the rightward moving peakon
train, ordered by height.
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A second type of emergent pattern of the initial value problem for (10)
occurs in the parameter region 0 b < 1. This is the classic Burgers-
type ramp/cli structure as in Figure 4. In contrast, for the parameter
regionb < 1 a third type of behavior arises, consisting of leftward moing
structures as in Figure 5. That the solution behavior shoulddepend on the
value of bis clear from the velocity form of equation (10) written in (8).

Three regions of b, We found that the solution behavior for the
b equation (10) changes its character near the two boundariesb = 1,
of the following three regions in the balance parametebh.

(B1) In the stable peakon regionb > 1, the Steepening Lemma for the
b equation (10) proven in [5] forb = 2 and in [10] for 1 < b
3 allows in ection points with negative slopes to escape vdircality
by producing a jump in spatial derivative at the peak of a traveling
wave that eliminates the in ection points altogether. Peakon behavior
dominates this region. Whenb 1 we found the solution behavior of
the b equation (10) changed its character and excluded the peakan
entirely.

(B2) In the Burgers region 0 b 1, the L¥™® norm of the variable m is
controlled? and the solution behavior is dominated by ramps and cli s,
as for the usual Burgers equation. Similar Burgers-type rarp/cli
solution properties hold for the region 1 b 0, for which the
L1 norm of the variable 15jmj is controlled. At the boundary of the
latter region, for b= 1, the active transport equation (10) admits
stationary plane waves as exact nonlinear solutions. Howear, shallow
water asymptotic ordering is broken atb= 1.

(B3) In the steady pulse regionb < 1, pulse trains form that move left-
ward from a positive velocity initial condition (instead of moving right-
ward, as forb > 1). These leftward-moving pulse trains are found to
approach a steady state.

At the two boundaries, b= 1, of these three regions i, the emergent
solutions of the b family of equations (10) are observed numerically to ex-
change stability. Although we discussed some analytical idications, a full
explanation of these properties remains open for future resarch.

2For b= 0, this is a maximum principle for jmj.
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