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Flux-based advection vs. the Lagrangian remap

Vadim Dyadechko*

Draft of July 17, 2006; the first daft is dated April 28, 2006.

1 Motivation

Volume-of-Fluid (VoF) methodology for decades provided a robust material inter-
faces model for multi-material Eulerian/Arbitrary Lagrangian-Eulerian (ALE) fluid
flow simulations. Instead of direct interface tracking, VoF methods calculate the in-
terface location at each discrete moment of time from the solution data, namely from
the volumes of the cell fractions occupied by different materials (phases). This strat-
egy faces no problem changing the topology of the interface dynamically; the choice
of the volume fractions as an input for the interface reconstruction allows to design
the latter to be mass-conservative.

But the interface reconstruction algorithm is just one of the two constitutive parts
of the typical VoF method. Another essential component of VoF method is an advec-
tion scheme, i.e. an algorithm to update the content of the cells at each time step. The
cell content is traditionally updated by calculating of the material fluxes through the
cell boundaries. This guarantees the conservation of the mass during the advection
step and makes the whole VoF simulation cycle mass-conservative.

VoF methods are not free of drawbacks. The resolution of a generic VoF interface
reconstruction algorithm is limited by the resolution of the grid: a characteristic size
of the interface features that can be captured with VoF method is about 2 to 3 cell
sizes. The recent introduction of the Moment-of-Fluid (MoF) technique showed the
significant improvement of the resolution over the traditional VoF methods. The key
difference between VoF methods and the MoF method is that the latter reconstructs
the interfaces in mixed cells using not only the volumes, but also the centroids of the
cell fractions.

The extended input data set for the MoF interface reconstruction demands more
sophisticated advection scheme, capable of updating not only the volumes but also
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the centroids. The example Lagrangian remap scheme [2] proposed to be used with
MOoF reconstruction serves the purpose well, but it extensively uses polygon (poly-
hedron in 3D) intersection, which many developers may consider to be excessively
expensive.

The purpose of this paper is to describe a feasible flux-based advection scheme
for 2D simulations capable of updating the first moment data and give an unbiased
comparison of the flux-based advection scheme against the Lagrangian remap. We
are not going to discuss the performance issues but mostly concentrate on the accu-
racy.

2 Flux-based advection scheme
(jointly with Rob Lowrie (CCS-2) and Mikhail Shashkov (T-7))

Consider a convex polygonal cell ©2 given by its vertices Vi,...,V,, n>3. This cell
does not stand along, but is a part of the conformal polygonal grid; the symbol ©; is
used to denote the cell adjacent to 2 through the i-th edge V;Vii1, (Vo1 = V1), =
1,n (Figure[Ih). Let w* C © and wf C ©; represent the dark material loci inside the
respective cells @ and ©;,i = 1,natt = t* = kAt, k=0,1,2,... (Figure[Ib).

Both dark and light fluids are considered to be incompressible, therefore the ve-
locity field v(x,t) has to be solenoidal; for now let us assume that v(x,t) is given
analytically. It is convenient to consider a Lagrangian transformation £* that speci-
fies the evolution of the geometrical set w C R? in the given velocity field due to the
k-th time step:

LFw(t1) = w(th).

The flux paradigm suggests to represent the change of the cell content as a result
of the matter flow through the separate cell edges. This approach yields the following
expressions for updating the zeroth and the first moments of the dark fluid inside the
cell © on the k-th time step:

Wl = WD (1w — el ) ey

i=1

n

M () = b (£H )30 (1A s L5 (At ) — [l (24 (At )

i=1
(2)
These formulas require a bit of explanation. Here A'w; and Aw; denote for the amounts
of dark fluid that cross the the i-th edge of © between ¢t = t*~! and ¢ = ¢* in inward
and outward directions respectively; Aw! ™' and Aw!™!, particularly, specify the re-
spective loci of these amounts at ¢ = 5=,
Note that both (1)) and (2) are exact. Let us look at how one can reasonably ap-
proximate Aw! ™ and AwF™! to make these formulas work. The approximate update
strategy may be the following:



Figure 1. The flux-based advection scheme illustrated.
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The ends of the edge are traced one step back in time (Figure [Ik). Let V!
and V7! be the respective Lagrangian prototypes of V; and V;; att = tF~1 =
(k — 1)At. The algebraic (signed) area A; of the quad @; = V;V*'V*1'V;,, (Fig-
ure [Id) is supposed to specify the amount fluid that moves through the edge
ViViga.

If A; = 0, then AW~ = AwF™ = 0.

If the area A, is positive, the fluid is considered to flow strictly inward, i.e.
Awf™' = ¢. In this case the quad Q; is replaced by the shortest trapezoid
T, C «; of the equal area |7;| = |A;| with one of the bases given by the edge
ViViy1 (trapezoids T, and T; on Figure[Ik). This substitution is possible only if
|€2;| <|A;|, therefore the condition C'F'L <1 is essential for this type of scheme.
The intersection 7; N wf ™! is going to represent Awf ™ (Awj~! and Awf™ on
Figure [Tk).

If the area A; is negative, the fluid is considered to flow strictly outward, i.e.
AW~ = (. In this case the quad Q; is replaced by the shortest trapezoid T; C ©
of the equal area |T;| = |A;| with one of the bases given by the edge V;V,; (trape-
zoids T3, T», and T3 on Figure[Ig). Once again, the substitution is possible only
if || <|A;|, therefore the condition C'F'L <1 is essential for this type of scheme.
The intersection 7; Nw"~! is going to represent Awf ™' (Awj™' and Awl™" on
Figure [Ik).

The centroid of £*(Awf™!) will be approximated as £*(x.(Awf™)), i.e. by ad-
vecting the centroid of Aw! ™! one time step forward as if it were a Lagrangian
particle by means of the 4-th order Runge-Kutta method.

Similarly, the centroid of £*(w*~!) will be approximated as £*(x.(w*™ 1)), i.e. by
advecting the centroid of w*~! one time step forward as if it were a Lagrangian
particle by means of the 4-th order Runge-Kutta method.

Use equations (1) and (2) to update the volume and the first moment of the dark
fluid enclosed in €.

Calculate the new centroid of the dark fluid as x.(w*) = M, (w¥)/|wk|.

Due to the approximate nature of the volume update, it may happen that the
new volume of the dark fluid is negative, or exceeds the volume of the cell. To
eliminate these abnormalities, the global repair procedure (see [3] or [2]) has to
be applied to the dark volumes after the update step. The lower m”* and upper
m* bounds of the new volume are selected as follows:

if || < |w*| then

m"* =" = |q;
esle if |w*| < 0 then

m* =m" = 0;



otherwise
m* = 0and m" = |Q].
The repair step concludes the description of the flux-based advection scheme.

3 Numerical tests

Let us compare the accuracies of the flux-based advection scheme and the original
Lagrangian remap presented in [2]. We use the following technique to measure the
accuracy of the scheme:

1) Let wyy, be the static reconstruction of the analytically given initial locus of the
dark fluid wy.

2) Move the fluid in a given static velocity field from ¢t = 0 to ¢t = 7'/2, then reverse
the field and continue to move fluid until ¢t = 7" Let us denote the final locus of
the dark fluid as wr,.

3) Use the area of the symmetric difference between wy;, and wy ), as the measure
of the discrepancy of these two sets and the cumulative error of the interface
tracking method:

g = | wo’hAwTﬁ\.

Every setup was tried with six different types of the interface tracking techniques:
each of the two advection algorithms examined (fluxing and remap) was combined
with each of the three interface reconstruction algorithms (VoF-LSG QY [1], VoF-Swartz [5, 4],
and MoF [2]).

Each interface tracking technique was tested with four different mesh resolu-
tions h € {1/16,1/32,1/64,1/128} and seven different values of the Courant number
CFLe€{1,1/2,1/4,1/8,1/16,1/32,1/64}. The time increment in each run is the func-
tion of h and CFL : At = CFL h/vq,, where v,,,4, is the maximum velocity for the
given velocity field. The total time 7' = At/(CFL h) = 1/U4z.

Test 1: diagonal translation.

The velocity field:

v(x) = (1/v2, 1/V2)

with the maximum velocity v,q, = 1.
The initial locus:

wo={x€eR? | |[x—x%x0|<Ry}, x0=(0.250.25), Ry=0.15.

The corresponding error graphs are presented on Figures[2] [3] and
Test 2: solid rotation.

b For internal cells of the uniform rectangular grid LSGQ results in the same interface as the Youngs’
algorithm with o = 2.



The velocity field:

W) = | 070 | fer ). (oo, ) = (05, 059, Ry =05

with the maximum velocity v, = 1 (assuming that | (z,y) — (20, v0)| < Rinaz )-
The initial locus:

wo={x€eR? | |[x—x9| <Ry}, x0=(05,0.75), Ry = 0.15.

Note that the distance between any point of wy and the rotation center (x, yo)
ranges from 0.1 to 0.4. The value of R,,,, has been deliberately set to exceed 0.4 to
guarantee that no dark material will get out of the circle

{ (J,’,y) € R2 ‘ |(£U,y> - ('T07y0)’ ngax}

and move faster than v,,,,, which is an essential requirement for the flux-based ad-
vection scheme.

The corresponding error graphs are presented on Figures[5][6] and
Test 3: vortex.

The velocity field:

| 4sin?(7z) sin (27y)) !
v((z,y)) = —sin2(ry) sin (27z))

with the maximum velocity: v,,q,; = 1.
The initial locus is the same as for the solid rotation test:

wo={x€eR? | |[x—x%x|<Ry}, x0=(0.50.75), Ry =0.15.

The corresponding error graphs are presented on Figures(8,[9] and
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translation tests with the LSGQ interface reconstruction.
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Figure 3. Two perspective on the cumulative error € measured in the diagonal

translation test with the Swartz interface reconstruction.
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Figure 4. Two perspectives on the cumulative error ¢ measured in the diagonal
translation tests with the MoF interface reconstruction.
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Figure 5. Two perspectives on the cumulative error ¢ measured in the solid rota-
tion tests with the LSGQ interface reconstruction.
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Figure 6. Two perspective on the cumulative error ¢ measured in the solid rota-
tion test with the Swartz interface reconstruction.
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Figure 7. Two perspectives on the cumulative error ¢ measured in the solid rota-
tion tests with the MoF interface reconstruction.
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Figure 8. Two perspectives on the cumulative error e measured in the vortex tests
with the LSGQ interface reconstruction.
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Figure 9. Two perspective on the cumulative error ¢ measured in the vortex test
with the Swartz interface reconstruction.
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Figure 10. Two perspectives on the cumulative error € measured in the vortex
tests with the MoF interface reconstruction.
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3.1 Summary of the numerical results

Although it is premature to discuss the performance issues (the implementations of
both advection schemes are not optimal), it worth noting that neither of the scheme
showed a definitive advantage over the other.

As of the accuracy:

1) One can see that, with all other parameters being identical, the remapping is
surely more accurate than the fluxing.

2) With reasonable discretization parameters (h = 1/32 and CFL = 1/4 in our
case) the remap error is one to two orders of magnitude less than the fluxing
error. As h becomes smaller, the supremacy of the remapping only gets more
obvious.

3) The asymptotic (h — 0) order of accuracy of the remapping scheme is on aver-
age one order higher than the asymptotic accuracy of the fluxing scheme.

4) The usage of the first order accurate interface reconstruction (LSGQ) signifi-
cantly diminishes the overall accuracy. The error data may show sub-linear
convergence or no convergence at all, which is not a surprise.

5) The remapping error shows no significant dependence on the Courant number:
it grows very slowly, approaching a horizontal asymptote specific for the given
grid resolution, as CF'L — 0. This behaviour can be explained by the grow-
ing frequency of the interface reconstruction invocations, all contributing to the
tinal error.

The fluxing error, on the other hand, rapidly drops as C'F'L becomes smaller.
But as CFL — 0, the graph becomes asymptotically horizontal. Note that the
fluxing-error floor is the same as the ceiling of the remapping error.
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Figure 11. Snapshots: diagonal translation test with the flux-based advection;
h=1/32, CFL=1/4.
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Figure 12.

Snapshots: diagonal translation test with the Lagrangian remap ad-
vection; h =1/32, CFL =1/4.
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