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Abstract.  We discuss two di eren t types of Cellular Automata (CA): lattice-gas-
based cellular automata (LGCA) and the cellular Potts model (CPM), and describe
their applications in biological modeling.

LGCA were originally developed for modeling ideal gasesand uids. We describe
seweral extensions of the classical LGCA model to self-driv en biological cells. In partic-
ular, we review recent models for rippling in myxobacteria, cell aggregation, swarming,
and limb bud formation. These LGCA-based models show the versatility of CA in
modeling and their utilit y in addressing basic biological questions.

The CPM is a more sophisticated CA, which describes individual cells as extended
objects of variable shape. We review various extensions to the original Potts model and
describe their application to morphogenesis; the development of a complex spatial struc-
ture by a collection of cells. We focus on three phenomena: cell sorting in aggregates
of embryonic chicken cells, morphological development of the slime mold Dictyostelium
discoideum and avascular tumor growth. These models include intercellular and extra-
cellular interactions, as well as cell growth and death.

1. Intro duction. Cellular automata (CA) consist of discrete agerts
or particles, which occupy someor all sites of a regular lattice. These par-
ticles have one or more internal state variables (which may be discrete or
continuous) and a set of rules describing the ewolution of their state and
position (in older models, particles usually occupied all lattice sites, one
particle per node, and did not move). Both the movemert and change of
state of particles depend on the current state of the particle and those of
neighboring particles. Again, theserules may either be discrete or cortin-
uous (in the form of ordinary di erential equations(ODES)), deterministic
or probabilistic. Often the evolution rules apply in steps,e.g, a motion or
transport step followed by a state changeor interaction step. Updating can
be syndhronousor stochastic (Monte-Carlo). At oneextremethe rules may
approximate well known cortinuous partial di erential equations (PDEs),
at the other they may resenble the discrete logical interactions of simple
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Boolean computers [34]. Sophisticated o ck models are an intermediate
caseof great current interest (e.g. [86, 136]).

CA may produce very sophisticated self-organized structures. Von
Neumann showved that a CA with a nite number of states and short-
range interactions could build a universal computer [154] and Conway in
‘Life' demonstrated that even a simple two-state CA with purely local
interactions could generate arbitrarily complex spatio-temporal patterns
[50]. More recertly, Wolfram has investigated the theory of CA and made
a strong casefor their utilit y in addressingcomplex problems[163{165].

This review illustrates CA approadchesto biological complexity by de-
scribing speci ¢ biological models using two di erent typesof cellular au-
tomata: lattice-gas-basedcellular automata (LGCA-based) and the cellular
Potts model (CPM).

One motivation for using cellular automata is the enormous range
of length scalesof typical biological phenomena. Organisms may cortain
dozensof organs composed of tissues cortaining tens of billions of cells.
Cellsin turn contain structures with length scalesfrom Angstroms to sev-
eral microns. To attempt to describe a cell in terms of individual molecular
dynamics is hopeless. However, the natural mesoscopiclength scale of a
tissue is the cell, an autonomous agert with certain properties and cer-
tain responsesto and e ects on its surroundings. Sinceusing the extreme
simpli cation of a CA approad, which treats cells as simple interacting
agerts, we can simulate the interactions of tens of thousandsto millions
of cells, we have within reach the smaller-scalestructures of tissuesand
organsthat would be out of reach of more sophisticated (e.g., nite ele-
ment) descriptions [26, 37]. NeverthelessCA can be sophisticated enough
that they canreproduce almost all commonly obsened typesof cell behav-
ior. Ultimately, we hope to be able to unify, or at least cross-\alidate, the
results of molecular dynamics, mesoscopicand continuum models.

Philosophically, CA are attractiv e becausetheir large-scalebehaviors
are completely self-organizedrather than arising from responsesto exter-
nally imposedsignals[9, 133]. An individual cell has no senseof direction
or position, nor canit carry a road map that tells it whereto go (e.g, \one
micron distal and two microns lateral"). It can only respond to signals
in its local environment. Thus the traditional Wolpertian view of devel-
opment via \P ositional Coding" is untenable. Local environmental cues
that can provide direction and location information may be self-organized
or externally generated,with the cells responding passiwely to the signal.
CA models favor self-organization while continuum PDE models generally
(though not always) take a Wolpertian point of view. An added advantage
of CA modelsis that they neednot privilege any single cell as pacemaler
or director - all cells are fundamertally equivalert.

We may view CA as discrete-time interacting ensenbles of particles
[34]. LGCA are relatively simple CA models, in which the particles select
from a nite number of discrete allowed velocities (channels). During the
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interaction step particles appear, disappear or changetheir velocity state.
During the transport stepall particles simultaneously movein the direction
of their velocity. LGCA can model a wide range of phenomenaincluding
the di usion of ideal gasesand uids [70], reaction-di usion processeg18]
and population dynamics [111]. Dormann provides a wonderful intro duc-
tion to CA [34]. For details about CA modelsin physics seeChopard and
Droz [19]and speci cally for lattice-gas models seeWolf-Gladrow [162]and
Boon et al. [14]. In their biological applications LGCA treat cellsas point-
like objects with an internal state but no spatial structure. The CPM is a
more complex probabilistic CA with Monte-Carlo updating, in which a cell
consistsof a domain of lattice sites, thus describing cell volume and shape
more realistically. This spatial realismis important when modeling interac-
tions dependen on cellgeometry. The original Potts model datesfrom 1952
[119] as a generalization of the Ising model to more than two spin states.
It attracted intensereseard interest in the 1970sand 1980sbecauseit has
a much richer phasestructure and critical behavior than the Ising model
[116]. Glazier and Graner [53] generalizedthe Potts model to the CPM to
study the sorting of biological cells. In the CPM, transition probabilities
between site states depend on both the energiesof site-site adhesive and
cell-speci ¢ non-local interactions. The CPM represerts di erent tissuesas
combinations of cells with di erent surfaceinteraction energiesand other
properties. It describesother materials, like liquid medium, substratesand
extracellular matrix (ECM) as generalizedcells.

In this review we focus on modeling morphogenesis,the molding of
living tissuesduring dewelopmert, regeneration, wound healing, and var-
ious pathologies. During morphogenesisto produce body plans, organs
and tumors, tissue massesnay disperse,condense fold, invert, lengthen or
shorten. Embryos and tissuesseemto obey rules di ering from the phys-
ical rules we asscaiate with the ordinary equilibrium statistical mecanics
of materials: their forms seemto result from expressionof intrinsic, highly
complex, genetic programs. However, embryos, organsand healing and re-
generatingtissuesassumemany forms resenbling those physicsproducesin
non-living matter, suggestingthat modeling basedon physical mecanisms
may be appropriate.

Biological cells interact with ead other by two major means: local
interaction by cell adhesionbetweencellsin direct contact or betweencells
and their surrounding ECM, and longer range interactions such as signal
transmission and reception mediated by a di using chemical eld.

Cell adhesionis essetial to multicellularit y. Experimentally, a mix-
ture of cells with dierent typesand quartities of adhesion moleculeson
their surfaceswill sort out into islands of more cohesiw cellswithin lakesof
their lesscohesiwe neighbors. Evertually, through random cell movemert,
the islands coalescg45]. The nal patterns, accordingto Steinberg's Dif-
ferential Adhesion Hypothesis (DAH) [142], correspond to the minimum
of interfacial and surface energy The DAH assumesthat cell sorting re-
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sults ertirely from random cell motilit y and quantitativ e di erences in the
adhesivenessof cells and that an aggregate of cells behaves like a mix-
ture of immiscible uids. In vitro [11, 46, 47] and in vivo experiments
[54, 56] have con rmed the soundnessof the analogy. Moreover, cell adhe-
sion molecules,e.g., cadherins(controlling cell-cell adhesion)and integrins
(controlling cell-ECM adhesion), often serve asreceptorsto relay informa-
tion to the cell [104]to cortrol multiple cell-signaling pathways, including
those of cell growth factors. Their expressionand modi cation relate inti-
mately to cell di eren tiation, cell mobility, cell growth and cell death (for
reviews see[51, 97, 143]).

Chemotaxisis the motile responseof cellsor organismsto a gradiert of
adi usible substance,either anexternal eld ora eld producedby the cells
themseles. The latter is called chemotaxis signaling. Such non-local com-
munication enablesead cell to obtain information about its environment
and to respond to the state of the cell community as a whole. In starved
populations of Dictyostelium amoebae, some cells produce a communica-
tion chemical (CAMP), other active cells receive, produce and secretethe
samechemical. The movemen of Dictyostelium cells also changesfrom a
random walk to a directed walk up the cAMP gradient. For su cien t den-
sities of amoebaethe signalinducescell aggregationto form a multi-cellular
organism. Somebacteria broadcasta relayed stresssignal that repels other
mobile bacteria, which executea biased random walk down the chemical
gradient. In both casesthe result protects the whole community from star-
vation. Unlike in di erential adhesion,chemotactic cell motion is highly
organized over a length scalesigni cantly larger than the size of a single
cell.

Both these interactions are essetial to the biological phenomenade-
scribed below. We demonstratehow LGCA and the CPM treat theseinter-
actions. Implementation of a CA model on a computer is straightforward.
CA computations are numerically stable and are easyto modify by adding
and removing local rules for state and position ewolution. Ermentrout and
Edelstein-Keshet [42] and Deutsch and Dormann [33] review some of the
CA modelsthat arisein simulations of excitable and oscillatory media, in
developmertal biology, in neurobiology and in population biology. We fo-
cus here on modeling aggregation and migration of biological cells. Both
migration and aggregation occur in almost all organismsover a range of
scalesfrom sub-cellular molecular populations (e.g., actin laments or col-
lagen structures) to cellular populations (e.g, broblasts or myxobacteria
to communities of organisms (e.g, animal herds or schools of sh) (see,
amongst others [10, 21, 63, 99, 118]).

Advantages of CA include their simplicity, their easeof implementa-
tion, the ability to verify the relevance of physical medcanisms and the
possibility of including relationships and behaviors which are di cult to
formulate as cortinuum equations. In addition CA re ect the intrinsic
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individualit y of cells. Limitations of CA include their lack of biological
sophistication in aggregating subcellular behaviors, the di cult y of going
from qualitativ e to quartitativ e simulations, the articial constraints of
lattice discretization and the lack of a simple medcanism for rigid body
motion. In addition, interpreting simulation outcomesis not always as
easyas for continuum equations.

2. LGCA models. This section illustrates sewral biological appli-
cations of LGCA models. We demonstrate the processof building LGCA
models starting from a detailed description of a biological phenomenonand
ending with a description of the results of nhumerical simulations.

2.1. Background of the LGCA model. In 1973 Hardy, de Passis
and Pomeau[58]intro duced modelsto describe the molecular dynamics of
a classicallattice gas(hence\Hardy, Passisand Pomeau" (HPP) models).
They designedthese models to study ergaodicity-related problems and to
describe ideal uids and gasesin terms of abstract particles. Their model
involved particles of only onetype which moved on a squarelattice and had
four velocity states. Later models extended the HPP in various ways and
becameknown as lattice gas cellular automata (LGCA). LGCA proved
well suited to problems treating large numbers of uniformly interacting
particles.

Likeall CA, LGCA employ aregular, nite lattice and include a nite
set of particle states, an interaction neighborhood and local rules which
determine the particles' movemens and transitions between states [34].
LGCA dier from traditional CA by assumingparticle motion and an ex-
clusion principle. The connectivity of the lattice xes the number of allowed
velocities for ead particle. For example, a nearest-neigltbor square lattice
has four non-zero allowed velocities. The velocity speci es the direction
and magnitude of movemen, which may include zero velocity (rest). In a
simple exclusionrule, only one particle may have eat allowed velocity at
ead lattice site. Thus, a set of Boolean variables describesthe occupation
of eadh allowed particle state: occupied (1) or empty (0). Each lattice site
can then contain from zeroto v e particles.

The transition rule of an LGCA has two steps. An interaction step
updatesthe state of eat particle at ead lattice site. Particles may change
velocity state and appear or disappear in any number of ways as long as
they do not violate the exclusion principle. For example, the velocities of
colliding particles may be deterministically updated, or the assignmet may
berandom. In the transport step, cellsmove synchronously in the direction
and by the distance speci ed by their velocity state. Synchronous trans-
port prevents particle collisionswhich would violate the exclusionprinciple
(other models de ne a collision resolution algorithm). LGCA models are
specially constructed to allow parallel synchronousmovemert and updating
of a large number of particles [34].
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2.2. Applications of LGCA-based models in biology . Large
groups of living elemerns often exhibit coordinated polarized movemert.
This polarization usually occurs via alignmernt, where individuals demo-
cratically align their direction and velocity with those of neighbors of the
sametype, rather than by aligning under the cortrol of a single leader or
pacemaler cell or in responseto externally supplied cues[89, 90]. This self-
organizedlocal alignment admits multiple descriptions: for example,asan
integro-di erential equation asin Mogilner and Edelstein-Keshet[99, 100].
For an LGCA caricature of a simpli ed integro-di erential model seeCook
et al. [22]. Othmer et al. [112] describesa non-LGCA CA model for cell
dispersion basedon reaction and transport.

Many models of biological phenomenahave employed PDEs to com-
bine elemeris of random di usiv e motion with biologically motivated rules
that generate more ordered motion. These models, howewer, treat only
local averagedensitiesof cellsand do not include terms capturing the non-
local interactions inherent in a population that movesas a collective unit.
Nor do they include the discrete nature of cellsand their non-trivial geom-
etry and orientation. Mogilner and Edelstein-Keshet[99] and Mogilner et
al. [100]realizedthat they could model such phenomenamore realistically
using integro-di erential partial dierential equationsto accourt for the
e ects of \neighbor" interactions on eadh member of the population. In
1997, Cook et al. [22] described spatio-angular self-organization (the ten-
dency of polarized cellsto align to form chains or sheets)using an LGCA
model basedon a simpli ed integro-di erential model.

Other manifestations of collective cell behavior are the seweral typesof
aggregation (see[34, 157] for details). For example,in di erential growth,
cellsappear at points adjacert to the existing aggregateasdescribed in [40]
and [125]. In di usion-limited aggregation (DLA) growing aggregatesare
adhesiwe and trap di using particles. Witten and Sanders[161]intro duced
DLA to model dendritic clustering in non-living materials, and Ben-Jacob
and Shapiro [133, 134] have shovn that DLA has extensive applications
to bacterial colony growth in gelswhere nutrient or waste di usion is slow
(for more details see[8, 20, 43, 55, 135].

Deutsch shaved that although LGCA models like [16] and [29] which
involve particles constartly moving with xed velocities can model swarm-
ing, modeling aggregationrequiresresting channels.

A third mecanism for aggregationis chemotaxis by cells, either to
a pacemaler or to a self-organizedcommon certer. If the cells secretea
chemoattractant, then a random uctuation which increasedocal cell den-
sity will causelocal chemoattractant concerration to increase,drawing in
more cellsand againincreasingchemoattractant conceriration in a positive
feedbadk loop. Eventually the cellswill all move into one or more compact
clusters (depending on the range of di usion of the chemoattractant and
the responseand sensitivity of the cells).
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Fig. 1. Electron micr oscope image of fruiting body development in M. xanthus by
J. Kuner. Development was initiate d at 0 hours by replacing nutrient medium with a
bu er devoid of a usable carbon or nitr ogen source (from Kuner and Kaiser [80] with
permission).

2.3. Rippling in myxobacteria. In many cases,changesin cell
shape or cell-cell interactions appear to induce cell di eren tiation. For ex-
ample, an ingrowing epithelial bud of the Wol an duct triggers the forma-
tion of secretorytubules in the kidneys of mice [155] and in Dictyostelium
pre-stalk cells sort and form a tip due to chemotaxis and di erential ad-
hesion [68]. The relationship betweeninteractions and di eren tiation has
motivated study of the collective motion of bacteria, which providesa con-
veniert model for cell organization which precedesdi eren tiation [9, 133].
A prime exampleis the formation of fruiting bodiesin myxobacteria. Fig-
ure 1 illustrates fruiting body developmert in Myxococcus xanthus which
starts from starvation and undergoesa complex multi-step processof glid-
ing, rippling and aggregationthat culminates in the formation of a fruit-
ing body with di erentiation of highly polarized, motile cells into round,
compact spores. A successfulmodel exists for the more complex fruiting
body formation of the eukaryotic Dictyostelium dismideum (see[68, 93]).
Understanding the formation of fruiting bodiesin myxobacteria, however,
would provide additional insight since collective myxobacteria motion de-
pends not on chemotaxis as in Dictyostelium but on mecanical, cell-cell
interactions [39].

Rippling is atransient pattern that often occursduring the myxobacte-
rial gliding phasebefore and during aggregationinto fruiting bodies. Dur-
ing the gliding phase myxobacteria cells are very elongated, with a 10:1
length to width ratio, and glide over surfaceson slime tracks (see[166]
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Fig. 2. (A) A reection model for the inter action between individual cells in two
counter-migr ating ripple waves. Laterally aligned cells in counter-migr ating ripples (la-
beled R1 and R2) reverse upon end to end contact. Arrows represent the directions of
cell movement. Relative cell positions are preserved. (B) Morpholo gy of ripple waves af-
ter collision. Thick and thin lines represent rightwar d and leftward moving wave fronts,
respectively. Arrows show direction of wave movement. (C) Reection of the waves
shown in B, with the ripple cell lineages modie d to illustrate the e ect of reversal.
(From Sager and Kaiser [129] with permission.)

amongst others). The mecdanism of cell motion is still not clear. Rippling
myxobacteria form a pattern of equidistant ridges of high cell density that
appear to travel periodically through the population. Tracking individual
bacteria within a ripple has shown that cells oscillate badk and forth and
that ead travelsabout onewavelength betweenreversals[129]. Cell move-
ment in a ripple is approximately one-dimensionalsince the majority of
cells move in parallel lines with or against the axis of wave propagation
[129]. The ripple wavespropagate with no net transport of cells and wave
overlap causesneither constructive nor destructive interference[129].

Sagerand Kaiser [129] have preserted a model for myxobacterial rip-
pling in which precisere ection explains the lack of interference between
wave-fronts. Oriented collisions between cells initiate C-signaling which
causescell reversals. C-signaling occursvia the direct cell-cell transfer of a
membrane-assaiated signaling protein (C-signal) whentwo elongatedcells
collide headto head. According to Sagerand Kaiser's hypothesisof precise
re ection, when two wave-fronts collide, the cellsre ect one another, pair
by pair, in a preciseway that presenesthe wave structure in mirror image.
Figure 2 shows a schematic diagram of this re ection.

Current modelsfor rippling (see[15, 63, 90]) assumeprecisere ection.
Key di erences among these models include their biological assumptions
regarding the existence of an internal cell timer and the existence and
duration of a refractory period during which the cell does not respond to
external signals.

An internal timer is a hypothetical molecular cell clock which regulates
the interval between reversals. The clock may speed up or slow down
depending upon collisions, but ead cell eventually will turn even without
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any collisions. An isolated cell oscillatesspontaneously every 5{10 minutes
with a variance in the period much smaller than the mean [63]. Also,
obsenation of rippling bacteria reveals that cells oscillate even in ripple
troughs where the density is too low for frequert collisions [160]. These
obsenations both support an internal cell timer.

The refractory period is a period of time immediately following cell
reversal during which cells are insensitive to C-factor. The addition of
exogenousC-factor up to a threshold value triples the reversal frequency
of rippling cells [129]. Cells do not reversemore frequertly at still higher
levels of C-factor, however, suggestingthe existenceof a refractory period
that setsa lower bound on the reversal period of a cell [129].

Although someevidencesupports the role of both a refractory period
and an internal cell timer in myxobacterial rippling, the question is still
open. Igoshin et al. [63]describe a cortinuum model with both a refractory
period and an internal cell timer which reproducesexperimental rippling
in detail. Borner et al. [15] reproduce ripples that resenble experimerts,
assuminga refractory period but no internal timer. Finally, Lutscher and
Stevens [90] proposea one-dimensionalcontinuum model which produces
patterns that resenble ripples without invoking a refractory period or an
internal timer.

We designeda fourth model for rippling to independertly test both
of these assumptions by including them separately in a simulation and
comparing the simulations to experiments. Our LGCA model illustrates
both the versatility of CA and their useto validate hypothesesconcerning
biological medhanisms.

Berner et al. [15]usedan LGCA to model rippling assumingprecise
re ection and a cell refractory period, but no internal timer. Their tempo-
rally and spatially discrete model employs a xed, nearest-neigtbor square
grid in the x-y-plane and an additional z-coordinate describing the num-
ber of cellsthat stack at a given lattice site. Particles have an orientation
variable equal either to -1 or 1 corresponding to their gliding direction
along the x-axis. Cells have a small probability p of resting. Cells move
alonglinear paths in the x-direction, socoupling in the y-direction is solely
due to C-signal interaction.

At ead time-step, particles selectedat random move asyncronously
one lattice site in the direction of their velocity vector. Each time-step
of the model consists of one migration of all the particles and an inter-
action step. When a particle at height zo would move into a site that is
already occupied at the sameheight, it hasa 50% chanceof slipping below
or above the occupied position, adding another stochastic elemen to the
model. A collision occursfor an oriented particle whenewer it nds at least
one oppositely oriented particle within a 5-node interaction neighborhood.
The collision neighborhood extends the intrinsically one-dimensionalcell
movemert to allow 2D rippling sincethe interaction neighborhood extends
in the y-direction.
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If the cell is non-refractory, a single collision causesit to reverse. A
cell reverseshy changing the sign of its orientation variable.

Berner et al. [15] model the refractory period with a clock variable

which is either 1 for a non-refractory cell or which counts 2;::;r for r
refractory time-steps. A particle with a clock value 1 will remain in a non-
refractory state with value 1 until a velocity reversal, at which time the
particle clock variable becomes2. During the refractory period, the clock
variable increasesby oneunit per time-step until the clock variableisr. At
the next time-step, the refractory period endsand the clock variable resets
to 1.

Starting from random initial conditions the model produces ripples
which closely resenble experiment (compare [15], Figures 1(a) and 3(a)).
The duration of the refractory period determines the ripple wavelength
and reversal period. A refractory period of 5 minutes in the simulations
reproducesexperimental valuesfor wavelength and reversal frequency In
the simulations, ripple wavelength increaseswith refractory period as in
experiment [129]. Thus, the model shows that experiments are compatible
with the hypothesesof precisere ection, arefractory period and no internal
timer.

The LGCA we preseried in [4] assumesprecisere ection and investi-
gatesthe rolesof a cell refractory period and an internal cell timer indepen-
dently. We model cell sizeand shape in an e cien t way that conveniertly
extendsto changing cell dimensionsand the more complex interactions of
fruiting body formation.

In experiments, cellsdo not re ect by exactly 180 degrees.However,
since most cells move roughly parallel to eac other, models basedon re-
ection are reasonableapproximations. Modeling the experimental range
of cell orientations would require a more sophisticated CA since LGCA
require a regular lattice which does not permit many angles. Tracking of
rippling cells (e.g., [128], Figure 6) seemsto indicate that cells most often
turn about 150 degreesrather than 180 degreeswhich may be modeled
using a triangular lattice (seeAlber et al. [4]).

Our model employs a nearest-neigtbor square lattice with three al-
lowed velocities including unit velocities in the positive and negative x
directions and zero velocity. At ead time-step cells move synchronously
one node in the direction of their velocity. Separatevelocity statesat eadh
node ensurethat more than one cell never occupiesa single channel.

We represert cellsin our model as (1) a single node which corresponds
to the position of the cell's certer of massin the xy plane, (2) the choice
of occupied channel at the cell's position designating the cell's orientation
and (3) an interaction neighborhood determined by the physical size of
the cell. We de ne the interaction neighborhood as an elongated rectan-
gle to re ect the typical 1x10 proportions of rippling myxobacteria cells
[129]. Oblique cellswould also needan angleto designatetheir angle from
horizontal. Represeting a cell as an oriented point with an assaiated in-



CELLULAR AUTOMA TON APPR OACHES TO BIOLOGICAL MODELING 11

teraction neighborhood is computationally e cien t, yet approximates con-
tinuum dynamics more closely than assuming point-lik e cells, since cell
interaction neighborhoods may overlap in a number of ways. Sewral over-
lapping interaction neighborhoods correspond to seweral cells stacked on
top of each other.

In our model, collisions occur between oppositely-oriented cells. A
cell collides with all oppositely-oriented cells whose interaction neighbor-
hoods overlap its own interaction neighborhood. Thus, a cell may collide
simultaneously with multiple cells.

We model the refractory period and internal cell timer with three
parameters; R, t and . R is the number of refractory time-steps, t is
the minimum number of time-stepsuntil a reversaland is the maximum
number of time-stepsuntil areversal. Setting the refractory period equalto
onetime-step is the o -switc h for the refractory-period and setting (the
maximum number of time-steps until a reversal) greater than the number
of time-steps of the simulation is the o -switc h for the internal cell timer.

Our internal timer extendsthe timer in Igoshin et al. [63]. We borrow
a phasevariable to model an oscillating cycle of movemert in one direc-
tion followed by a reversal and movemert in the opposite direction. Thus,
reversalsare triggered by the ewolution of this timer rather than directly
by collisions as in the model of Berner et al. [15]. O 1) speci es
the state of the internal timer.  progressesat a xed rate of one unit per
time-step for R refractory time-steps, and then progressest arate, ! , that
dependsnon-linearly on the number of collisionsn to the power p:

. -
(2.2) I (x;;mg =1+ t é [m'n(;‘p ) F():
where,

8

20; forO R;
(2.2) F()=_0 for ( +R);

" 1; otherwise.

This equation is the simplest which producesan oscillation period of
when no collisions occur, a refractory period of R time-stepsin which the
phasevelocity is one,and a minimum oscillation period of t when a thresh-
old (quorum) number g of collisions, n¢, occurs at every time-step. We
assumequorum sensingsuc that the clock velocity is maximal wheneer
the number of collisions at a time-step exceedsthe quorum value g. A
particle will oscillate with the minimum oscillation period only if it reaches
a threshold number of collisions during eatd non-refractory time-step (for
t R time-steps). If the collision rate is below the threshold, the clock
phasevelocity slows. As the number of collisionsincreasesfrom 0 to g, the
phasevelocity increasesnon-linearly as g to the power p.
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Fig. 3. Typical ripple pattern for myxobacteria simulations including both a cell
clock and a refractory period. (Cell length=5, =2, R=10,t= 15 = 25.) Figure
shows the density of cells (darker gray indic ates higher density) on a 50x200 lattic e
after 1000 timesteps. (From Alber et al. [4].)

Resultsof numerical simulations. Our model forms a stable ripple pat-
tern from ahomogeneousnitial distribution for a wide range of parameters,
with the ripples apparertly diering only in length scale (see Figure 3).
Currently we are working to establish criteria for quartitativ e comparison
of ripple patterns.

In our simulations the refractory period is only critical at high densi-
ties. Ripples form without an internal timer over the full range of ripple
densities. Our model is most sensitive to the minimum oscillation time t, as
ripples form only whent is about 1 to 1.5 times larger than the refractory
period.

The wavelength of the ripples depends on both the duration of the
refractory period and the density of signaling cells. The wavelength in-
creaseswith increasingrefractory period (seeFigure 4) and decreasesvith
increasing density (seeFigure 5).

E e ct of dilution with non-signaling cells. Sagerand Kaiser [129] di-
luted C-signaling (wild-t ype) cells with non-signaling (csgA minus) cells
that wereable to respond to C-signal but not produceit themsehes. When
a collision occurs between a signaling and a non-signaling cell, the non-
signaling cell perceivesC-signal (and the collision), whereasthe C-signaling
cell does not receivwe C-signal and behaves as though it had not collided.
The ripple wavelengthincreaseswith increasingdilution by non-C-signaling
cells. Simulations of this experiment with and without the internal timer
give very di erent results, seeFigure 6. The dependenceof wavelength on
the fraction of wild type cellsresenblesthe experimental curve (see[129],
Figure 7G) only with the internal timer turned o .

Since the wavelength decreaseswith increasing density, we ask if the
wavelength of ripples in a population of wild type cells diluted with non-
signaling cells is the sameas for the identical subpopulation of wild type
cells in the absenceof the mutant cells. Figure 7 shows the wavelength
dependenceon the density of signaling cells when only signaling cells are
presert (dotted line) and for a mixed population of signaling cells of the
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Fig. 4. Average wavelength in micr ometers versus refractory period in minutes for
myxobacteria simulations. Cell length=4, =1 with the internal timer adjusted for each
value of the refractory period R so that the fraction of clock time spent in the refractory
period is constant for each simulation: t = 3R=2 and = 5 R=2. (From Alber et
al. [4].)
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Fig. 5. Average wavelength in micr ometers versus density for myxobacteria sim-
ulations (total cell area over total lattice area). Cell length=4 with an internal timer
given by R = 8, t = 12, = 20. (From Alber et al. [4].)

samedensity with non-signaling cells (solid line). Apparently, the decrease
in C-signal explainsthe increasein wavelength. The non-signaling mutants
do not a ect the pattern at all.

2.4. Cell alignmen t. Cook et al. [22] implemented an LGCA and
reproduced the basic typesof spatio-angular self-organization of a simpli-
ed version of the integro-di erential models of Mogilner et al. [100]. In
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Fig. 6. Wavelength in micrometers versus the fraction of wild-type cells,
in the presene (dotted line, = 20) and absene (solid line, = 2000 of an
internal cell timer for myxohacteria simulations. Cell length=4, R = 8, t = 12
(From Alber et al. [4].)
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Fig. 7. Wavelength versus density with no internal timer ( = 2000) for myxobac-
teria simulations. Density is total cell area over total lattice area. The dotted line is
the wavelength in micr ometers versus the density of wild-typ e cells with no csgA-minus
cells present. The solid line is the wavelength in micr ometers versus the density of wild
type cells when the density of csgA-minus cells is incr eased so that the total cell density
remains 1.6. Cell length=4, R = 8, t = 12, = 2000. (From Alber et al. [4].)

their model eadh particle corresponds to one cell, the number of cells is
xed and automaton rules model the non-local character of the integro-
di erential equations.

Deutch [30, 31] generalizedthis model by introducing di erent types
of operators de ned on orientation vectors at ead lattice site and local
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orientation elds (see below for details). He showved that a simple dot
product favors cell alignmert. In thesesingle cell-type models, clusters of
cells with one preferred orientation grow and multiple clusters with the
sameorientation mergeinto a single large cluster.

Alber and Kiskowski [3] modeled the spatio-angular movemert and
interaction of n typesof cell. In this model cell behavior results from com-
petition betweentwo typesof aggregation. In accordancewith transitional
probabilities, a cell can either align with the directional eld of its neigh-
bors or with other cells of its own alignment with a probability weighted
by the neighborhood density of its own cell type. In the CA model we
describe below, the clusters formed are con uent collections of particles of
the sametype moving in the samedirection.

We describe in detail belov a CA model for aggregation of aligned
particles of k di erent types. Considerm square(n x n) lattices with nodes
+ and with periodic boundary conditions. De ne state space stochastic
Boolean variables,

s = (19689 89;s09); k=10 im
where si(k) = 1(0) indicate one of the four directions in the lattice and
k k k k
O = (90 2m: w00 k=50m;
denote con gurations at node  in the m lattices. We imposean exclusion

principle by limiting the sum of a node's densitiesto 4:

xn XX )
®= “E= O
k=1 k=1 i=1
By applying a template, we can describe the nearestneighbors to the node
t of type k as:

N (®) = (r+ co;r+ Cor + Ca;1 + Ca)
where:
¢t = (1;0); 2= (0;1); cz= ( 1,0); ca= (0; 1):

Then the local orientation elds are:

k Xt
Of\‘zr): ®r+g); k=2 m:
i=1
We can also calculate local densitiesof particles of particular type k simply
by summing up the number of particles of this type which are nearest

neighbors to a given node f:

K Xt
D(Ngﬂ: ®(r+c):
i=1
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Initially particles are randomly distributed on the lattice. Then we apply
interaction and transport stepsto every node in the lattice simultaneously.
The interaction obeysthe following transition probabilities:

8

M(s9Y .
<
o i ()= (9
(2.3) Asso(O0y) = . Z(9) ;
" 0 else
where
M) = o ke 1O O L OO0,
the normalization factor Z (s) is chosensud that
k
Asso(Of ) = 1
s (s9= (s)
and
(0]
(k) 0.pn5
ON s":Ng! Np
i o hil - ok N oo, ) . 0
is a bilinear functional. Choosing O s’: < Oy (1) S > favors par-

N (r)
allel orientation. For details about dierent functionals see[30, 31]. If

Of\lkgr) = 0 arandom discrete walk results.
We implemert transport as follows: Particles move along their direc-

tions to their nearestneighbors:

“Er (T = e o)

2.5. Gliding and aggregation in myxobacteria. During the ag-
gregation phase of Myxococcus xanthus, cells stream towards aggregation
certers to produce mounds of 10° to 10° cells. Highly elongated cells form
chains or streamswhich spiral in to the aggregationcerters [109]. The ag-
gregation certers begin as small, asymmetric mounds which may di use or
coalescewith other aggregationcerters. As an aggregationcerter matures
into a fruiting body, cells di eren tiate into non-motile round spores. The
organization of cellswithin a fruiting body may reveal cluesabout aggrega-
tion certer formation. Cells outside the periphery of a fruiting body form
a spiral [38]; cellsat the periphery pack tightly with their long axesparallel
to the mound circumference,while cellsin the mound certer are lessdense
and lessorganizedin arrangemert [128].

C-signal, a membrane-assaiated signaling protein, induces aggrega-
tion [65] and is required for normal aggregateformation [71]. Levels of C-
signal are much higher than during rippling. Repeated e orts have failed
to nd adiusing chemoattractant which could explain aggregationthough
chemotaxis. Obsenations of streams of cells passinga nearby aggregation
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certer towards a certer further away alsodiscourageany chemotaxis-based
aggregation model [65]. The passing cells do not displace towards the
nearby mound as they would if they moved up a gradient of a di using

chemical. Instead, they cortinue as if the secondaggregation certer were
not presen. Thus, aggregation appears to organize solely through cell-
contact interactions.

Stevens' stochastic CA model of gliding and aggregationin myxobac-
teria employs self-attracting reinforced random walks and chemotaxis [144]
to model bacteria, slime and a di using chemoattractant on a 100x100
nearest-neighbor square lattice with periodic boundary conditions. Her
results provide an excellert example of how CA models can be used ex-
perimentally to test the validity and necessiy of di erent parametersand
assumptions.

Model bacteria are rod-shaped objects of eight nodeswith onelabeled
pole node indicating the front of the cell. The cells are initially randomly
distributed in the lattice and glide by moving their labeled front pole node
into one of the three adjacert neighbors not already occupied by the cell's
body. Cells glide preferertially on slime trails, glide faster on slime trails,
glide preferertially towards the di using chemoattractant and keep their
direction of motion without turning for about one cell length when nei-
ther slime nor chemoattractant in uences their direction. The interaction
neighborhood of a cell is the four nearestneighbors of the cell pole. A cell
crossinga slime trail at an angle will reorient to follow the trail.

Bacteria deposit slime underneath their bodiesat arate s. Slimede-
caysat arate s. When cell density exceedsa critical value at a point under
the area of a cell, cells produce chemoattractant at a rate . Chemoat-
tractant decays at arate .

Stevensused her cellular automata to test the hypothesisthat a self-
attracting reinforced random walk alone could accourt for aggregationin
myxobacteria and tested the e ects of seweral parameters: increasing the
preferencefor gliding straight ahead, increasing slime production, and in-
creasingthe gliding velocity of cellstraveling on slime trails. Additionally ,
sheaddedcell-celladhesionto the model to test the e ect of cellspreferring
to glide parallel to their neighbors. She modeled adhesionas an envelop-
ing, oriented structure to which adjacert bacteria have a high probability
of aligning. Cell adhesionis uniform over the cell surfacesbut the cell
elongation encouragesalignmert.

Stevens found that self-attracting reinforced random walkers alone
(with cells depositing slime, gliding preferertially on slime tracks and glid-
ing faster on slime tracks) could not form stable aggregation certers. Un-
stable pre-aggregationpatterns did form, howewer, that resenbled experi-
mental obsenations. Aggregateswould form, di use away and reappear in
other regions. Stable certers required an extra factor. For example,adding
adiusing chemoattractant stabilized the certers. Stevensspeculated that
a membrane-bound chemoattractant might also function as an attractiv e
signal.



18 MARK S. ALBER ET AL.

Experimentally, cells glide faster on slime trails. Stevens modeled an
increasein gliding speed on slime trails which produced larger aggregates
in the model. Cell-cell adhesioncausedcellsto assenble in long chains.

2.6. Swarming. Swarming and o cking are a classof collective self-
organization that emergesfrom a multitude of simultaneous local actions
rather than following a global guide [9]. Swarming occursin a wide variety
of elds, including animal aggregation[114],trac patterns [120], bacteria
colonies[27], social amoebaecell migration [86], sh or bird o cking [9, 115]
and insect swarming [138]. Swarming patterns all share one feature: the
apparert haphazard autonomousactivities of a large number of \particles"
(organismsor cells), on a larger scale,reveal a remarkable unity of organi-
zation, usually including syndchronized non-colliding, aligned and aggregate
motion. Most models, however, only measurethe density distribution, i.e.
they look for nearly constart density in the certer of the swarm and an
abrupt density drop to zero at the edge[86, 100].

Many arti cial-life simulations produce strikingly similar \emergent"
characteristics, e.g, [13]. One such exampleis boids [124], simulated bird-
like agerts, where simple local rules such as 1) Collision Avoidance: avoid
collisionswith nearby o ckmates, 2) Velocity Matching: attempt to match
velocity with nearby o ckmates, and 3) Flock Certering: attempt to stay
closeto nearby o ckmates; give rise to complex global behaviors.

Most swarming models are of molecular dynamics type, with all par-
ticles obeying the same equations of motion and residing in a continuum
rather than a lattice [27, 86]. Multiple speciesmay be presen (e.g, [3])
but the properties of all members of a single speciesare identical. Parti-
cles have no \memory" of their behavior except for their current velocity
and orientation. Particles are \self-propelled" [24, 153] since they move
spontaneously without external forces, unlike non-living classicalparticles
whose mations results from external forces. Some models require a non-
local interaction, e.g, in the continuum model of Mogilner et al. [100],
whereintegro-di erential partial di erential equationsrepresert the e ects
of \neighbor" interactions, and in the particle model of Ben-Jacob et al.
[7], in which a rotational chemotaxis eld guidesthe particles. Recerily
Levine et al. [86] coarse-grainedtheir particle model, which has only lo-
cal interactions, to produce a continuum model and shoved that the two
models agreewell with ead other.

Unfortunately, either becausewe do not understand the interactions
between particles well enough, or becausetheir actions may depend in a
complex way on the internal states and history of the particles, we can-
not always describe particle interactions by an interaction potential or
force. Phenomenologicakules arethen more appropriate. In such casesCA
models are perfect for studying swarming as a collective behavior arising
from individual local rules.
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Deutsch [29, 32] modeled examples of social pattern formation as
LGCA basedon the concept of \direct information exchange." Particles
(cells, organisms) have someorientation, and can evaluate the orientations
of resting particles within a given \region of perception." Simulations ex-
hibit transitions from random movemert to collective motion and from
swarming to aggregation. Adamatzky and Holland [2] modeled swarming
with excitable mobile cellson a lattice. By varying the duration of cell ex-
citation and the distancesover which cellsinteract and excite one another,
they establishedmany parallels with phenomenain excitable media.

2.7. Cluster formation by limb bud mesenchymal cells. Over
36-72hours in a cortrolled experiment, a homogeneouslydistributed pop-
ulation of undi erentiated limb bud mesentiymal cells cluster into dense
islands, or \condensations," of aggregatedcells[83]. The condensationsde-
velop concurrertly with increasesin extracellular concerrations of a cell-
secretedprotein, bronectin, a non-di using extracellular matrix macro-
moleculewhich binds adhesiwely to cell surfacemolecules,including recep-
tors known as integrins, which can transduce signals intracellularly. The
limb cells also producethe di usible protein TGF{ , which positively reg-
ulates its own production aswell asthat of bronectin [79].

The roughly equally spaced patches of approximately uniform size
are reminiscent of the patterns produced by the classical Turing reaction-
di usion mechanism. A Turing pattern is the spatially heterogeneougat-
tern of chemical concernrations created by the coupling of a reaction pro-
cesswith diusion. In 1952, Alan Turing showed that chemical peaks
will occur in a system with both an autocatalytic componert (an ac-
tivator) and a faster-di using inhibiting componert (an inhibitor) [148].
Fluctuations of concerration of a particular wavelength grow while other
wavelengthsdie out. The di usion coe cien ts of the two componerts and
their reaction kinetics, and not the domain size, determine the maximally
growing wavelength [34]. For details about Turing pattern formation, see
[34, 35,41, 91, 105]. For details about the suggestedrole of reaction di u-
sion in the dewvelopmert of the vertebrate limb, see[107, 108].

Kiskowski et al. [79] model the production of bronectin and subse-
quert limb bud patch formation using an LGCA-based reaction{di usion
processhaving TGF- asthe activator but with an unknown inhibitor. In
their model, cells are points that diuse in a random walk on a nearest-
neighbor squarelattice. At ead time-step, cells chooseeither one of four
direction vectors with equal probability, p, or a resting state with proba-
bility 1 4p. A higher probability of resting models slower di usion. A
cell-driven reaction-di usion occurs between two chemicals (an activator,
the morphogenA, and a faster di using inhibitor, the morphogenB) which
di use and decay on the lattice. The production of activator and inhibitor
occursat lattice sitesoccupiedby cells, while inhibition and di usion occur
throughout the lattice. The binding of cellsto bronectin results in slower
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di usion, which we model by increasingthe probability of assigningcells
to resting states. When local levels of activator exceeda threshold, cells
respond by secreting bronectin to which they bind, reducing p and causing
clustering. All cells have bronectin receptorsand cells do not adhereto
ead other, but only to bronectin molecules.

During ead time-step, we model activation and inhibition as follows:
Cells secretea small basalamount of activator, increasingactivator levels.
Activ ator levels stimulate cells to produce more activator and inhibitor.
Inhibitor levels decreaseactivator levels without requiring the presence
of cells.

This relation betweenreaction and di usion producessharp peaksin
concertration of both chemicalsfor speci c parameter valuesby the clas-
sical Turing mechanism. The key parametersare 5 and g, the diusion
rates of morphogensA and B, the activation rates of activator and inhibitor

A and g, the inhibition rate of activator A and the maximum rates at
which a cell can produce morphogensA and B, Apax and Bpax - Increas-
ing the di usion rate of morphogenA widensthe peaksand increasing g
increasesthe distance between peaks. Adjusting these parameters allows
us to reproduce patch formation qualitativ ely similar to experiments [79].

Although this model makesmany simpli cations (cells are points, pa-
rameter valuesare arbitrarily chosen)it doesshow that cell-drivenreaction-
di usion may create strong chemical peaksin morphogen levels and that
for rather simple assumptions, bronectin clusterscan be expectedto colo-
calize with morphogen peaksin the form of islands [79]. The model may
alsoyield insight into the causesof variations in condensation(e.g. along
the proximo-distal axis of the limb or betweenforelimb and hindlimb) since
simulation results have shownn that increasing g increaseshe distancebe-
tweenpeaksand increasingthe di usion rate of morphogenA broadensthe
peaks.

3. The cellular Potts model. LGCA models are corvenient and
e cien t for reproducing qualitativ e patterning in bacteria colonies,where
cellsretain simple shapesduring migration. Eukaryotic cellssuc asamoe-
bae, on the other hand, move by changing their shapesdramatically using
their cytoskeleton. In many circumstances,we can treat cells as points on
a lattice despite their complex shapes. In other cases,such as the sporu-
lation of myxobacteria, where the cells di eren tiate from rod-shaped into
round spore cells, shape change may be responsible for the patterning,
hencerequiring a model that includes cell shape. The CPM is a exible
and powerful way to model cellular patterns that result from competition
between a minimization of some generalized functional of con guration,
e.g, surfaceminimization, and global geometric constraints [52, 67].

We review recert work that seeksto explain how cells migrate and
sort by studying theseinteractions in a few examples:in order of increas-
ing complexity: chick embryo cells, slime mold amoebaeDictyostelium dis-
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Fig. 8. Schematic of a two-dimensional cellular pattern represented in the large-
Q Potts model. Numbers show dier ent index values. Heavy black lines indic ate cell
boundaries [67].

coideum, and tumor growth. We intro duce the Potts model in the context
of grain growth whereit was rst dewvelopedasa cellular model, and extend
it to describe morphogenesis.

3.1. Background of the Q-state Potts model. In the early 1980s,
Anderson, Grest, Sahni and Srolovitz used the Q-state Potts model to
study cellular pattern coarseningin metallic grains [130]. They treated
the interior of a grain as containing \atoms" (each with a singleindex ,
describingthe atom's crystalline orientation) distributed on a xed lattice
and the grain boundariesasthe interfacesbetweendi erent typesof atoms
or di erent crystal orientations. The total number of allowed states is Q.
Figure 8 shows a schematic of a two-dimensional cellular pattern in the
large-Q Potts model.

The model starts from a free energy the Potts Hamiltonian H. In
grain growth, the interface energy of domain boundariesis the only energy
in the material, sothe free energyis proportional to the boundary area of
the domains, which is the number of mismatched links (i.e. neighboring
lattice siteswith dierent indices) [130]:

X h i
(3.1) H=" 1 mp
T
where has Q dierent values, typically integersfrom 1 to Q; J is the
coupling energy betweentwo unlike indices, thus corresponding to energy
per unit areaof the domain interface. The summation is over neighboring
lattice sitesT andj. When the number of connectedsubdomainsof di eren t
indicesis comparableto Q we say the model is \Large Q." If the number of
connectedsubdomainsis large comparedto Q then the model is\Small Q."
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Monte Carlo simulations of Q-state Potts models have traditionally
employed local algorithms sudh asthat of Metropolis et al. [98]. A lattice
site is chosenat random and a new trial index is also chosenat random
from one of the other Q 1 spins. The choice of the trial index is a some-
what delicate statistical mecdhanics problem (See[169]). The probability of
changing the index at the chosenlattice site to the new index is:

(
(3.2) P =

1 H O
exp( H=T) H>0,

where H = Harer Hypefore denotesthe di erence betweenthe total energy
beforeand after the index reassignmem, and T is the temperature. A Potts
model simulation measuregtime in Monte Carlo Steps(MCS): one MCS is
de ned asas many trial substitutions asthe number of lattice sites. Over
time, thesespin reassignmeis minimize the total domain interface energy
Lattice simulations of surfaceenergyrun into di culties when lattice
discretization results in strong lattice anisotropy. In low temperature Potts
model simulations, boundariestend to align preferertially alonglow-energy
orientations. In addition, boundaries can lock in position becausethe en-
ergy required to misalign a boundary in order to shorten it becomestoo
high. As a result, the pattern unrealistically traps in metastable higher
energy states. Holm et al. [61] studied the e ects of lattice anisotropy
and temperature on coarseningin the large-Q Potts model. Although by
very di erent mechanisms, increasingtemperature or using a longer-range
interaction, e.g, fourth-nearest-neighbors on a square lattice, can both
overcomethe anisotropy inherert in discrete lattice simulations.

3.2. Extensions of the Potts model to biological applications.
Over the last decade,extensionsof the large-Q Potts model have incorpo-
rated di erent aspects of biological cells[53, 60, 68, 93, 122].

In theseapplications, the domains of lattice siteswith the sameindex
describe cells, while links betweenlattice siteswith di erent indices corre-
spond to cell surfaces.The extensionsfall into the following categories:

Coupling betweenspins.
Coupling to external elds.
Constraints.

We review how to implemert these extensions.

3.2.1. Coupling between spins. Cells adhereto eat other using
cell adhesionmolecules(CAMSs) presert in the cell membrane [5]. Usually
cells of the sametype have the sameCAMs and adhereto ead other more
strongly than to di erent typesof cells (though certain CAMs adheremore
strongly to moleculesof dierent types). Glazier and Graner [53] incor-
porated this type-dependent adhesioninto the Potts model by assigning
\t ypes" to indices, and assigning di erent coupling energiesto dierent
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pairs of types. Smaller values of this energy correspond to stronger bind-
ing. To model an aggregateconsisting of two randomly mixed cell types
oating in a uid medium, they simulated three types of cells: dark cells
(d), light cells(l) anda uid medium (M) that they treated asa generalized
cell. The surfaceenergy becomes53]:

X
(33) H 1= J

L3

@ Can 1 M @

where () isthetypeofcell . The summation is always over all neighbor-
ing sitesin the lattice. We can transform the cell-type dependen coupling
constarts into surfacetensions[53], and the total energythen corresponds
to the appropriate surfacetensionstimes the interface areasbetween the
respective types.

A constart J . o assumeghat the cellsare isotropic, which is only true
for mesenbiyme. Other tissues,sud asepithelia, myocytes, or neurons,are
polar, i.e. their cytoskeletons have establisheda direction, distinguishing
top, bottom and side surfacesof the cells. An angular dependert coupling
J . o, sudh asthat in [168] can model cell polarity.

Cell-cell interactions are adhesiwe, thus the coupling energy is nega-
tive. While the change from positive to negative J doesnot aect H,
it doesa ect the hierarchy of energieswith respect to the zero energy of
an absert bond. Thus, simulations employing positive energiesproducein-
correct hierarchies of di usion constarts: more cohesie cellsdi use faster
than lesscohesie cells, contradicting commonsenseand experiments [149].
However, if we usea negative coupling strength, J < 0, for the surfaceen-
ergy, the membrane breaks up to try to maximize its surface area (and
hence minimize its energy). To recover the correct behavior we need to
recognizethat biological cellshave a xed amount of membrane which con-
strains their surface areasand at the sametime reorganizeto minimize
their contact energy per unit surface. If we add an area constraint term
resenbling the volume constraint to the total energyand emplay negative
contact energieswe recover the experimental di usion behaviors [149].

3.2.2. Coupling to an external eld. We can model directed cell
motion, e.g, a cell's chemotactic motion where external chemical gradients
guide cell movemen in the direction of higher or lower chemical concen-
tration, by coupling the index to an external eld [68, 131]. The coupling
pushesthe cell boundaries, causing boundary migration and cell motion.
The modi cation to the energyis:

X
(34) Hy,=H.;+ C‘i’;
sites

where is the chemical potential, C; is the chemical conceriration at site
T, and the summation is over lattice sites experiencing chemotaxis. H%=



24 MARK S. ALBER ET AL.

H+ (Co C). Forapositive ,if C> C%then H°< H and the
probability of acceptingthe reassignmen increases.Over time, boundaries
move more often into siteswith higher concerirations, and the cell migrates
up the chemical gradient. We can change the direction of chemotaxis by
simply changingthe signof . This simple choicefor the chemical potential
energy meansthat the cell velocity is proportional to the gradient of the
chemical potential, i.e. the chemical concerration behaveslike a potential
energy More complicated responsefunction to chemical concerration are
also possible.

3.2.3. Constrain ts. Biological cells generally have a xed range of
sizes (exceptions include the erucleate cells of the cornea and syncytal
algae, myocytes, etc.). They do not grow or shrink greatly in response
to their surfaceenergy though a small changein cell volume results from
osmotic pressure. In the CPM, non-local forcessuch asthose depending on
cell volume or substrate curvature havethe form of a Lagrangian constraint.
Sud a constraint term exacts an energy penalty for constraint violation.
Glazier and Graner [53] described a cell volume constraint as an elastic
term with cell rigidity , and a xed target sizefor the cell V. The total
energy becomes:

X
(3.5) Ha=Hi+ (V) V(%

wherev( ) isthe volumeofcell andV( ( )) isthe type-dependert target
volume. Deviation from the target volume increasesthe total energy and
therefore exactsa penalty. If we allow the target volumesto changein time,
V = V(t), we can model a variety of growth dynamics, such as cell growth
as a function of nutrient supply (e.g., cancerouscell growth [117, 145]).
Section 3.5 discusseghe tumor growth model in more detail.

3.2.4. Extensions to Boltzmann evolution dynamics. The for-
mation and breakage of CAM bonds is dissipative. Therefore we must
modify the classicalBoltzmann index ewolution dynamicsto include an ex-
plicit dissipation. Hogeweg et al. changedthe probability for accepting
index reassignmets to re ect this dissipation [59]:

( 1 H H giss

(3.6) P =
exp( H:T) H > Hdiss ’

where Hgiss represens the dissipation costs involved in deforming a
boundary.

3.2.5. The complete cellular Potts model. With all theseexten-
sions,the CPM becomesa powerful cell level model for morphogenesis.

Savill et al. [131] and Jiang et al. [68] have independertly developed
CPMs that include di erential adhesionand chemotaxisasthe major inter-
cellular interactions. The total energyis:



CELLULAR AUTOMA TON APPR OACHES TO BIOLOGICAL MODELING 25
X X X . X
(37) H= J () ( T)(l . T) + [V \/ ] + C (I; t) .
T i

The rst term in the energyis the cell-type dependert adhesionenergy
The secondterm encalesall bulk properties of the cell, such as membrane
elasticity, cytoskeletal properties and osmotic pressure. The third term
correspondsto chemotaxis, wherethe chemical potential determinesif cells
move towards or away from higher chemical concenrations. Varying the
surfaceenergies] and the chemical potential  tunes the relativ e strength
betweendi eren tial adhesionand chemotaxis [68].

3.3. Chic ken cell sorting. The gist of Steinberg's Di eren tial Ad-
hesion Hypothesis (DAH) [142, 143] is that cells behave like immiscible
uids. Adhesive and cohesie interactions between cells generate surface
and interfacial tensions. The analogy between cell sorting and the sepa-
ration of immiscible uids providesimportant quartitativ e information on
the e ectiv e binding energy between cell adhesionmoleculesin situ under
near-physiological conditions [11].

In chicken embryo cell-aggregateexperiments a random mixture of
two cell types sorts to form homotypic domains, as the upper panel in
Figure 9 shows [102]. The simulations, with only di erential adhesionand
no chemotaxis, agree quartitativ ely with the experiment (Figure 9, lower
panel) [102], validating the model.

In a liquid mixture, interfacial tension between the two phases, ,
driveshydrodynamic coalescenceWhen the volume fraction of the minor-
ity phaseexceedsa \critical" value, its domains interconnect. The mean
size of an interconnecteddomain, L, increaseslinearly in time [137]. Bey-
senset al. [11] found that in cellular aggregatessuch asthoseshown in the
top panels of Figure 9, the size of the interconnected domains also grows
linearly in time [11], con rming the analogy between cells and immiscible
uids. Beysenset al. [11] also comparedthe coalescencaelynamics of uid
mixtures to cell motion during sorting to de ne the membrane uctuation
energy in terms of the thermal energy kg T. The numerical values of the
membrane uctuation energy translate into the binding energy between
the adhesionmoleculesresiding on the cell surfaces. Further experiments
in quantifying theseinteractions will calibrate the cellular model and allow
realistic choice of simulation temperatures.

3.4. Dictyostelium  aggregation and culmination. One of the
most widely usedorganismsin the study of morphogenesiss the slime mold
Dictyostelium dismideum It exhibits many general developmerntal pro-
cessedncluding chemotaxis, complex behavior through self-organization,
cell sorting and pattern formation. It has becomea standard test for cel-
lular models[68, 94, 131].

Unicellular amoebae, Dictyostelium, inhabit soil and eat bacteria.
When starved, somepacemaler cells spontaneously emit pulsesof the dif-
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Fig. 9. Comparing the Cellular Potts Model simulation to a cell sorting experiment
using chick retinal cells. The top panels show experimental images from chicken embryo
cells in culture: light cells are neural retinal cells and dark cells are pigmented retinal
cells. An initial random mixtur e of light and dark cells (a) forms dark clusters after
around 10 hours (b), and eventually sorts to produce a dark cell core surrounded by light
cells after around 72 hours. The bottom panels show the correspnding images from a
simulation with three cells types: light cells, dark cells and medium [102].

fusing chemical signal cyclic adenosinemonophosphate (CAMP), thereby
initiating an excitation wave which propagates outward as a conceriric
ring or a spiral wave [17]. A neighboring cell respondsto such a signal by
elongating, moving a few micrometers up the gradient towards the source
of cAMP, and synthesizing and releasingits own pulse of cCAMP, attract-
ing neighboring cells. This relaying results in cell-to-cell propagation of
the cAMP signal [17]. Cells alsoreleasephosphadiesterase which degrades
cAMP to a null-signal, preverting the extracellular cAMP from building
up to alevel that swampsany gradients. The amoebaeform streamswhen
they touch ead other and then form a multicellular mound, a hemispher-
ical structure consisting of about 10° 1P cells, surrounded by a layer
of slimy sheath. The cells in the mound then di erentiate into two ma-
jor types, pre-stalk (PST) cells (about 20% of the cells) and pre-spore
(PSP) cells (about 80%) [88, 158]. Subsequetly, the initially randomly
distributed PST cellsmove to the top of the mound and form a protruding
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Fig. 10. Life cycle of Dictyostelium starting from a cell aggregate. The individual
cells are about 10 m in diameter. The nal fruiting body is about 3 mm tall. The whole
cycle from starvation to culmination takes about 24 hours (courtesy of W. Loomis).

tip. This tip cortrols all morphogenetic movemerts during later multicel-
lular dewelopmert [127]. The elongated mound bends over and migrates
as a multicellular slug. When the slug stops, the tip (the anterior part of
the slug) sits on a somewhat attened mound consisting of PSP cells. The
tip then retracts and the stalk (formerly PST) cellselongateand vacuolate,
pushing down through the massof spore (formerly PSP) cells. This motion
hoists the massof spore cellsup along the stalk. The mature fruiting body
consistsof a sphereof spore cellssitting atop a slendertapering stalk. The
whole life cycle, from starvation to formation of the fruiting body, showvn
in Figure 10, normally takesabout 24 hours.

Various stagesof the Dictyostelium life cycle have been modeled us-
ing continuum approacdhes. Classical two-dimensional models for aggre-
gation date bad to early 1970s[75, 106]. Othmer et al. recertly pro-
posed \Chemotaxis equations" as the diusion approximation of trans-
port equations[113], which use external biasesimposedon cell motion to
modify cell velocity or turning rate and describe chemotaxis aggregation
phenomenologicallyfor both myxobacteria and Dictyostelium. Odell and
Bonner modeled slug movemert [110]using a medcanical description where
cells respond to cAMP chemotactically and the active componert of the
propulsive force enters as a contribution to the stresstensor. Vasievet al.
[152]alsoincluded cAMP dynamicsin a cortin uum model of Dictyostelium
cell movemert. Their model adds forces corresponding to chemotaxis to
the Navier-Stokes equations. Although they can produce solutions that
resenble aggregation, their equations do not include an elastic response,
making it dicult to connectthe forces postulated with experimentally
measurablequartities.
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As chemotaxis is an important aspect of Dictyostelium dewvelopmert,
the cellular model requiresan additional eld to describe the local concen-
tration C of cAMP diusing in extracellular space. The equation for the
eld is:

@éx) = Dr 2C  C+ S,(S;x:1):

where D is the diusion constart of cCAMP; s its decay rate; the source
term S; describescAMP being secretedor absorbed at the surfaceof cells,
whosespeci ¢ form requires experimental measuremen of the cAMP con-
certrations in the tissue.

Using the cellular model coupledto the reaction-di usion equation for
a general chemo-attractant, Mareeet al. [93] were able to simulate the
ertire life-cycle of Dictyostelium. Featuresthey have addedto the cellular
model include:

treating chemotaxis as periodic cell movemen during aggregation,
slug migration, and culmination,

describing cAMP dynamics inside the cells by an ODE, the two
variable FitzHugh-Nagumo equation [92],

assuming that contact between the cell types determines cell dif-
ferertiation and modeling an irreversible conversion of cell types during
culmination: PstO cells di erentiate into PstA cells, and PstA cellsinto
stalk cells,

biasing the index transition probability p, with a high H gss to rep-
resert the sti ness of the stalk tube.

They alsoassumedthat a special group of path nder cellsoccupiesthe
tip region of the elongating stalk, guiding the stalk downwards. Figure 11
shaws the full cycle of culmination from a mound of cells into a fruiting
body.

Hogeweg et al. [59] further extendedthe cellular model to allow cells
internal degreesof freedom to represert genetic information, which then
cortrols cell di erentiation under the in uence of cell shape and contacts.
Open questionsinclude how cells polarize in responseto the chemotactic
signal, how they translate this information into directed motion, how cells
move in a multicellular tissue, and the role of dierential cell adhesion
during chemotactic cell sorting. We may be able to answer these questions
using the CPM sincewe can control the relative importance of di erential
adhesionand chemotaxis (e.g, asin [68]) and include cell polarity models
(e.g, asin [168]).

A two-dimensionalexperiment on Dictyostelium aggregation(by trap-
ping the cellsbetweenagar plates) by Levine et al. [85]found that the cells
organizeinto pancake-like vortices. Rappel et al. useda two-dimensional
extension of the CPM to model such aggregation [122]: aggregation and
vortex motion occur without a di using chemoattractant provided the ini-
tial cell density is su cien tly high. In addition to the genericCPM with cell

(3.8)
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Fig. 11. Simulation of the culmination of Dictyostelium using the CPM cou-
pled to reaction-di usion dynamics for diusing cAMP. Gray sales encode dif-
ferent cell types. Over time, the stalk cells push down through the mass of spore
cells and hoist the sphere of spore cells up along the stalk [94] (courtesy of S.
Mar ee).

adhesionand a volume constraint, their model includesa cell-generatedmo-
tive force to model the cell's cytoskeleton-generatedfront protrusions and
bad retractions, using a local potential energy They also assumethat
ead cell changesthe direction of its cytoskeletal force to match those of
neighboring cells. With theseassumptions,cellsself-organizeinto a roughly
circular, rotating, con uent vortex. The model reproducesthe experimen-
tal obsenations that con uent cellsmove faster than isolated cellsand that
cells slip past eacth other in a rotating aggregate. The angular velocity of
cells as a function of radial location in the aggregateagreeswith exper-
iment ([122]). The implication of this paper, however, is not clear. The
simulation seemsto suggestthat the vortex arisesfrom local cell interac-
tions without chemotaxis, as seenin many swarm models, whereasmost
researders believe that chemotaxis is present during aggregation and is
responsible for the collective motion of Dictyostelium.

3.5. Tumor growth. Another examplethat illustrates the capabili-
ties of the CPM is modeling tumor growth. Exposureto ultra-violet radi-
ation, toxic chemicals,and byproducts of normal metabolism can all cause
genetic damage [76]. Some abnormal cells grow at a rate exceedingthe
growth rate of normal surrounding tissue and do not respond to signalsto
stop cell division [5]. During cell division, these changescan accunulate
and multiply . In some casescells can becomecancerous. The cancer be-
comesmalignant if the cells detach from the parent tumor (metastasize)
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and migrate to a distant location and form secondarytumors. Thus cancers
involve both a failure of cell di eren tiation and of cell migration [76].

Even though the basic processe®f tumor growth are understood, pre-
dicting the ewolution of a tumor in vivo is beyond current numerical tools.
A large number of factors in uence tumor growth, e.g, the type of the
cancerouscells, local nutrient and waste concerrations, the anatomy and
location of the tumor, etc. The secretionby the tumor of endothelial growth
factors which inducethe growth of newblood vesselsvhich supply nutrients
to the tumor (angiogenesis)s particularly complex. Evenin in vitr o exper-
iments with well cortrolled microenvironments, stochastic e ects that are
always presernt make prediction di cult. The rst stepof tumor growth, an
avasculartumor that growsinto a spherical, layered structure consisting of
necrotic, quiescern and proliferating cells, is more tractable. Multicellular
tumor spheroid (MTS) experiments asan in vitro tumor model can provide
data on the duration of the cell cycle, growth rate, chemical di usion, etc.
[48, 49].

Tumor growth requires the transport of nutrients (e.g, oxygen and
glucose)from and waste products to the surrounding tissue. These chem-
icals regulate cell mitosis, cell death, and potentially cell mutation. MTS
experiments have the great advantage of precisely controlling the external
ernvironment while maintaining the cellsin the spheroid microenvironment
[48, 49]. Suspendedin culture, tumor cells grow into a spheroid, in a pro-
cessthat closely mimics the growth characteristics of early stage tumors.
MTS exhibit three distinct phasesof growth: 1) an initial phase during
which individual cells form small clumps that subsequetly grow quasi-
exponertially; 2) a layering phaseduring which the cell-cycle distribution
within the spheroid changes,leading to formation of a necrotic core, accu-
mulation of quiesce cellsaround the core,and sequesteringof proliferating
cellsat the periphery; and 3) a plateau phaseduring which the growth rate
beginsto decreaseand the tumor ultimately attains a maximum diame-
ter. Freyer et al. [48,49] useEMT6/ Ro mousemammary tumor spheroids
and provide high-precisionmeasuremets for cortrolled glucoseand oxygen
supply, as well asvarious inhibition factors and growth factors. Abundant
data are also available in the literature on the kinetics of tumor growth
under radiation treatment or genetic alteration [76].

Numerous models have analyzed the ewolution of cell clusters as a
simpli ed tumor [1]. Approachesinclude:

1. Continuum models including those using classical growth models
such asthe von Bertalany , logistic or Gompertz models [95, 96]. Among
them, the Gompertz model best ts experimental data. None of these
rate models (empirical ordinary dierential equations) can simulate the
ewolution of tumor structure, or predict the e ect of chemicals on tumor
morphology.

2. CA models that treat cells as single points on a lattice, e.g., the
LGCA model of Dormann and Deutsch [36]. They adopt local rules speci-
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fying adhesion,pressure(cells are pushed towards regions of low cell den-
sity) and couple the LGCA to a cortinuum chemical dynamics. Their
two-dimensional simulations produce a layered structure that resenbles a
cross-sectionof an MTS.

3. Biomecdanical models using nite-element methods (e.g., [81]),
mostly applied to brain and bone tumors. These models emphasizethe
soft-tissue deformations induced by tumor growth.

We now describe how the CPM can model tumor growth. Any model
of tumor growth must consider cell-cell adhesion,chemotaxis, cell dynam-
ics including cell growth, cell division and cell mutation, as well as the
reaction-di usion of chemicals: nutrients and waste products, and evertu-
ally, angiogenesidactors and hormones. In additional to di erential adhe-
sion and chemotaxis, Jiang et al. [117]include in their cellular model the
reaction-di usion dynamics for relevant chemicals:

(3.9) @é" = Dor 2Co  a(x);
(3.10) @é“ = Dnr 2Cn - b(%);
(3.11) % = Dyr 2Cy + c(x):

whereC,, C, and C,, arethe concenrations of oxygen, nutrients (e.g. glu-
cose)and metabolic wastes(e.g, lactate), do, dy and d,, aretheir respective
di usion constarts; a and b are the metabolic rates of the cell located at
%; and c is the coe cien t of metabolic waste production, which depends
on a and b. Each cell follows its own cell cycle, which depends sensitively
on its local chemical environment. The target volumesare twice the initial
volumes. The volume constraint in the total energyallows cell volumesto
stay closeto the target volume, thus describing cell growth. If the nutrient
conceriration falls below a threshold or the waste concerration exceeds
its threshold, the cell stops growing and becomequiescen: alive but not
growing. When the nutrient concerration drops lower or waste increases
further, the quiescen cell may becomenecrotic. Only whenthe cell reaches
the end of its cell cycle and its volume reachesa target volume will the cell
divide. The mature cell then splits along its longestaxis into two daughter
cells, which may inherit all the properties of the mother cell or undergo
mutation with a de ned probability.

The simulation data show that the early exponertial stage of tumor
growth slows down when quiescen cellsappear[117]. Other measuremets
alsoqualitativ ely reproduce experimental data from multicellular spheroids
grown in vitro. These simulations model a monoclonal cell population in
accordancewith MTS experiments. Howewer, including cellular hetero-
geneity ase.g, in the model of Kansal et al. [73]is straightforward. Model
extensionswill incorporate genetic and epigenetic cell heterogeneit. The
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CPM allows easyimplementation of cell di eren tiation aswell asadditional
signal molecules.

4. Summary . Physical parameters suc as energy temperature and
compressibility combined with processesud as energy minimization and
reaction-di usion of chemicalscortrol the evolution and properties of both
living and nonliving materials. We can describe surprisingly complex liv-
ing organismssimply by combining these classicalphysical concepts. Why
are living structures often so elaborate? The complexity arisesin two
ways: rst asan emergen property of the interaction of a large number
of autonomously motile cells that can self-organize. Cells need not form
thermodynamically equilibrated structures. Second,cells have a complex
feedbadk interaction with their ervironment. Cells can modify their sur-
roundings by e.g, secreting di usible or non-di usible chemicals. Their
ervironment in turn causeschangesin cell properties (di eren tiation) by
changing the levels of geneexpressionwithin the cell.

Cellular automaton models describe cell-cell and cell-ervironment in-
teractions by phenomenologicallocal rules, allowing simulation of a huge
range of biological examplesranging from bacteria and slime model amoe-
bae, to chicken embryonic tissuesand tumors.
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